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Preface

The idea for a reference book on the mathematical foundations of quantita-
tive finance has been with me throughout my career in this field. But the
urge to begin writing it didn’t materialize until shortly after completing my
first book, Introduction to Quantitative Finance: A Math Tool Kit, in 2010.
The one goal I had for this reference book was that it would be complete
and detailed in the development of the many materials one finds referenced
in the various areas of quantitative finance. The one constraint I realized
from the beginning was that I could not accomplish this goal, plus write a
complete survey of the quantitative finance applications of these materials,
in the 700 or so pages that I budgeted for myself for my first book. Little
did I know at the time that this project would require a multiple of this
initial page count budget even without detailed finance applications.

I was never concerned about the omission of the details on applications
to quantitative finance because there are already a great many books in
this area that develop these applications very well. The one shortcoming
I perceived many such books to have is that they are written at a level of
mathematical sophistication that requires a reader to have significant formal
training in mathematics, as well as the time and energy to fill in omitted
details. While such a task would provide a challenging and perhaps welcome
exercise for more advanced graduate students in this field, it is likely to
be less welcome to many other students and practitioners. It is also the
case that quantitative finance has grown to utilize advanced mathematical
theories from a number of fields. While there are again a great many very
good references on these subjects, most are again written at a level that
does not in my experience characterize the backgrounds of most students
and practitioners of quantitative finance.

So over the past several years I have been drafting this reference book,
accumulating the mathematical theories I have encountered in my work in
this field, and then attempting to integrate them into a coherent collection
of books that develops the necessary ideas in some detail. My target readers
would be quantitatively literate to the extent of familiarity, indeed comfort,
with the materials and formal developments in my first book, and suffi ciently
motivated to identify and then navigate the details of the materials they were
attempting to master. Unfortunately, adding these details supports learning
but also increases the lengths of the various developments. But this book was
never intended to provide a “cover-to-cover”reading challenge, but rather to
be a reference book in which one could find detailed foundational materials
in a variety of areas that support further studies in quantitative finance.
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x Preface

Over these past years, one volume turned into two, which then became a
work not likely publishable in the traditional channels given its unforgiving
size and likely limited target audience. So I have instead decided to self-
publish this work, converting the original chapters into stand-alone books, of
which there are now nine. My goal is to finalize each book over the coming
year or two.

I hope these books serve you well.
I am grateful for the support of my family: Lisa, Michael, David, and

Jeffrey, as well as the support of friends and colleagues at Brandeis Interna-
tional Business School.

Robert R. Reitano
Brandeis International Business School



to Dorothy and Domenic
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Introduction

This is the second book in a series of several that will be self-published
under the collective title of Foundations of Quantitative Finance. Each
book in the series is intended to build from the materials in earlier books,
initially alternating between books with a more foundational mathematical
perspective, which was the case with the first book, and books which
develop probability theory and quantitative applications to finance, which
is the case with this second book. While providing many of the
foundational theories underlying quantitative finance, this series of books
does not provide a detailed development of these financial applications.
Instead this series is intended to be used as a reference work for students,
researchers, and practitioners of quantitative finance who already have
other sources for these detailed financial applications but find that such
sources are written at a level which assumes significant mathematical
expertise, which if not possessed can be diffi cult to supplement.

Because the goal of many books in quantitative finance is to develop fi-
nancial applications from an advanced point of view, it is often the case that
advanced foundational materials from mathematics and probability theory
are introduced and summarized but without a complete and formal develop-
ment because that would lead the authors too far astray from their intended
objectives. And while there are a great many excellent books on mathemat-
ics and probability theory, a number of which are cited in the references,
such books typically develop materials with a eye toward comprehensiveness
in the subject matter, and not with an eye toward effi ciently curating and
developing the theory needed for applications in quantitative finance.

Thus the goal of this series is to introduce and develop in some detail
a number of the foundational theories underlying quantitative finance at
a much greater level of detail than most advanced finance reference books
on these topics, and with topics curated from a vast mathematical and
probability literature for the express purpose of supporting applications in

xiii



xiv INTRODUCTION

quantitative finance.
The title of the second book, Probability Spaces and Random Variables,

provides an initial foray into this subject matter for which the key concepts,
tools and results presented rely materially on the measure theory ground-
work of book 1. The first chapter introduces probability spaces, which in
one interpretation are simply finite measure spaces with total measure one.
Beyond this simple definition, this chapter begins with an example that il-
lustrates the subtlety of this initial definition in a given application, then
introduces a number of familiar probability density functions as examples.
These density functions give rise to the distribution functions introduced in
book 1, which in turn are the basis of the Borel measure space constructions
developed in that volume and later in this book. Unique to the measure
spaces which are probability spaces, the notions of independent events and
conditional probabilities are introduced. Chapter two then introduces the
notion of limit sets and develops two limit theorems on measurable sets, the
ever powerful and useful Borel-Cantelli theorem, and Kolmogorov’s zero-one
law.

While random variables are simply measurable functions defined on prob-
ability spaces, the notational conventions of probability theory are quite
distinct from those used in measure theory. Chapter 3 introduces random
variables and the associated distribution functions, defined identically with
these notions in book 1. It then develops the inverse of a distribution func-
tion, specifically the left continuous inverse function. This inverse will be
seen to play a prominent role in a number of this book’s developments.
Distribution functions are then defined for random vectors and results de-
veloped for independent random variables, marginal and conditional distri-
bution functions. Chapter 4 then formally develops the notion of a finite or
infinite sample of a given random variable, both from a theoretical frame-
work using the infinite dimensional probability spaces of book 1, but also
addresses the matter of generating samples of such variables in practice as
an application of the left continuous inverse function. This application will
be further pursued in book 4.

Chapter 5 then returns to the notion of limit theorems, but now in the
context of limit theorems for sequences of random variables. The first section
is focused on binomial sequences and the development of Bernoulli’s theorem
and Borel’s theorem. These theorems respectively represent examples of the
so-called weak laws of large numbers, addressing convergence in probability,
and strong laws of large numbers, addressing convergence with probability
one, and will be generalized in book 4. Then more generally, these two plus a
third important notion of convergence of a sequence of random variables are



xv

defined and studied. Slutsky’s theorem is proved and Kolmogorov’s zero-one
law is also revisited in this context.

The next investigation in chapter 6 applies the constructions of book 1
to demonstrate how distribution functions, defined in various ways, induce
Borel measures on R or Rn. This connection between distribution functions
and Borel measures is often taken for granted as being definitionally obvious.
However, to induce a measure requires that a set function be defined and
proved to possess the requisite properties that make measures useful.

Copula theory is studied in chapter 7, and specifically the development
of Sklar’s theorem. This chapter also contains a number of popular examples
of copulas, including the classes of Archimedean and extreme value copulas,
and investigates the notion of tail dependence.

Weak convergence of distribution functions and the associated measures
are introduced in chapter 8 and will be seen to provide results that will
play a prominent role in the final chapter. Weak convergence of distribution
functions and their left continuous inverses are studied, and Skorokhod’s
representation theorem is proved and applied to a mapping theorem result.
The notion of weak convergence is intimately connected with the earlier
results on convergence of random variables, so the final section of this chapter
develops additional results on convergence of random variables such as a
mapping theorem and the Delta-method.

The final chapter, chapter 9, introduces the study of tail events from two
perspectives, studies to be continued in book 4. The first section focuses on
large deviation theory, while the larger second section develops a number
of important results from extreme value theory, and particularly one of two
crowning results in this theory, the Fisher-Tippett-Gnedenko theorem. This
section then turns to finance applications and introduces the other crown-
ing result, the Pickands-Balkema-de Haan theorem, the proof of which is
deferred to book 4. The final section of chapter 9 turns to multivariate ex-
treme value theory, generalizing the Fisher-Tippett-Gnedenko theorem, and
investigates results in upper tail dependence.





Chapter 1

Probability Spaces

1.1 Probability Theory: A Very Brief Historical
Snapshot

A confounding reality to the aspiring student of mathematical finance is
that while probability theory can be seen as an application of measure
theory, or, measure theory seen as a generalization of probability theory, in
practice these theories can look quite distinct because of the notational
conventions that have become standardized in the literature. In this
section we provide only a 100,000 foot view of the historical development
of these subjects, and note at the outset that the development of these
theories required the contributions of numerous mathematicians. In the
light touch of this development below, we can neither identify all of the key
contributors to these developments nor identify all the key contributions of
the contributors identified.

Historically, probability theory seems to have begun with investiga-
tions into "games of chance", the traditional framework for many models and
applications in so-called "discrete" probability theory. One early study was
done by Gerolamo Cardano (1501 - 1576), a mathematician and gambler
who wrote one of the first books on the subject, Liber de ludo aleae ("Book
on Games of Chance") in the early 1500s though it was not published un-
til almost 100 years after his death. A second study was by Abraham
de Moivre (1667 - 1754) who wrote the second major book on probabil-
ity theory, The Doctrine of Chances, in the early 1700s. De Moivre also
applied this probability framework to the development of actuarial tables
which could be used to estimate the costs of providing life insurance and

1



2 CHAPTER 1 PROBABILITY SPACES

other life-contingent benefits.
The approach to "probabilities" at that time has come to be known as

the "classical interpretation" whereby the probability of a given outcome or
"event" with a particular property was defined as the ratio of the number
of outcomes which produced the particular property to the total number of
outcomes possible. In effect, each possible outcome is equally weighted and
one does not identify equivalent outcomes. For example, the probability of
2 heads and a tail in 3 flips of a "fair" coin is 3/8 since there are 8 possible
outcomes, noting that THT 6= TTH in the count of coin-flip possibilities,
and that there are 3 outcomes with the desired property. This definition
fits games of chance well where the number of cases in virtually all such
situations is finite, and hence the problem of calculating probabilities was
one of developing combinatorial techniques to facilitate the effi cient counting
of outcomes.

This classical interpretation was formalized in the late 1700s by Pierre-
Simon Laplace (1749 - 1827), and evolved to the "frequentist interpreta-
tion" of probability in which the relative proportion of cases that display
a particular property is observed, or as a limit of this relative proportion
as the number of possible cases contemplated increases without limit. For
example, that the probability of a head on the flip of a standard coin is 1/2
means that as the number of flips increases without bound, the proportion
of heads should "converge" to 1/2, being informal for now about what is
meant by such convergence. That this should occur is intuitively appealing
but requires a more formal statement and proof which addresses the calcula-
tion of flip sequence probabilities and the fact that not all sequences of flips
will have this property in the limit. In fact, a little thought supports the
observation that "most" sequences of heads and tails that are theoretically
possible will not have equal numbers of heads and tails in the limit. This
follows because any such sequence gives rise to infinitely many which defy
this property: replace each H with HH, or HHH, etc. So to the extent that
this probability statement holds it must of necessity hold because of a formal
calculation of the probabilities of these sequences. This approach naturally
accommodates events for which the total number of possible outcomes is
infinite. In the early 1800’s, Laplace wrote Analytical Theory of Probability
which was the first major treatise blending calculus with probability theory.

Measure theory, on the other hand, began with the work of Henri
Lebesgue (1875 — 1941) and the development of the Lebesgue approach
to integration introduced in book 1 and further developed in book 3. This
work followed the formal development by Bernhard Riemann (1826 —
1866) of the Riemann approach to integration in which notions of measure
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exist around the edges but are not fully developed in this theory. Following
Riemann, Lebesgue proved that a function f(x) is Riemann integrable on an
interval [a, b] if and only if f(x) is continuous "almost everywhere," which
is to say, except on a set of Lebesgue measure 0. Also critical for such
investigations was the formalization of the notion of "limit" by Augustin-
Louis Cauchy (1789 —1857).

The convergence of probability theory and measure theory occurred first
in the work of Andrey Kolmogorov (1903 —1987), in his Foundations of
the Theory of Probability (1933). This work introduced an axiomatic frame-
work for probability theory that both merged and generalized the discrete
and continuous models of the theory. Kolmogorov’s approach is central to
all modern developments of the theory.

1.2 A Finite Measure Space, But With a "Story"

We begin with a formal definition of a probability space. It will look
familiar to the reader of book 1.

Definition 1.1 A probability space is a triplet, (S,E,µ), which identi-
fies a sample space S, a collection of subsets called events which form a
sigma algebra E, and a set function µ:E →[0, 1] which is a probability
measure. That S is a sigma algebra means that:

1. ∅,S ∈ E.

2. If A ∈ E then Ã ∈ E.

3. If Aj ∈ E for j = 1, 2, 3..., then ∪jAj ∈ E.

That µ is a probability measure means that:

4. µ(S) = 1.

5. If A ∈ E, then µ(A) ≥ 0 and µ(Ã) = 1− µ(A).

6. If Aj ∈ E for j = 1, 2, 3... are mutually exclusive events, also
called disjoint events or pairwise disjoint events, that is with
Aj ∩Ak = ∅ for all j 6= k, then µ is countably additive:

µ
(⋃

j
Aj

)
=
∑

j
µ(Aj). (1.1)

An event A ∈ E is called a null event under µ if µ(A) = 0. If A is
a null event and every A′ ⊂ A satisfies A′ ∈ E,
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then the triplet, (S,E,µ) is called a complete probability space.

Remark 1.2 1.

1. In the definition of complete probability space note that when A′ ∈ E,
of necessity µ(A′) = µ(A−A′) = 0. This is because A′ ⊂ A implies by
1.1 that:

µ(A) = µ(A′) + µ(A−A′),

and the result follows since µ is non-negative valued.

2. The notation used for the triplet that defines a probability space is not
standardized, and different texts will invariably use different conven-
tions for sample spaces, sigma algebras, events and probability mea-
sures. Inevitably, this will also happen in this series of books.

So a probability space is simply a finite measure space with µ(S) = 1,
and a complete probability space is simply a complete finite measure
space. But these measure spaces are special in the sense that typically they
are mathematical representations of some real world phenomenon for which
the given outcome is uncertain, but for which collections of these outcomes,
the events, are assumed to occur based on observation and/or a reasonable
mathematical model, with given likelihoods. In this sense, every probability
space has a "story" associated with it that identifies the events related to
this real world phenomenon.

The collection of events E represents the collection of subsets of the
sample space on which the probability measure µ is defined and specifies
probabilities. To be useful, this collection must satisfy the properties to be
a sigma algebra because it logically must contain the "empty event", ∅, and
the "certain event", S, as well as any events defined as the complement of
other events, or defined as finite or countable unions of other events. By
De Morgan’s laws, named for Augustus De Morgan (1806 —1871) it is
then also the case that the intersection of finitely or countably many events
is an event, ∩jAj ∈ E , and if A,B ∈ E then A−B ∈ E , since

A−B ≡ A ∩ B̃.

See exercise 2.2 of book 1 for more or De Morgan’s laws.
Similarly, a probability measure is simply a set function that specifies

probabilities of events, and logically must satisfy the properties that define
a measure in that the empty event should logically have probability 0, the
certain event probability 1, and otherwise events are assigned probabilities in
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a way that is consistent. For example, since for any A ∈ E it is the case that
A∪Ã = S, the probability of the event "A or not A” must equal 1, and since
these sets are disjoint, item 5 is logically compelled. One similarly justifies
the usefulness and consistency with applications of requiring probability
measures to be countably additive over disjoint events.

Remark 1.3 In "discrete" sample spaces containing finitely or countably
many sample points, E almost always contains each of the sample points
and hence all subsets of S, and consequently in such cases the probability
space is complete. In a general sample space which is uncountably infinite,
the collection of events will virtually always be a proper subset of the collec-
tion of all subsets in the same way that the sigma algebra ML of Lebesgue
measurable sets on R is a proper subset of the power set, σ(P (R)).

Given the generality of the sigma algebra structure of the collection of
events, it is clear that on any given sample space any number of sigma
algebras can be defined. The same statement applies to probability measures.
For example, there might be two sigma algebras, E and E ′ where E ⊂ E ′, so
every event in E is an event in E ′. In that sense, E ′ is a "finer" sigma
algebra because it contains more events, and E a "coarser" sigma algebra
because it contains fewer events. It can also be the case that there are two
sigma algebras where neither E ⊂ E ′ nor E ′ ⊂ E is true.

Some questions that arise in probability spaces include the following,
where we note the answers already developed from book 1.

1. If D is a given collection of subsets of S, is there a sigma algebra E
that contains the sets in D, meaning D ⊂ E? As one example, if E and
E ′ are two sigma algebras on S, is there a sigma algebra, E ′′, so that
E ∪ E ′ ⊂ E ′′? For another example, if f : S → R is a given function,
is there a sigma algebra that contains all sets of the form, f−1 [(a, b)]
for all open intervals (a, b) ⊂ R?

The answer to the existence question is "yes" as was seen in section
2.1 of book 1. Indeed, there is always the power sigma algebra σ(P (S)),
but this is not a useful answer because in addition to a sigma algebra
of events, a given application will also require a probability measure on
this sigma algebra. Consequently, given the diffi culty and sometimes
impossibility of defining a measure on the power sigma algebra, one
is typically less ambitious and may instead ask, is there a smallest
sigma algebra which includes the collection D? Because intersections
of sigma algebras create sigma algebras, the smallest such sigma algebra
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is simply the intersection of all sigma algebras which contain the sets
of D.
However, before defining something as the "intersection of all sigma
algebras which possess a given property," it is critical that it be verified
that this collection of sigma algebras is not empty. If this collection
is empty this would render this construction meaningless. But in all
cases the collection of sigma algebras is always non-empty since it in-
cludes the power sigma algebra, and so the existence of a smallest
sigma algebra E implied by this construction is always valid.

2. If D is a given collection of subsets of S, and µ a set function defined
on D which satisfies the properties of a measure, can the definition of
µ be extended to a sigma algebra E for which D ⊂ E? If so, is such an
extension unique?

This is a more diffi cult question but one addressed in book 1, which de-
veloped constructions of this type in the context of Lebesgue and Borel
measures and then generalized this process. In the Lebesgue case D
was the collection of open intervals and a set function |A| was defined
on these sets to equal interval length of A. In the Borel case D was
a semi-algebra of right semi-closed intervals and a generalized inter-
val length set function |A|F used. So |(a, b)| ≡ b − a for Lebesgue
measure and |(a, b]|F ≡ F (b)− F (a) for Borel measures for appropri-
ately restricted functions F . These developments then required some
consistency validations for these interval measures, but then these set
functions were used as the basis for defining outer measures applica-
ble to all sets in σ(P (R)), respectively m∗ and µ∗A, where A denoted
the algebra generated by the semi-algebra. Sigma algebras were then
selected based on a criterion called Carathéodory measurability.

In the case of Lebesgue outer measure, m∗, countable additivity failed
in general on and hence this could not be a measure on all sets, σ(P (R)).
However, the so-called Carathéodory measurable sets were seen to form
a complete sigma algebra of Lebesgue measurable sets ML, and m∗

was then seen to be a measure on this sigma algebra. This sigma al-
gebra contained the Borel sigma algebra B(R), which is the smallest
sigma algebra that contains the intervals. The Borel measure develop-
ment was analogous in that Carathéodory measurable sets were seen
to again form a complete sigma algebra, MµF (R), which contained
B(R). As the Borel construction generalized the Lebesgue construction
for which F (x) = x, the conclusion from book 1 is that for appropri-



1.2 A FINITE MEASURE SPACE, BUT WITH A "STORY" 7

ately restricted functions F , such constructions allow the extension of
a measure on a semi-algebra of right semi-closed intervals to a measure
on a complete sigma algebra which contained B(R).

The general extension of an initial set function or pre-measure on a
semi-algebra to a measure on a complete sigma algebra that contains
this semi-algebra, was developed in some detail in the book 1 chapter
6. These results were summarized in the Carathéodory Extension
theorems, named for Constantin Carathéodory (1873 —1950), as
well as the Hahn—Kolmogorov theorem, named for Hans Hahn
(1879 —1934) and Andrey Kolmogorov (1903 —1987). These exten-
sion theorems are key in measure theory, and specifically to probability
theory because it is usually easy to prescribe probabilities of simple sets
like intervals, and these theorems identify conditions under which such
definitions can be extended to a complete sigma algebra and thereby
produce a probability space with the desired probability structure. Fur-
ther, this extension was proved to be unique on the smallest sigma
algebra which contains the original semi-algebra.

Example 1.4 An example of such an extension in probability theory
is informally introduced as follows. Given a probability space (S,E,µ)
we define the n-trial sample space, denoted Sn, by:

Sn = {(s1, s2, ..., sn)|sj ∈ S}.

Intuitively, each point of Sn represents an "n-sample" from the mea-
sure space S. How can an associated sigma algebra of events En, and
probability measure, µn, be defined in a way that is useful for generat-
ing "random" samples from S?
The details are found chapter 4, but again intuitively for En we begin
with a semi-algebra of sets in Sn of the form

∏n

j=1
(aj , bj ], and on

such sets define µn by:

µn

(∏n

j=1
(aj , bj ]

)
=
∏n

j=1
µ((aj , bj ]).

One then goes through the process of chapter 6 of book 1 as imple-
mented in that chapter 7 to create the measure space (Sn,En,µn).

If X is a random variable on (S,E,µ), then random variables {Xj}nj=1

can be defined on (Sn,En,µn), each with the same distribution func-
tion as X, and such that these random variable are independent ((see
section 3.4).
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3. If (S,E,µ) is a probability space which is not complete, can E be ex-
panded to a sigma algebra E ′ that is complete and hence contains all
subsets of E-null sets? And if so, can the definition of µ be expanded
to E ′ without changing its values on E?
The answer to this question is "yes" as was demonstrated in the book 1
section 6.5. In the construction of Lebesgue measurable setsML, this
issue did not arise because ML already contained all sets of Lebesgue
outer measure 0 and hence was complete. The same was true for
MµF (R), as well as all constructions under the above extension the-
orems which utilize an outer measure approach. However, the Borel
sigma algebra B(R), is not complete under either Lebesgue or Borel
measures. The completion theorem allows one to always assume that
a sigma algebra is complete, or has been replaced by its "completion,"
knowing that the measures of the original sets will not be changed in
the process.

The significance of ensuring that a sigma algebra is complete is that
one does not then need to worry about the effect of sets of measure 0 on
the measurability of a function. As noted in the book 1 section 3.3, if
f : (S, E , µ)→ R is a measurable function where E is complete, then if
g(x) = f(x) except on a set of measure 0 then g(x) is also measurable.

1.2.1 Bond Loss Example

We develop a finance example below to demonstrate that the development
of a formal probability space can be subtle.

Example 1.5 Let Π≡ {B1, B2, ..., BN}, denote a bond or loan portfolio where
each bond Bj has a loan amount fj, and a risk class which might be defined
in terms of credit ratings for bonds or internal risk assessment criteria for
other types of loans. For each bond, denote the probability of default in one
year by q(Bj), and the probability of a "successful" repayment during the
year, 1 − q(Bj), which is sometimes denoted p(Bj). Our goal is to produce
a probability space which characterizes all possible outcomes of portfolio de-
faults in one year.

1. (A First Attempt and Failure) We begin with a natural model of
defining the sample space S = � as the collection of bonds, and the
sigma algebra E as the power sigma algebra, E = σ(P (S)), reflecting
the observation that any subset of S has the potential of defaulting,
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and hence every subset is potentially an "event." The probability mea-
sure µ is defined on E for any subset of S as the probability of that
subset defaulting in one year, and all other bonds repaying. So if
J ⊂ {1, 2, ..., N} is a subset and the event A is given as

A = {Bj |j ∈ J},

we then define

µ(A) ≡
∏

j∈J
q(Bj)

∏
j∈J ′

(1− q(Bj)),

where J ′ denotes all indexes not contained in J.

This formula assigns a probability to each event in E, but the resulting
structure (S,E,µ) is not a probability space. The problem with this
construction is not E, which is obviously a sigma algebra, but with µ
which is easily seen to not be a probability measure on E:

(a) If J = ∅ then A = ∅ but µ(A) =
∏N
j=1(1 − q(Bj)) 6= 0 unless

at least one q(Bj) = 1. Of course we can attempt to fix this by
simply declaring the above µ formula to only apply to J 6= ∅, and
then for J = ∅ and A = ∅ we define µ(A) = 0. So this problem
could be fixable with a definitional override, though consistency
questions will then emerge.

(b) If J = {1, 2, ..., N} then A = S and µ(A) =
∏N
j=1 q(Bj) 6= 1 in

general. Again, a definitional override?

(c) Points a and b disguise a bigger problem, and that is for A defined
above, if Ã ≡ {Bj |j ∈ J ′} then:

µ(Ã) ≡
∏

j∈J ′
q(Bj)

∏
j∈J

(1− q(Bj)) 6= 1− µ(A),

as is easily verified.

(d) Finally, µ is not additive on E. For example, despite {B1} and
{B2} being disjoint sets in σ(P (S)), and {B1}∪{B2} = {B1, B2},

µ({B1, B2}) 6= µ({B1}) + µ({B2}).

2. (Discussion) What is needed is a more thoughtfully defined sample
space, sigma algebra of events, and probability structure. To be sure,
the probability assignments are correct in terms of quantifying the prob-
ability of a given collection of bonds defaulting. The question is, how
can the point space S and event space E be defined so that:
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(a) The measure of S is 1;

(b) Complementary events in S will be assigned complementary prob-
abilities thereby resolving the problem in 1.c above, and by 2.a also
solve 1.a;

(c) Disjoint events in S union to an event with the appropriate ad-
ditive probability.

3. (A Second Attempt and Success) Given the bond portfolio Π,
define the sample space S as the collection of all outcomes of default
in one year, specified as N -tuples of bonds defined by all J and J ′.
Specifically,

S ={(BJ , BJ ′)|J ⊂ {1, 2, ..., N}},
where BJ denotes the defaulting subset, and BJ ′ the complementary
non-defaulting subset. Thus S is the collection of all 2N default out-
comes for the portfolio. Define E = σ(P (S)), the power sigma algebra
of subsets of S, and on E define µ additively. That is, if Ai ∈ S and
A = ∪iAi ∈ E then:

µ(A) =
∑

i
µ(Ai),

with µ(Ai) defined by the formula above in part 1. Note that µ(∅) = 0
by this definition since the empty set produces a vacuous summation.
It is now also true that

µ(S) =
∑

A∈S
µ(A) = 1,

since this is equivalent to:∑
J

[∏
j∈J

q(Bj)
∏

j∈J ′
(1− q(Bj))

]
= 1,

which in turn follows from an expansion of∏N

j=1
(q(Bj) + [1− q(Bj)]) = 1.

It is then also the case that for A ∈ E defined this way, that Ã is
the collection of default outcomes not in A and thus µ(Ã) = 1− µ(A)
follows from µ(S) = 1. That µ is finitely additive over disjoint elements
of E follows by the same argument.
With this construction, (S, E , µ) is now a probability space, and each
event in E represents a subset of all the different default outcomes that
can occur in one year, while µ(A) for A ∈ E is the probability that one
of these default configurations is realized in one year.
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Remark 1.6 It can be argued that for the above example, a lot of work
went into defining terms in such a way as to produce a legitimate proba-
bility space in part 3, but that having done this, we did not gain any ad-
ditional insights into the default probability model that was contemplated
in part 1. Even without the formal measure-theoretical framework, most fi-
nance practitioners would have little problem specifying probabilities of events
A = {A1, A2, ...Ak} defined in part 3, even without the formality offered
there.

If there is a lesson in the above example, it is in realizing that our finance
models are often framed in the units of part 1, whereby we view a bond
portfolio as the sample space and think about possible default outcomes in
one year as the sigma algebra. While workable intuitively, this framework is
technically not a probability space model. What was needed was a transition
from the "natural" model, of a collection of bonds as sample points with bond
subsets as the sigma algebra, to the "probability space" model, of a collection
of possible default outcomes as sample points with sets of outcomes as the
sigma algebra.

In practice, the details of this construction are sometimes avoided with
the basic model specified as in part 1. However, with a little more work it
will almost always be true that "there exists a probability space, (S,E,µ),
consistent with the specified probabilities."

Example 1.7 (Continued) As above let Π≡ {B1, B2, ..., BN} denote a bond
or loan portfolio where each bond Bj has a loan amount, fj, and probability
of default in one year by q(Bj). In this continuation of the above example
we seek to recognize the various levels of dollar loss upon default, and so
the goal is to produce a probability space which characterizes all possible loss
outcomes due to portfolio defaults in one year.

The loss recognized by the lender on default is often called the loss given
default (L.G.D.) or loss ratio for each loan, denoted lj , and specifies the
proportion of the loan amount fj lost by the lender given a default on loan Bj.
Sometimes the loan recovery rate, rj , is specified instead, representing the
relative amount recovered by the lender given a default of loan Bj. Of course,
loss plus recovery always equals 1.0 or 100%, or notationally, lj + rj = 1.0.

If it is hypothesized that on default loan Bj loses lj and this loss vari-
able is modeled as a constant, then the above probability space in part 3
is adequate. We simply define S ′={(lJ , lJ ′)|J ⊂ {1, 2, ..., N}}, where lJ =
{ljfj}j∈J , lJ ′ = {0}j∈J ′ denote the set of fixed dollar loss outcomes asso-
ciated with a given default outcome. The sigma algebra E ′ and µ are then
defined as above.
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If L.G.D. is not constant for any given bond Bj, then the sigma algebra
defined by default outcomes is too course to identify all possible events. For
example, the event defined by J ≡ {1} in the constant L.G.D. space is ef-
fectively the event that bond B1 defaults. When L.G.D. is not constant, this
"event" is the union of events defined by the different values that L.G.D. can
achieve. What is needed is a refinement of S and E which will in effect split
each current event into finer events which identify the loss levels potentially
incurred by the defaulted bonds which each event identifies.

As a simple but somewhat more general example, imagine that on default
each lj can assume 3 values: lj = 0.25, 0.50, 1.00. Define a new sample space
S ′ in terms of the original default sample space S of part 3. Specifically, if
(BJ , BJ ′) ∈ S is a point where J contains M of the N bonds with index set
J = (j1, j2, ..., jM ), then this point will become 3M points in S ′, each one
representing one of the possible loss outcomes for these M bonds given that
each can incur 3 loss levels. In other words, the 3M points in S ′ will be of
the form:

AK = (lk1j1 fj1 , l
k2
j2
fj2 , ..., l

kM
jM
fjM , 0, ...0)

where K = (k1, k2, ..., kM ) denotes one of the the 3M M -tuples of points
where each ki equals 1, 2, 3 with respective lk1j1 -values equal to 0.25, 0.50, or
1.00. So while the original sample space S contained 2N points, equaling the
number of subsets of the collection of N bonds, S ′ will contain 4N points.
To see this, note that there are

(
N
j

)
points of S with j defaulted bonds (see

1.9 below) and hence
(
N
j

)
3j points of S ′ with j losses, and:∑N

j=0

(
N

j

)
3j =

∑N

j=0

(
N

j

)
3j1N−j = 4N .

With E ′ ≡ σ(P (S ′)), the probability measure on E must also be refined.
If A ∈ S ′ contains the bonds defined by the non-empty index subset J, and
loss ratios specified by K, then

µ′(A) =
∏

j∈J
q(Bj) Pr(kj)

∏
j∈J ′

(1− q(Bj)),

where Pr(kj) denotes the probability that on default of bond Bj , that the loss
ratio index assumes value kj and again extend µ′ to E ′ additively. To see
that

µ′(S ′) = 1,

note that as before this is equivalent to∑
J,K

∏
j∈J

q(Bj) Pr(kj)
∏

j∈J ′
(1− q(Bj)) = 1,
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but this follows from an expansion of:∏N

j=1
{(q(Bj)[pj,0.25 + pj,0.5 + pj,1.0] + [1− q(Bj)]} = 1,

where pj,a = Pr(kj = a) and so pj,0.25 + pj,0.5 + pj,1.0 = 1. It then follows
that (S ′,E ′,µ′) is a probability space.

1.3 Some Probability Measures on R

1.3.1 Discrete Probability Measures

There are infinitely many discrete probability measures possible on R,
where by "discrete" is meant that there is a finite or countable subset
{xi} ⊂ R and associated probabilities µ(xi) = pi with 0 ≤ pi ≤ 1 and
Σipi = 1. Such a specification always produces a measure µ on R, and
specifically on the power sigma algebra, σ(P (R)), since for any
A ∈ σ(P (R)),

µ(A) ≡
∑

xi∈A
pi. (1.2)

Because the sum of a convergent series of positive terms is well-defined and
independent of the order of the summation, the definition of µ in 1.2 is seen
to be countably additive and produces a probability space (R, σ(P (R)), µ).

Definition 1.8 In discrete probability theory the measure µ is called a prob-
ability function (p.f.), or probability density function (p.d.f.), and
typically denoted f(x), and has an associated distribution function (d.f.),
or sometimes cumulative distribution function (c.d.f.), denoted F (x),
defined:

f(x) =

 pi, x = xi,

0, otherwise,
(1.3)

F (x) =
∑

y≤x
f(y). (1.4)

Remark 1.9 Defining F as in 1.4, note that F is increasing, right contin-
uous, and has limits of 0 and 1, respectively, at −∞ and ∞. Thus as noted
in chapter 5 of book 1, F gives rise to a Borel measure µF defined on a com-
plete sigma algebra of Carathéodory measurable sets there denotedMµF (R).
We demonstrate here that with µ defined in 1.2:

(R, σ(P (R)), µ) = (R,MµF (R), µF ).
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To this end, recall that this extension process begins with defining a premea-
sure µF on the semi-algebra A′ of right semi-closed intervals by:

µF ((a, b]) = F (b)− F (a),

and this definition extends to a measure on the algebra A of finite disjoint
unions of right semi-closed intervals. By this definition and 1.2 it follows
that µ = µF on A. Outer measures µ∗ and µ∗F can be defined with µ or
µF , respectively, and these outer measures thus agree on σ(P (R)) since they
agree on A. NowMµF (R) is the collection of Carathéodory measurable sets
with respect to µ∗F andMµF (R) ⊂ σ(P (R)) by definition. To prove equality,
that every set A ∈ σ(P (R)) is Carathéodory measurable with respect to µ∗F ,
it to prove that for any set E ⊂ R :

µ∗F (E) = µ∗F (A ∩ E) + µ∗F (Ã ∩ E).

For this it is enough to prove that µ∗F (•) = µ(•) on σ(P (R)), where µ(•) is
given as in 1.2, because for any such set E = (A ∩ E) ∪

(
Ã ∩ E

)
and the

formula in 1.2 is additive on disjoint sets.
To prove µ∗F (•) = µ(•) on σ(P (R)), recall that

µ∗F (A) ≡ inf
{∑

n
µF (An) | A ⊂

⋃
nAn, An = (an, bn]

}
,

where such collections of covering sets, {(an, bn]}, can be taken to be disjoint.
Now for any such collection the above comments yield:∑

n
µF (An) =

∑
n
µ(An) = µ(

⋃
nAn),

and since A ⊂
⋃
nAn :

µ(A) ≤ µ(
⋃
nAn),

and thus:
µ(A) ≤ µ∗F (A).

To prove equality, we construct a sequence of collections which provide the
correct infimum. Let {An} be given with A ⊂

⋃
nAn and:

µ(A) < µ(
⋃
nAn).

Then by definition there exists xm ∈
⋃
nAn − A, and by disjointness of

{An} there is a unique interval with xm ∈ (anm , bnm ]. This interval can now
replaced in the collection by {(anm , xm], (xm, bnm ]} if xm < bnm , or by the
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countable collection {(yi, yi+1]} where y1 = anm and {yi} is an increasing
sequence with yi → bnm . Thus with {A′n} the new collection:

µ(A) ≤ µ(
⋃
nA
′
n) = µ(

⋃
nAn)− pm,

and this process can be continued for each such xm, of which there are at
most countably many.

As will be seen below in the section on random variables, probability
measures on R are commonly induced by more general probability spaces,
(S,E ,µ), but can also arise for a specific application for which R is the ap-
propriate sample space.

Three important and useful discrete probability measures are introduced
here and will facilitate examples below.

1. Discrete Rectangular Probability Measure

Perhaps the simplest probability measure that can be imagined is one
which assumes the same value on every sample point. The domain of
this distribution is arbitrary and necessarily finite, but is convention-
ally taken as {xi} = {j/n}nj=1 or sometimes {j/n}

n
j=0 , so in either case

{xi} ⊂ [0, 1]. For a given n the discrete rectangular measure on
[0, 1], sometimes called the discrete uniform measure, is defined
on {j/n}nj=1 by:

µR (j/n) = 1/n, j = 1, 2, .., n, (1.5)

or on
{
j
n

}n
j=0

by:

µR (j/n) = 1/(n+ 1), j = 0, 1, 2, .., n. (1.6)

Using the simple transformation:

xi → (b− a)xi + a,

provides corresponding discrete rectangular measures on the interval
[a, b].

2. Binomial Probability Measure

For given p, 0 < p < 1, the standard binomial measure is defined on
{xi} = {0, 1}. This is often economically expressed, defining p′ ≡ 1−p:

µB(j) =

 p, j = 1,

p′, j = 0.
(1.7)
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This probability measure is often defined initially on a space Y =
{T,H}, representing a "tail" or "head" in a coin flip, and these re-
sults conventionally identified with 0 and 1, respectively, and either
identification works equally well.

This measure can be extended to accommodate sample spaces de-
fined with respect to the sum of n independent standard binomials,
where independence is defined below, producing the general bino-
mial measure which now has 2 parameters, p and n ∈ N. That is,
{xi} = {0, 1, 2, ..., n} and the associated probabilities are given by:

µB(j) =

(
n

j

)
pj(1− p)n−j , j = 0, 1, .., n. (1.8)

The formula in 1.8 will be justified in the next section once indepen-
dence is defined. Here, the binomial coeffi cient

(
n
j

)
is defined for

0 ≤ j ≤ n by: (
n

j

)
=

n!

j!(n− j)! , (1.9)

recalling that n! ≡ n(n− 1)...2 · 1, and 0! ≡ 1. The binomial coeffi cient
is useful in counting subsets of a set of n distinct objects, and is often
notationally represented as nCj , and read as "n choose j, ” where C
stands for "combination."

Exercise 1.10 Show that
(
n
j

)
equals the number of j-element subsets

of a set of n distinct objects, j ≤ n, where by "distinct" is meant that
the ordering of the subset is ignored.

Returning to the probability space Y = {T,H} above, µB in 1.8 is
related to an induced measure on the product space Y n defined as the
collection of all n-tuples of T s and Hs. There, for y ∈ Y n, µB(y) =
pj(1 − p)n−j where j denotes the number of Hs in y and n − j the
corresponding number of T s. This probability measure then induces
a measure on {0, 1, 2, ..., n} by defining a measurable function or
random variable on Y n :

X : Y n → R,

for which X(y) is the number of Hs in y. Under this mapping, the
probabilities in 1.8 then equal the probabilities of events, {y|X(y) =
j} = X−1(j).
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That the formula for µB produces a probability measure on {xi} =
{0, 1, ..., n} follows from the binomial theorem which provides an
explicit expression for the expansion of the binomial (a+ b)n with n a
positive integer:

(a+ b)n =
∑n

j=0

(
n

j

)
ajbn−j . (1.10)

Letting a = p and b = p′, this formula produces

1 =
∑n

j=0

(
n

j

)
pj(1− p)n−j .

The proof of the binomial theorem follows from the observation that
the expansion of (a + b)n is a sum of terms of the form {ajbn−j}, so
it is only the coeffi cients that need to be addressed. For given j, there
are n!/(n − j)! = n(n − 1)...(n − j + 1) ways to identify j of the n
binomial factors from which so select an a, which then identifies the
n− j factors from which to select a b. However, this count overstates
the result since a given collection of j factors will be counted j! times,
representing all the orders possible, and hence the coeffi cient of ajbn−j

is
(
n
j

)
as stated in 1.10.

3. Poisson Probability Measure

The Poisson distribution is named for Siméon-Denis Poisson (1781-
1840) who discovered this measure and studied its properties. This
measure is characterized by a single parameter λ > 0, and is defined
on the nonnegative integers {xi} = {0, 1, 2, ...} by:

µP (j) = e−λ
λj

j!
, j = 0, 1, 2, ... (1.11)

That
∑∞

j=0 f
P (j) = 1 is an application of the Taylor series expan-

sion for the exponential function:

ex =
∑∞

j=0

xj

j!
, (1.12)

which is convergent for all x ∈ R.
One important application of the Poisson distribution is that it pro-
vides a good approximation to the binomial distribution when the
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binomial parameter, p, is "small." Specifically, with λ = np, then for
p "small", and n "large":(

n

j

)
pj(1− p)n−j ' e−np (np)j

j!
. (1.13)

The approximation in 1.13 was of critical value in pre-computer days,
but still useful now as seen below, and comes from the following result.

Proposition 1.11 (Poisson Limit theorem) For λ = np fixed, then as
n→∞ : (

n

j

)
pj(1− p)n−j −→ e−λ

λj

j!
. (1.14)

In other words, as n increases and p decreases so that the product np is fixed
and equal to λ, the probabilities of the binomial distribution converge to the
probabilities of the Poisson distribution.
Proof. First off:(

n

j

)
pj(1− p)n−j =

n(n− 1)...(n− j + 1)

j!

(
λ

n

)j (
1− λ

n

)n(
1− λ

n

)−j
=

n(n− 1)...(n− j + 1)

nj
λj

j!

(
1− λ

n

)n(
1− λ

n

)−j
.

The second term, λj/j!, is fixed as a function of n and part of the final

result, while the last term,
(
1− λ

n

)−j
, converges to 1 as n→∞ because the

exponent −j is fixed. Similarly, the first term equals the product of j-terms:∏j−1
k=0(1− k

n), which also converges to 1.
The only subtlety here is to prove that for any real number λ, that

(1− λ/n)n −→ e−λ as n → ∞. But this is equivalent to proving that
n ln(1−λ/n) −→ −λ, and this follows from another Taylor series expansion,
but now for ln(1− x), which is convergent for −1 ≤ x < 1 :

ln(1− x) = −
∑∞

j=1
xj/j. (1.15)

Taylor series theory also allows a finite sum expression with remainder term:

ln(1− x) = −x− ξ2
x/2,

where for positive x, 0 < ξx < x. Hence, ln(1− λ/n) = −λ/n− ξn/2, where
0 < ξn < λ/n, so:

n ln(1− λ/n) = −λ− nξ2
n/2,

where 0 < nξ2
n < λ2/n, and the limiting result follows.
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Exercise 1.12 Show that the limit n ln(1− λ/n) −→ −λ also follows from
the definitional evaluation of the derivative of ln(1− λx) at x = 0.

Remark 1.13 The requirement that p be "small" is typically understood as
the condition that p < 0.1, or by symmetry, p > 0.9, while n "large" is
understood as n ≥ 100 or so.

1.3.2 Continuous Probability Measures

As for the discrete case there are also infinitely many continuous
probability measures on R, all of which are Borel measures. In each
example below the construction is the same, following chapter 5 of book 1,
and requires:

1. Identify a nonnegative continuous function f(x) for which
∫∞
−∞ f(x)dx =

1 defined as a Riemann integral. If f(x) equals 0 outside an interval
or disjoint union of such intervals, then it is required that f(x) be
continuous on these intervals.

2. Define the increasing continuous function: F (x) =
∫ x
−∞ f(y)dy.

3. Construct the Borel measure, µF , and complete sigma algebraMµF (R)
on R, producing the complete probability space (R,MµF (R),µF ).

Definition 1.14 In continuous probability theory the function f(x) is called
a probability function (p.f.), or probability density function (p.d.f.),
and F (x) the associated distribution function (d.f.), or sometimes cu-
mulative distribution function (c.d.f.). These are related by:

f(x) = F ′(x), (1.16)

F (x) =

∫ x

−∞
f(y)dy. (1.17)

the second following by definition, the first by the Fundamental Theorem of
Calculus.

In this model one can assign probabilities to right semi-closed intervals
as in chapter 5 of book 1:

µ [(a, b]] = F (b)− F (a) =

∫ b

a
f(y)dy,
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and by continuity it follows that the same result is produced for closed and
open and left semi-closed intervals. Form this it also follows that µ [a] = 0
for any point a.

A few popular examples of continuous probability measures follow:

1. Continuous Uniform Probability Measure

Perhaps the simplest continuous probability function that can be imag-
ined is one which assumes the same value on every sample point. The
domain of this distribution is arbitrary but necessarily bounded, and
is conventionally denoted as the interval [a, b]. The p.d.f. of the con-
tinuous uniform measure, sometimes called the continuous rec-
tangular measure, is defined by the probability density function:

fU (x) =

 1/(b− a), x ∈ [a, b],

0, x /∈ [a, b].
(1.18)

Thus FU (x) is given by:

FU (x) =


0, x ≤ a,

(x− a) / (b− a) , a ≤ x ≤ b,

1, x ≥ b.

(1.19)

2. Exponential Probability Measure

The exponential probability measure is non-zero on [0,∞), and
defined with a single scale parameter λ > 0 by the probability density
function:

fE(x) =

 0, x < 0,

λe−λx, x ≥ 0.
(1.20)

The associated distribution function is given:

FE(x) =

 0, x < 0,

1− e−λx, x ≥ 0.
(1.21)

It is apparent that for any λ > 0,
∫∞

0 fE(x)dx = 1 defined as an
improper integral, that fE(0) = λ, and that fE(x) is strictly decreasing
over [0,∞).
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3. Normal Probability Measure

The normal probability measure is strictly positive and defined
on (−∞,∞), depends on a location parameter µ ∈ R, and a scale
parameter σ > 0, and is defined by the following probability density
function, where expA ≡ eA to simplify notation:

fN (x) =
1

σ
√

2π
exp

(
− (x− µ)2 /

(
2σ2
))
. (1.22)

This is often call the Gaussian probability measure after Carl
Friedrich Gauss (1777 —1855) who was one of the codiscoverers of
this formula. When µ = 0 and σ2 = 1, this is known as the unit nor-
mal or standard normal probability density, and often denoted
φ(x) :

φ(x) =
1√
2π

exp
(
−x2/2

)
. (1.23)

The associated distribution functions are then denoted FN (x) and
Φ(x), respectively, though these have no closed form expressions.

A simple substitution into the integral demonstrates that fN (x) and
φ(x) have the same Riemann integral over R. Also, because as |x| →
∞ :

exp
(
−x2/2

)
< |x|−N

for any N, it follows that
∫∞
−∞ φ(y)dy < ∞ as an improper integral.

However, there is no elementary derivation that verifies that this func-
tion in fact integrates to 1.

The simplest justification follows, and even this requires a deep re-
sult on multivariate integrals such as Fubini’s theorem, named for
Guido Fubini (1879 — 1943), or Tonelli’s theorem, named for
Leonida Tonelli (1885 — 1946), as well as substitution results, all
of which will be proved in book 5. We assume what is necessary for
now from these results, since in the current Riemann integral context
these assumptions are intuitively reasonable and likely familiar.

Consider the square of this integral, which is finite as noted above:[∫ ∞
−∞

φ(y)dy

]2

=
1√
2π

∫ ∞
−∞

exp
(
−x2/2

)
dx · 1√

2π

∫ ∞
−∞

exp
(
−y2/2

)
dy

=
1

2π

∫ ∞
−∞

∫ ∞
−∞

exp
[
−
(
x2 + y2

)
/2
]
dxdy.
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To use polar coordinates to evaluate this integral, make the substi-
tution:

x = r cos θ; y = r sin θ,

where r denotes the distance from (x, y) to the origin (0, 0), and θ
the angle in radian measure that the segment from (0, 0) to (x, y)
makes with the positive x-axis. So 0 ≤ θ < 2π. This substitution
leads to dxdy = rdrdθ, and an integration over 0 ≤ r < ∞ and then
0 ≤ θ ≤ 2π :[∫ ∞

−∞
φ(y)dy

]2

=
1

2π

∫ 2π

0

∫ ∞
0

exp
(
−r2/2

)
rdrdθ = 1.

Admittedly, this derivation requires a lot of faith that the various
manipulations are justifiable, but the reader will eventually see in book
5 that this is so.

4. Lognormal Probability Measure

The lognormal probability measure is defined on [0,∞), depends
on a location parameter, µ ∈ R, and a shape parameter, σ > 0, and
unsurprisingly is intimately related to the normal probability measure
discussed above. However, to some the name "lognormal" appears to
be opposite of the relationship that exists. Stated one way, the variable
x has a lognormal probability function with parameters (µ, σ) if x = ez,
where z has a normal probability function with the same parameters.
So lognormal x can be understood as an exponentiated normal. Stated
another way, a variable x has a lognormal probability function with
parameters (µ, σ) if lnx has a normal probability function with the
same parameters. The name comes from the second statement, in
that the log of a lognormal variable is normal.

The probability density function of the lognormal is defined on [0,∞)
as follows, again using expA ≡ eA to simplify notation:

fL(x) =
1

σx
√

2π
exp

(
− (lnx− µ)2 /2σ2

)
, x ≥ 0, (1.24)

while fL(x) = 0 for x < 0. The substitution y = lnx−µ
σ produces:∫ ∞

0
fL(x)dx =

1√
2π

∫ ∞
−∞

exp
(
−y2/2

)
dy

=

∫ ∞
−∞

φ(y)dy.
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In other words, the integral of the lognormal density over [0,∞) equals
1.

This density function is well-defined and continuous at x = 0 with
fL(0) = 0. To see this, let x = e−y and consider y → ∞. With this
transformation:

fL(e−y) =
ey

σ
√

2π
exp

(
− (y + µ)2 /2σ2

)
=

1

σ
√

2π
exp

(
y − (y + µ)2 /2σ2

)
.

As y →∞, note that
[
y − (y + µ)2 /2σ2

]
→ −∞, and so fL(e−y)→ 0.

1.3.3 More General Probability Measures

There are more general probability measures on R than those given above
by the discrete and continuous models. For example, the constructions
outlined above for discrete and continuous measures works equally well if
f(x) is non-negative and not continuous as long as it is continuous
almost everywhere (a.e.), which is to say, continuous except on a set of
measure zero. The Riemann integral is then well defined, and if∫∞
−∞ f(x)dx = 1, this function produces an increasing continuous F (x) by
1.17 which again provides the basis for a Borel measure space. In the book
3 we will see that such a distribution function F is differentiable almost
everywhere and that F ′(x) = f(x) a.e.

In the book 3 we will also study Lebesgue integrals which provide for
a definition of an integral to many functions, f(x), which are not Riemann
integrable. If such a function is non-negative and satisfies (L)

∫∞
−∞ f(x)dx =

1, where (L) denotes Lebesgue integral, then 1.17 produces an increasing
continuous F (x) which again provides the basis for a Borel measure space. It
will be seen in book 3 that such a distribution function is again differentiable
almost everywhere, and that F ′(x) = f(x) a.e.

Even more generally we can begin with any increasing right continuous
function F (x) for which F (x) → 0 as x → −∞, and F (x) → 1 as x → ∞,
and the Borel construction of book 1 can be applied. Once again we will
see that F ′(x) must exist almost everywhere, though in this general case it
need not be true that there is a function f(x) for which 1.17 holds.

This subject will be discussed again in the first chapter of book 4 where
distribution functions will be characterized.
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1.4 Independent Events

An important notion in a probability space which has little or no
compelling application in the more general context of a measure spaces, is
that of independent events.

Definition 1.15 If (S,E,µ) is a probability space, then {An}Nn=1 ⊂ E with
N <∞ is said to be a collection of independent events or are mutually
independent if given any subset J ⊂ {1, 2, ..., N} with J ≡ {j1, j2, ...jk},

µ

(⋂k

i=1
Aji

)
=
∏k

i=1
µ (Aji) . (1.25)

These events are said to be pairwise independent if 1.25 remains valid
for any subset J with k = 2.

An infinite collection of sets {Aα}α∈I , countable or uncountable, is said
to be a collection of independent events or pairwise independent, respectively,
if every finite subset of events is independent or pairwise independent,
respectively.

Given a finite, countably or uncountably infinite collection {Aα}α∈I , with
each Aα ⊂ E a finite or infinite collection or class of measurable sets or
a sigma algebra, we say that {Aα}α∈I is a collection of independent
classes or independent sigma algebras or simply are mutually inde-
pendent, if given any finite subset J ⊂ I with J ≡ {α1, α2, ...αk}, and
any {Aαi}ki=1 with Aαi ∈ Aαi , 1.25 is satisfied. For finite and countable
collections, the notation {Aj}Nj=1 is more convenient, where N is finite or
infinite.

Remark 1.16 Since ∩ki=1Aji ⊂ Aji for every ji, it follows by monotonicity
that in any measure space:

µ
(
∩ki=1Aji

)
≤ minµ (Aji) ,

while in any probability space, since µ (Aji) ≤ 1 :

Πk
i=1µ (Aji) ≤ minµ (Aji) .

So the equality in 1.25 is at least qualitatively plausible in a probability space,
though apparently not so in a general measure space where the second in-
equality will typically fail except for "small" measurable sets with µ (Aji) ≤ 1.
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Example 1.17 1. Recall the discussion above on the general binomial
measure, µB, defined on {0, 1, 2, ..., n} where these values were deemed
to result from the summing of n independent standard binomials, each
of which has value from {0, 1}. Imagine a sample space of n-tuples of
results, (x1, x2, ..., xn), each point of which identifies the outcome in
order of n standard binomials. There are of course 2n distinct such
n-tuples. Define the 2n events Ai(k) = {(x1, x2, ..., xn)|xi = k} where
k = 0, 1, and note that Ai(k) is the collection of n-tuples with the ith
component specified to equal k. More colorfully, it is the collection of n-
flips with the ith flip equal to H if k = 1, or T if k = 0. In this sample
space the probability measure of these sets is given by µ

(
Ai(k)

)
= p for

k = 1 and µ
(
Ai(k)

)
= p′ for k = 0, where p′ ≡ 1 − p. This is because

Ai(k) contains all n-tuples with xi = k and thus this can be modelled
as the full collection of (n− 1)-flips, which has probability 1, and then
an nth flip with probability p or p′. The events Ai(0) and Ai(1) cannot
be independent for any i since Ai(0)∩ Ai(1) = ∅ and thus 1.25 will not
be satisfied since µ

(
Ai(ki)

)
> 0. We now investigate the implications

of more general independence of these sets.

First, that the n standard binomials are independent is formalized by
the statement that given any collection, {ki}ni=1, the n events {Ai(ki)}
are independent if:

µ
(⋂n

i=1
Ai(ki)

)
=
∏n

i=1
µ
(
Ai(ki)

)
.

Now ∩ni=1Ai(ki) = (k1, k2, ..., kn) a single point and so independence
requires by the above discussion that:

µ(k1, k2, ..., kn) = pj(1− p)n−j ,

where j denotes the number of indexes with ki = 1, and n − j the
number with ki = 0. Thus independence implies that the probability of
(k1, k2, ..., kn) depends only on j, the number of j indexes with ki = 1,
and not the order. There are

(
n
j

)
of the Ai(k)-events that have exactly

j indexes with ki = 1, and these are mutually disjoint. Defining Bj as
the union of these sets then by finite additivity:

µ(Bj) =

(
n

j

)
pj(1− p)n−j .

This is equivalent to the probability measure in 1.8 because Bj is exactly
the collection of n-tuples with j values of 1, or of n-flips with j values
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of H, and so µB(j) = µ(Bj). In other words, the probabilities assigned
by 1.8 are consistent with the assumption of independent flips.

Similarly, if only m < n components are specified, independence im-
plies that:

µB
(⋂m

j=1
Aij(ki)

)
= pj(1− p)m−j ,

where again j is the number of indexes with ki = 1. This is consistent
with the original definition of µB (Aik) when m = 1.

2. While independent events are pairwise independent by definition, pair-
wise independence does not imply independence. For example, let S
denote the probability space of outcomes of 3 independent rolls of a fair
die, so S = {(r1, r2, r3)} where rj ∈ {1, 2, ..., 6) is the value on roll j,
and µ ((r1, r2, r3)) = 1/63 for every outcome. This conclusion can be
formalized as in the binomial case. Let E = σ(P (S)), the power set of
S, and µ defined on E additively. If A12 = {(r1, r2, r3)|r1 = r2}, with
A13 and A23 analogously defined, then A12, A13, and A23 are pairwise
disjoint. Each event has probability 1/6, while µ(A12 ∩ A13) = 1/62,
and similarly for the other intersection sets. However, µ(A12 ∩ A13 ∩
A23} = 1/62, since A12 ∩A13 ⊂ A23, and so 1.25 fails for k = 3.

3. Requiring 1.25 to be satisfied only for the maximal subset J = {1, 2, ..., N}
does not ensure independence or pairwise independence. Let S = {r1}
be the sample space of the outcome of one roll of a fair die, with
µ (r1) = 1/6 for all values, and E = σ(P (S)) with µ again extended
by additivity. Let A1 = {1, 2, 3, 4}, and A2 = A3 = {1, 5, 6}. Then
these events have respective probabilities of 2/3, 1/2, and 1/2, and
the full intersection event has probability 1/6. So 1.25 is satisfied with
J = {1, 2, 3}. However, these events are not independent since they
are not pairwise independent.

Next are a few simple yet useful results on independent events.

Proposition 1.18 If A ∈ E satisfies µ(A) ∈ {0, 1}, then A is independent
of every event B ∈ E including itself. If A ∈ E is independent of itself, then
µ(A) ∈ {0, 1}.
Proof. If µ(A) = 0 then A is independent of all events B since A ∩B ⊂ A
and hence µ(A ∩ B) = 0 by subadditivity. If µ(A) = 1, then µ(Ã) = 0 and

since B = (B ∩A) ∪
(
B ∩ Ã

)
, independence follows from finite additivity.

Specifically, µ(B) = µ(A ∩B) which is 1.25 since µ(A) = 1.



1.4 INDEPENDENT EVENTS 27

If A is independent of itself, then 1.25 implies that µ(A) = (µ(A))2 and
hence µ(A) ∈ {0, 1}.

Proposition 1.19 Let (S,E,µ) be a probability space. Then {An}Nn=1 ⊂ E
are mutually independent if and only if

µ

(⋂N

n=1
Bn

)
=
∏N

i=1
µ (Bn) (1.26)

for each of the 2N expressions where each Bn = An or Bn = Ãn.

Proof. Left as an exercise.

Corollary 1.20 Let (S,E,µ) be a probability space, then {An}Nn=1 ⊂ E are
mutually independent if and only if {Bn}Nn=1are mutually independent for
each of the 2N choices where Bn = An or Bn = Ãn.

Proof. This follows from proposition 1.19.

1.4.1 Independent Classes and Associated Sigma Algebras

In the section below on Kolmogorov’s Zero-One law, we will need results
on properties of independent classes. In particular, we will need to know
when independent classes give rise to independent sigma algebras, where
these sigma algebras are generated by these classes. It is perhaps natural
to expect for example that if {Aj}Nj=1 are independent classes by the above
definition, that the smallest sigma algebras generated by these classes,
{σ(Aj)}Nj=1, would also be independent. But this is not the case and the
problem is with intersection sets.

Example 1.21 Consider the infinite product probability space (chapter 9
book 1) associated with coin flips, (Y N, σ(Y N), µN), where Y = {H,T} and
µN is the measure induced by the probability measure on Y defined by p(H) =
p(T ) = 1/2. Let A1 = {A12, A13} and A2 = {A23} where Ajk = {y ∈ Y N|yj =
yk}. Note that µN (Ajk) = 1/2 for any j 6= k. Then A1 and A2 are mutually
independent classes. For example,

µN (A12 ∩A23) = 1/4 = µN (A12)µN (A23) .

However, A12 ∩A13 ∈ σ(A1), and this set is not independent of A23 ∈ σ(A2)
since:

µN ([A12 ∩A13] ∩A23) = 1/4 6= 1/8 = µN (A12 ∩A13)µN (A23) .
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The problem here is that while A1 and A2 are independent classes, the sets
A12, A13, A23 are only pairwise independent and not mutually independent,
because

µN (A12 ∩A13 ∩A23) = 1/4 6= 1/8 = µN (A12)µN(A13)µN (A23) .

The next result shows that if we begin with a collection of mutually
independent sets and partition this collection into classes, the above problem
cannot occur and finite intersection sets will again be independent. The most
complicated part of this next result is the necessary notation. So to simplify
notation we represent the initial collection of mutually independent sets as
a matrix of sets which may have a finite or infinite number of rows, and
each row a finite or infinite number of elements. We will create classes by
grouping rows of sets.

Proposition 1.22 Given a probability space (S,E,µ), let A={Ajk} ⊂ E be
a finite or infinite class of mutually independent sets with 1 ≤ j ≤ N and
1 ≤ k ≤ Mj where N and any Mj can be finite or infinite. Partition this

class "by rows" into subclasses {Aj}Nj=1, with Aj = {Ajk}
Mj

k=1. Define A
′
j as

the collection of sets from Aj and all possible finite intersections of sets from
Aj . Then {A′j}Nj=1 are mutually independent classes.
Proof. Since {Aj}Nj=1 are independent classes by assumption, only the in-
dependence of the intersections sets from {A′j}Nj=1 need be checked. Choose
{Bj} with Bj ∈ A′j for a finite index collection J = {j1, ..., jn}, which by
re-ordering rows and re-labelling for simplicity we can assume that J =
{1, 2, ..., n}. Each Bj is by assumption a finite intersection set so Bj =
∩KjAjk with Ajk ∈ Aj , and where again each Kj is a finite index set which
by re-ordering we can again assume that Kj = {1, 2, ..., kj}. Of course, if
kj = 1 for any j then Bj = Aj1. Finally, recalling that {Ajk}j,k are mutu-
ally independent:

µ
(⋂n

j=1
Bj

)
= µ

(⋂n

j=1

⋂kj

k=1
Ajk

)
=
∏n

j=1

∏kj

k=1
µ (Ajk)

=
∏n

j=1
µ

(⋂kj

k=1
Ajk

)
=
∏n

j=1
µ (Bj) .
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Corollary 1.23 Given the assumptions and notation of the prior propo-
sition, if A′(Aj) denotes the smallest semi-algebra generated by Aj , then
{A′(Aj)}Nj=1 are mutually independent classes.
Proof. The smallest semi-algebra that contains Aj is contained in the small-
est semi-algebra that contains Aj expanded to include S, ∅, and Ãjk for every
Ajk ∈ Aj . These expanded classes, which we label {Aj}Nj=1, continue to be
mutually independent since S and ∅ are independent of every set by propo-
sition 1.18, and the result for complements follows from 1.26. Hence, the
prior proposition applies to these expanded classes and assures that {A′j}Nj=1,

again defined as collections of sets from Aj and all possible finite intersec-
tions of sets from Aj , are again mutually independent classes. We claim
that each A

′
j is a semi-algebra.

First, A
′
j is closed under finite intersections since each set in A

′
j is a

finite intersection of sets from the expanded Aj , and hence intersecting any
finite number of such sets produces another finite intersection set. Consider
next the complement of a set Bj ∈ A

′
j , say Bj = ∩nk=1Bjk, where again each

Bjk is an element of the expanded Aj class, meaning Bjk equals one of Ajk,
Ãjk,S or ∅. Then B̃j = ∪nk=1B̃jk, a finite union of sets from the expanded Aj
class. Hence A

′
j is a semi-algebra, which by construction contains Aj , and

so by definition contains the smallest semi-algebra generated by Aj. That is,
A′(Aj) ⊂ A

′
j and thus {A′(Aj)}Nj=1 are mutually independent classes.

Remark 1.24 Note that we cannot conclude that A′(Aj) = A
′
j since the

latter class contains Ãjk for every original Ajk ∈ Aj , while in theory A′(Aj)
only needs to have such sets expressible as a finite union of other sets.

Our final goal is to expand the conclusion of this corollary to assert
that the smallest sigma algebras generated by these classes, {σ(Aj)}Nj=1, are
mutually independent classes.

Proposition 1.25 Given a probability space, (S,E,µ), let A={Ajk} ⊂ E be
a finite or infinite class of mutually independent sets with 1 ≤ j ≤ N and
1 ≤ k ≤ Mj , partitioned into subclasses {Aj}Nj=1 with Aj = {Ajk}

Mj

k=1. If
σ(Aj) denotes the smallest sigma algebra generated by Aj , then {σ(Aj)}Nj=1

are mutually independent classes.
Proof. Consider a finite collection of semi-algebras, say {A′(Aj)}nj=1 by
relabelling indexes, and which are mutually independent classes by corollary

1.23. Thus given Aj ∈ A′(Aj), µ
(
∩nj=1Aj

)
= Πn

j=1µ (Aj) . Fix {Aj}nj=2,
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and define the class C(A1) = {A1 ∈ E| µ
(
∩nj=1Aj

)
= Πn

j=1µ (Aj)}. Then
A′(A1) ⊂ C(A1), and we now show that C(A1) is a sigma algebra.

First, C(A1) is closed under complementation by 1.26, so A ∈ C(A1) if
and only if Ã ∈ C(A1). Next, consider a countable collection, {A1k}∞k=1 ⊂
C(A1) which are disjoint, A1k ∩ A1i = ∅ for k 6= i, and we show that
∪∞k=1A1k ∈ C(A1). To this end, note that with A1 ≡ ∪∞k=1A1k, it follows
from De Morgan’s laws that:⋂n

j=1
Aj =

⋃∞
k=1

[
A1k ∩

(⋂n

j=2
Aj

)]
,

and since {A1k}∞k=1 are disjoint, so too are {A1k∩
(
∩nj=2Aj

)
}∞k=1. By count-

able additivity,

µ
(⋂n

j=1
Aj

)
=
∑∞

k=1
µ
[
A1k ∩

(⋂n

j=2
Aj

)]
=
∑∞

k=1

[
µ (A1k)

∏n

j=2
µ (Aj)

]
=
∏n

j=1
µ (Aj) .

To extend this conclusion to the case where {A1k}∞k=1 ⊂ C(A1) are not
disjoint, note that there is then a collection {A′1k}∞k=1 ⊂ E which are disjoint,
and for which ∪∞k=1A1k = ∪∞k=1A

′
1k. The construction is: A′1n = A1n ∩

[∩n−1
j=1 Ã1j ]. But as each A1k ∈ C(A1), so too is each A′1k ∈ C(A1) by 1.26,

and thus as a finite intersection, each A′1n ∈ C(A1) by proposition 1.22
above. Applying the conclusion from disjoint sets and noting by countable
additivity that Σ∞k=1µ (A′1k) = µ (A1) , we conclude that ∪∞k=1A1k ∈ C(A1).

Hence C(A1) is a sigma algebra, and thus by definition contains the
smallest such sigma algebra σ(A1). Of course the definition of σ(A1) de-
pended on the selection of {Aj}nj=2, but this is no problem since for any
selection, the conclusion is the same, that σ(A1) ⊂ C(A1) for C(A1) so re-
defined. Thus {σ(A1),A′(A2), ...,A′(An)} are mutually independent classes,
and we can repeat this construction iteratively, next investigating C(A2) and
proving σ(A2) to be independent of the other classes, and so forth to finally
conclude that {σ(Aj)}nj=1 are mutually independent classes. Since this is
then true for any finite collection, that {σ(Aj)}Nj=1 are mutually indepen-
dent classes follows by definition.

Remark 1.26 It is important to remember that the above conclusion was
framed from the point of view that we began with a class of mutually in-
dependent sets, A,then partitioned this class into subclasses, {Aj}Nj=1. This
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approach will be seen to fit our needs for Kolmogorov’s zero-one law. But
what if we simply began with this latter collection of classes, {Aj}Nj=1, and
were given only that these were mutually independent as classes? Could we
then conclude that {σ(Aj)}Nj=1 are mutually independent classes? In general
the answer is "no" as the example above proves. The essential ingredient
added to the independence proof by the assumed mutual independence of all
sets, was that this assured independence of finite intersection sets from the
various Aj.

But if we begin with Aj classes that were known to be closed under finite
intersections, the mutual independence proof for {A′j}Nj=1 would be unneces-
sary since in this case Aj = A′j . Then the remaining steps with augmented
Aj classes proceeds identically, as does the sigma algebra proof.

In summary, with details left to the reader, we have proved:

Corollary 1.27 Given a probability space, (S,E,µ), and mutually indepen-
dent classes {Aj}Nj=1 with Aj = {Ajk}

Mj

k=1 ⊂ E , if these classes are each
closed under finite intersections, then {σ(Aj)}Nj=1 are mutually independent
classes where σ(Aj) denotes the smallest sigma algebra generated by Aj .

Remark 1.28 Note that because independence of collections of sets is de-
fined in terms of independence of finite subcollections, all of the above results
are true if we begin with an arbitrarily double-indexed collection of indepen-
dent sets, A={Aαβ} ⊂ E with α ∈ I and β ∈ Jα. By arbitrary is here meant
potentially uncountable. The conclusions are then:

1. If A={Aαβ} is a collection of independent sets partitioned into sub-
classes {Aα}α∈I with Aα ≡ {Aαβ}β∈Jα , and if σ(Aα) denotes the small-
est sigma algebra generated by Aα, then {σ(Aα)}, α ∈ I, are mutually
independent classes.

2. If {Aα}α∈I is a collection of independent classes, Aα ≡ {Aαβ}β∈Jα ,
and if these classes are each closed under finite intersections, then
{σ(Aα)}, α ∈ I, are mutually independent classes.

There is one more important result below related to independence of
certain sigma algebras, defined in terms of a sequence of random variables,
which cannot logically be developed here before random variables are even
discussed. See proposition 5.33 where the generalized conclusions in remark
1.28 will be used.
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1.5 Conditional Probability Measures and Appli-
cations

Given a measure space (S,E ,µ), every set B ∈ E induces a measure
denoted µB.

Exercise 1.29 Given a measure space (S,E,µ) and B ∈ E, prove that:

1. (B,EB,µB) is a measure space where EB ≡ {A ∩ B|A ∈ E}, and for
any C ∈ EB where C = A ∩B, µB is defined by µB(C) = µ(A ∩B).

2. (S,E,µB) is a measure space where for A ∈ E, µB is defined by µB(A) =
µ(A ∩B).

(Hint: Prove that EB is a sigma algebra and µB is a measure as defined
either on EB or E .

Definition 1.30 The measure µB is sometimes referred to as the measure
induced by µ and B, and the associated measure spaces are called induced
measure spaces.

When (S,E ,µ) is a probability space, to ensure that µB is in fact a
probability measure we must modify the above construction, but in order
to do so we must now require that µ(B) > 0. This modified induced
measure is called a conditional probability measure.

Definition 1.31 If (S,E,µ) is a probability space and B ∈ E with µ(B) >
0, the conditional probability measure µ(·|B) is defined on A ∈ E by:

µ(A|B) ≡ µ(A ∩B)/µ(B). (1.27)

The expression µ(A|B) is called the conditional probability of A, and if
additional emphasis on B is needed, the probability of A conditional on
B.

Exercise 1.32 Prove that µ(·|B) is a measure and that (S,E,µ(·|B)) is a
probability space. Also (B,EB,µ(·|B)) is a probability space where the sigma
algebra is defined as above: EB = {A ∩ B|A ∈ E}, and so µ(A|B) ≡
µ(A)/µ(B) for A ∈ EB.
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Notation 1.33 It is common practice to denote the conditional probability
measure by µ(·|B), and the conditional probability of a set A ∈ E by µ(A|B).
When probability measures are denoted P, the standard notations are P (·|B)
for the conditional probability measure, and P (A|B) for the conditional prob-
ability of A. We will see below that this notation is convenient in formulas
which involve multiple conditional probabilities.

A transparent result that links the notion of independent events and
conditional probabilities is the following.

Proposition 1.34 If (S,E,µ) is a probability space and B ∈ E with µ(B) >
0, then a set A ∈ E is pairwise independent of B if and only if

µ(A|B) = µ(A). (1.28)

Proof. Immediate from the definitions.

1.5.1 Law of Total Probability

A relatively simple-to-prove result, but one of great application is the
following. In essence it states that the probability of an event can be
evaluated from a complete collection of conditional probabilities This
result will also seen to be useful in the evaluation of "moments of random
variables" as will be addressed in book 4.

Proposition 1.35 (Law of Total Probability) Given a probability space
(S,E,µ) and a finite or countable collection of disjoint sets {Bi} ⊂ E with
µ(Bi) > 0 and ∪iBi = S, then for any A ∈ E,

µ(A) =
∑

i
µ(A|Bi)µ(Bi). (1.29)

Proof. Because {A∩Bi} is a finite or countable disjoint collection of mea-
surable sets with ∪i(A ∩Bi) = A, it follows by finite or countable additivity
that

µ(A) =
∑

i
µ(A ∩Bi),

and 1.29 follows by definition of µ(A|Bi).

Remark 1.36 This result and proof work equally well if ∪iBi ⊂ S and
µ(S− ∪ Bi) = 0, and/or if the collection {Bi} are not disjoint but µ(Bi ∩
Bj) = 0 for i 6= j, but this observation is more of theoretical interest than
practical consequence.
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The law of total probability is very useful for evaluating the probability
of events which are defined by the sequential outcome of simpler random
events. A simple traditional probability example follows, as well as a finan-
cial example.

Example 1.37 1. A pair of fair dice is rolled, with outcomes assumed
independent, and then n coins are flipped where n is the total score on
the dice. Letting A denote the event that 6 heads result, we seek µ(A).

To this end, let Bn denote the event that n is the score on the dice, with
2 ≤ n ≤ 12. Then µ(A|Bn) = 0 for 2 ≤ n ≤ 5, while for 6 ≤ n ≤ 12,

µ(A|Bn) =

(
n

6

)
(1/2)n.

Here we are using the binomial probability measure since conditional
on Bn, the number of heads has a binomial probability measure with
the given n and p = 1/2, and so µ(A|Bn) = fB(6).

Also, µ(Bn) is evaluated and expressed as:

µ(Bn) = (13− n)/36, for 7 ≤ n ≤ 12,

µ(Bn) = µ(B14−n), for 2 ≤ n ≤ 6.

This follows because each die has a discrete rectangular probability
measure, and the dice outcomes are assumed independent. For ex-
ample, µ(B7) is the probability of the event:

µ(B7) = {(1, 6) ∪ (2, 5) ∪ (3, 4) ∪ (4, 3) ∪ (5, 2) ∪ (6, 1)}.

By finite additivity, the probability of this union is the sum of the
probabilities, while by independence the probability of each pair is 1/36
and hence µ(B7) = 6/36.

Evaluating µ(A) by 1.29:

µ(A) = 5(1/2)6/36 +
∑12

n=7

(
n

6

)
(13− n)/[36(2)n]

=
2971

36 864
≈ 0.080594.

One could similarly evaluate µ(A) for other events such as the event
that 2 or 5 heads result, or that more than 9 or less that 4 heads result,
or that the number of heads is even.
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2. A group life insurer is contemplating offering a fixed amount life policy
to a senior citizen group by mail solicitation. Offering a fixed $5000
death benefit, it believes it could enroll 2500 individuals, split 60% fe-
male and 40% male. Due to the minimal underwriting involved it will
use population-based mortality rates and age distribution with which it
has derived claim rates for the first year of 0.025 for males and 0.018
for females. The CFO requested the probability that claims will exceed
$0.25 million in the first year.

The probability requested is the same as the probability that the number
of claims will exceed 50, and hence if A is the event that claims exceed
$0.25 million and Bj is the event of exactly j total claims:

µ(A) = 1− µ(Ã) = 1−
∑50

j=0
µ(Bj).

This formula is stated in terms of µ(Ã) to avoid the computational
effort of evaluating Bj for 51 ≤ j ≤ 2500, as well as the complexity
associated with the observation that we cannot have more than 1500
female claims nor more than 1000 males claims.

Now for any j, µ(Bj) will depend on the male/female mix of claimants.
So conditioning on the split between male and female claims let Ck be
the event of k male claims, and thus j − k female claims:

µ(Bj) =
∑j

k=0
µ(Bj |Ck)µ(Ck).

Now
µ(Bj |Ck)µ(Ck) = µ(Bj ∩ Ck)

is the probability of k male claims and j − k female claims. Using the
binomial probability measure,

µ(Bj |Ck)µ(Ck) =

(
1500

j − k

)
(0.018)j−k (0.982)1500−j+k

×
(

1000

k

)
(0.025)k (0.982)1000−k ,

and this expression needs to be summed from k = 0 to k = j, and this
result then summed from j = 0 to j = 50. In summary:

µ(A) = 1−
∑50

j=0

∑j

k=0
µ(Bj |Ck)µ(Ck).
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Perhaps surprisingly, for large populations these binomial probabilities
can be remarkably diffi cult to evaluate explicitly without a fair amount
of expression manipulation. This is because the evaluation involves
products of large n!-type terms, and very small pj(1−p)n−j-type terms.
But recall the Poisson approximation with

λ1 = 1500 (0.018) = 27,

λ2 = 1000 (0.025) = 25.

Then
µ(Bj |Ck)µ(Ck) ≈ e−52(27)j−k(25)k/[(j − k)!k!],

and using the binomial theorem:

µ(Bj) =
∑j

k=0
µ(Bj |Ck)µ(Ck) ≈ e−5252j/j!.

In other words, µ(Bj), the measure of j total claims, is approximated
by a single Poisson probability measure with λ = λ1 + λ2.

Finally,

µ(A) ≈ 1−
∑50

j=0
e−5252j/j!

= 1. 062 1× 10−3,

or about 0.1%.

Exercise 1.38 1. Formalize the above observation. Assume we are given
Poisson probability measures with respective parameters λ1 and λ2,

so if B(i)
k denotes the event that the outcome is k, then µ(i)

P (B
(i)
k ) =

e−λiλki /k!, k = 0, 1, 2, .... Letting Bk denote the event that the sum of
the outcomes from these distributions is k, prove that the associated
probability measure is again Poisson with parameter λ = λ1 + λ2.

2. An auto insurance company insures 10, 000 vehicles against collision
and knows from experience that when a collision occurs that there is a
50% likelihood that the loss will be small at $5000, and a 50% chance
it will be large at $15, 000. It also knows that there is a 10% probability
of an accident in a year for any given driver, and that accidents are
assumed to be independent of one another since the insurer has a small
market share. Use the law of total probability to derive an expression
for the probability that the insurer will suffer accident losses in excess
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of $10, 000, 000. (Hint: The number of accidents is binomial, but given
n accidents, how can one evaluate the probability of different dollar
loss levels? Note that if there are then m small losses and n−m large
losses, you know both the cost and probability of that event.)

3. A bond manager is managing 250 securities in a $1.0 billion par port-
folio: 200 medium risk bonds with $5 million par each and 50 high risk
bonds with $2 million par each. The respective default probabilities in
one year are 1.0% and 4.0%, and upon default the manager expects to
lose 40% of par on the medium risk bonds, and 75% of par on the high
risk. Use the law of total probability to derive an expression for the
probability that the manager will lose more than $25 million in a year
due to default. (This is a bit more complicated than exercise 2 since
for any number of defaults, say n, there can be m medium risk and
n−m high risk defaults for any logical m. But the probability of such
a pair is straightforward, so think about the loss on each pair.)

1.5.2 Bayes’Theorem

A final result related to conditional probabilities, but again one with a
great many applications, is next. It is named for Thomas Bayes (c. 1701
—1761) who derived a special case of the result stated below, which was
further developed and popularized over 50 years later by Pierre-Simon
Laplace (1749 —1827). In essence, Bayes’theorem states that a
conditional probability µ(A|B) can be calculated indirectly from the value
of µ(B|A). It plays a key role in the theory of Bayesian statistics in
which probabilities are interpreted subjectively as reflective of the degree
of one’s belief in a given outcome, and which can then be updated with the
emergence of data.

Proposition 1.39 (Bayes’Theorem 1) Given a probability space (S,E,µ)
and {A,B} ⊂ E sets with µ(A) > 0 and µ(B) > 0, then

µ(A|B) =
µ(B|A)µ(A)

µ(B)
. (1.30)

Proof. By 1.27, µ(A ∩B) = µ(A|B)µ(B) = µ(B|A)µ(A).

Remark 1.40 In the context of Bayesian statistics, µ(A|B) is interpreted
as the posterior probability of event A conditional on the observation of
event B (or "evidence" B), µ(A) is interpreted as the prior probability
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of event A before the observation of B, while the factor µ(B|A)/µ(B) is the
relative likelihood of observing event B given A, where by relative is meant
as compared to simply observing B.

So if µ(B|A)/µ(B) > 1, meaning the truth of A increases the likelihood
of observing B, then the posterior estimate of the probability of A will ex-
ceed the prior estimate: µ(A|B) > µ(A). Similarly, if µ(B|A)/µ(B) < 1,
meaning the truth of A decreases the likelihood of observing B, then the
posterior estimate of the probability of A will be below the prior estimate:
µ(A|B) < µ(A). Finally, when µ(B|A)/µ(B) = 1, meaning that A and B
are independent, then the posterior probability calculation will leave the prior
estimate unchanged.

In some applications one has {Ai} ⊂ E , a finite or countable collection
of disjoint sets with µ(Ai) > 0 and ∪iAi = S, for which the calculation of
µ(B|Ai) is easy, where B is an observed outcome. In other words, each Ai
represents one of a possible number of states of the world within which we
can calculate the probability of observing the given outcome B. One is then
interested in the probability µ(Aj |B), that given the observation B, what is
the probability that it was produced by the jth state of the world.

Corollary 1.41 (Bayes’Theorem 2) If {Ai} ⊂ E is a finite or countable
collection of disjoint sets with µ(Ai) > 0 and ∪iAi = S, then

µ(Aj |B) =
µ(B|Aj)µ(Aj)∑
i µ(B|Ai)µ(Ai)

. (1.31)

Proof. Combine 1.30 with 1.29.

Again, we provide a standard probability example below, as well as a
finance example.

Example 1.42 1. Assume that one fair die is rolled and then j fair coins
are flipped where j is the score on the die, and define n as the number
of heads that results. If we observe 2 heads, what is the probability that
the score on the die was 3?

Here we can think of S as the collection of outcomes, {(j, n)|1 ≤ j ≤ 6,
0 ≤ n ≤ j}, where j denotes the score on the die, and n the number
of subsequent heads on the toss of j coins. For each pair, µ((j, n)) =(
j
n

)
/(6 · 2j), and we verify by the binomial theorem with a = b = 1

that µ(S) = 1. We can define E as the power set of S, then define
B = {(j, n)|n = 2), the event of 2 heads, and Ai = {(j, n)|j = i), the
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event of a score of i on the die. Then as a fair die, µ(Ai) = 1/6 for
all i, and µ(B|Ai) is given by

µ(B|Ai) =

 0, i = 1,(
i
2

)
/2i, 2 ≤ i ≤ 6.

Hence, the probability that the score on the die was 3 given the observed
2 heads is given in 1.31 by:

µ(A3|B) =

(
3
2

)
/23∑6

i=2

(
i
2

)
/2i

= 8/33.

2. Consider the group life insurer in example 1.37 above. After the year
has passed 40 claims are observed. What is the probability that there
were 20 or more male claims?

Using the above notation, B40 is the event of 40 claims, while Ck is
the event of k male claims. The objective is to evaluate∑40

k=20
µ(Ck|B40).

Now from 1.30 and the above Poisson calculations,

µ(Ck|B40) = µ(B40|Ck)µ(Ck)/µ(B40)

≈
[
e−52(27)40−k(25)k/[(40− k)!k!]

]
/
[
e−525240/40!

]
=

(
40

k

)
(25/52)40−k(25/52)k.

Finally, ∑40

k=20

[(
40

k

)
(27/52)40−k(25/52)k

]
= 0.465 31,

or about 46.5%.





Chapter 2

Limit Theorems on
Measurable Sets

2.1 Introduction to Limit Sets

Given a probability space (S,E ,µ), and a countable collection of sets
{An}∞n=1 ⊂ E , one is sometimes interested in the properties of sets related
to ∩nAn. Of course ∩An ∈ E , but it can turn out that ∩An = ∅ even when
this collection has other significant non-empty intersection properties. For
example, there may exist points x which are in infinitely many of these
sets, and of this collection, we could distinguish between:

1. Points x which are in infinitely many of these sets, and outside only
finitely many.

2. Points x which are in infinitely many of these sets, and outside infi-
nitely many.

The limit superior of the collection {An}∞n=1 is defined as the set of
points contained in infinitely many of these sets, so includes groups 1 and
2, while the limit inferior is defined as the subset defined in 1, and that
is, as the set of points contained in all but finitely many of these sets.

The formal definitions follow, but require a little thought to reveal these
interpretations.

Definition 2.1 Given a probability space (S,E,µ) and a countable collection
of sets {An}∞n=1 ⊂ E, define:

41
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1. Limit superior:

lim supAn =
⋂∞

n=1

⋃∞
k≥n

Ak, (2.1)

2. Limit inferior:

lim inf An =
⋃∞

n=1

⋂∞
k≥n

Ak, (2.2)

3. Limit: Define limAn if lim supAn = lim inf An, and then

limAn = lim supAn = lim inf An. (2.3)

Remark 2.2 If x ∈ lim supAn then x ∈
⋃∞

k≥n
Ak for every n, and hence,

x is an element of infinitely many sets. Similarly, if x ∈ lim inf An then
x ∈

⋂∞
k≥n

Ak for some n, and hence x is an element of infinitely many sets,

and not an element of at most the finite collection {Aj}n−1
j=1 . By this informal

analysis,
lim inf An ⊂ lim supAn, (2.4)

but this can also be formalized. Observe that for any n,m, that⋂∞
k≥m

Ak ⊂
⋃∞

k≥n
Ak,

because for any j ≥ max{n,m} :⋂∞
k≥m

Ak ⊂ Aj ⊂
⋃∞

k≥n
Ak.

Consequently, for any n:⋃∞
m=1

⋂∞
k≥m

Ak ⊂
⋃∞

k≥n
Ak

and thus ⋃∞
n=1

⋂∞
k≥n

Ak ⊂
⋂∞

n=1

⋃∞
k≥n

Ak.

Finally, by the inequality in 2.4 it is clear that if limAn exists, 2.3 implies
that lim supAn ⊂ lim inf An, which is to say that if x is an element of
infinitely many sets then it is not an element of at most finitely many sets.
Put another way, when limAn exists, there are no points which are both
inside infinitely many sets, and outside infinitely many sets.
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Notation 2.3 It may well not be apparent initially how the notions of
lim sup and lim inf here relate to these same notions in the context of se-
quences of functions, {fn(x)}, as defined in chapter 3 of book 1. This termi-
nology is also used for numerical sequences, {yn}, but the connection between
numerical and function sequences is transparent because lim sup and lim inf
of a function sequence is defined pointwise for each x, and for each such
fixed x the sequence {fn(x)} is a numerical sequence. But set sequences are
less transparent so we investigate these ideas in more detail.

Recall that lim sup fn(x) is defined by

lim sup fn(x) = inf
n

sup
k≥n

fk(x),

and lim supAn is defined in 2.1 by

lim supAn =
⋂∞

n=1

⋃∞
k≥n

Ak.

Note that for any m,

lim sup fn(x) ≤ sup
k≥m

fk(x), lim supAn ⊂
⋃∞

k≥m
Ak.

In other words, both notions of lim sup create a sequence of function values,
respectively sets, that approach the final result from above. Each sequence is
in fact decreasing because

sup
k≥m+1

fk(x) ≤ sup
k≥m

fk(x),
⋃∞

k≥m+1
Ak ⊂

⋃∞
k≥m

Ak,

so in both cases, the lim sup is a limit defined by a sequence of values or sets
which approach the final result from above. In other words, both final results
are a limit of "superior" objects of the same type.

Using the same analysis, it can be seen that in both cases the lim inf is
a limit defined by a sequence of "inferior" objects of the same type, which
approach the final result from below, in that for any m :

inf
k≥m

fk(x) ≤ inf
k≥m+1

fk(x) ≤ lim inf fn(x),

⋂∞
k≥m

Ak ⊂
⋂∞

k≥m+1
Ak ⊂ lim inf An.

Finally, while the existence of lim fn(x) is equivalent to lim inf fn(x) =
lim sup fn(x) and then all 3 values agree pointwise, for sets, if lim inf An =
lim supAn we define limAn to equal this common value.
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The next result has a simple proof, owing to the robustness of sigma
algebras to set operations.

Proposition 2.4 Given a probability space (S,E,µ) and a countable collec-
tion of sets {An}∞n=1 ⊂ E,

lim inf An ∈ E , lim supAn ∈ E.

Proof. Both results follow from the fact that E is a sigma algebra which is
closed under countable unions and intersections.

This simple proposition justifies an inquiry into the values of µ(lim inf An)
and µ(lim supAn). The first proposition provides a general set of inequalities
which are unsurprising given the above remark, and a continuity result that
generalizes the "continuity from above" and "continuity from below" results
of proposition 5.26 of book 1.

Proposition 2.5 Given a probability space (S,E,µ) and a countable collec-
tion of sets {An}∞n=1 ⊂ E:

1.

µ(lim inf An) ≤ lim inf µ(An) (2.5)

≤ lim supµ(An) ≤ µ(lim supAn).

2. If A = limAn, then
µ(A) = limµ(An). (2.6)

Proof. By definition result 2 follows from result 1, the proof of which is
assigned as an exercise.

2.2 The Borel-Cantelli Lemma

This section introduces a critically important tool for demonstrating that a
given set which can be defined as the lim sup of a set sequence, has
measure 0 or 1. It will be referenced in many investigations where such an
outcome is of interest. This important theorem is universally called the
Borel-Cantelli lemma, named for Émile Borel (1871 —1956) and
Francesco Cantelli (1875 —1966). The Cantelli part of the result is
applicable in general measure spaces, while the Borel part, due to the
requirement of independence, is a probability space result.
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Proposition 2.6 (Borel-Cantelli Lemma) Given a probability space (S,E,µ)
and a countable collection of sets {An}∞n=1 ⊂ E,

1. (Cantelli) If
∑∞

n=1 µ(An) <∞, then µ(lim supAn) = 0.

2. (Borel) Let{An}∞n=1 be mutually independent, then
∑∞

n=1 µ(An) =
∞ implies that µ(lim supAn) = 1.

Proof.

1. For the Cantelli result, by the discussion above note that for any m,
lim supAn ≤

⋃∞
k≥m

Ak, and hence by monotonicity and subadditivity:

µ(lim supAn) ≤ µ
(⋃∞

k≥m
Ak

)
≤
∑∞

k=m
µ(Ak).

The convergence of
∑∞

n=1 µ(An) now implies that this upper bound can
be made as small as desired.

2. For the Borel result, we prove that:

µ
(

˜lim supAn

)
≡ µ

(⋃∞
n=1

⋂∞
k≥n

Ãk

)
= 0,

where the first equality follows from De Morgan’s laws. By countable
subadditivity,

µ
(⋃∞

n=1

⋂∞
k≥n

Ãk

)
≤
∑∞

n=1
µ
(⋂∞

k≥n
Ãk

)
,

and the desired result is then proved by demonstrating that µ
(⋂∞

k≥n Ãk
)

=

0 for every n.

To this end, note that the alternative characterization of being mutually
independent given in 1.26 and the subsequent corollary imply that {Ãk}
are also mutually independent and hence:

µ

(⋂N

k≥n
Ãk

)
=
∏N

k≥n
µ
(
Ãk

)
=
∏N

k≥n
(1− µ (Ak)).

Now for any x, the Taylor series in 1.12 but with a remainder term
as noted in the proof of the Poisson limit theorem provides that for
x > 0 :

e−x = 1− x+ ξ2/2 > 1− x,
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where 0 < ξ < x. Hence, for every N,∏N

k≥n
(1− µ (Ak)) < exp

[
−
∑N

k≥n
µ (Ak)

]
.

The monotonicity of µ assures that µ
(⋂∞

k≥n Ãk
)
≤ µ

(⋂N
k≥n Ãk

)
for

all N, and thus the divergence of
∑∞

n=1 µ(An) implies that for all n,

µ
(⋂∞

k≥n Ãk
)

= 0.

Remark 2.7 1. (Cantelli) Note that by 2.5 alone, a weaker version of
the Cantelli assumption, that simply µ(An)→ 0 implies that µ(lim inf An) =
0. The result here is the stronger conclusion that µ(lim supAn) = 0 be-
cause of the stronger assumption that µ(An)→ 0 fast enough to ensure
the convergence of

∑∞
n=1 µ(An).

2. (Borel) Note also that in any case with divergence of
∑∞

n=1 µ(An) and
lim supµ(An) > 0, 2.5 provides the conclusion that µ(lim supAn) > 0.
But in a case of divergence with lim supµ(An) = 0, 2.5 provide no
such assurance. The Borel result provides a stronger conclusion from
the divergence of

∑∞
n=1 µ(An), that µ(lim supAn) = 1, because of the

strong assumption about mutual independence.

The following corollary of the Borel-Cantelli lemma is remarkable, and
yet is a special case of Kolmogorov’s zero-one law addressed in the next
section.

Corollary 2.8 (Borel Zero-One Law) Let {An}∞n=1 be mutually indepen-
dent. Then µ(lim supAn) can assume only two values, 0 or 1, and it does
so based on the convergence or divergence of the series

∑∞
n=1 µ(An), respec-

tively.
Proof. Immediate from Borel-Cantelli.

Example 2.9 Here we explore examples of cases addressed by the Borel-
Cantelli theorem, as well as cases not addressed.

1. (Cantelli) The Cantelli result is silent on the value of µ(lim supAn)
for the general case where

∑∞
n=1 µ(An) =∞. If {An}∞n=1 are mutually

independent, then the Borel result obtains that µ(lim supAn) = 1, but
what about the general case? Here are examples of both extremes.
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(a) On the Borel probability space ([0, 1],B[0, 1],m) with Lebesgue mea-
sure, let An = [0, 1/n]. Then since µ(An) = 1/n it is clear that∑∞

n=1 µ(An) is divergent. But

lim supAn =
⋂∞

n=1

⋃∞
k≥n

Ak =
⋂∞

n=1
[0, 1/n] = [0],

and so µ(lim supAn) = 0. Of course {An}∞n=1 can not be mutually
independent by Borel’s result, but also by definition since with
m < n,

m(An ∩Am) = 1/n 6= m(An)m(Am).

(b) On the same probability space, let Bn = [1/n, 1]. Then since
µ(Bn) = (n− 1) /n it is clear that

∑∞
n=1 µ(Bn) is divergent. But

lim supBn =
⋂∞

n=1

⋃∞
k≥n

Bk =
⋂∞

n=1
(0, 1] = (0, 1],

and so µ(lim supBn) = 1. In this case {Bn}∞n=1 are not mutually
independent since with m < n,

m(Bn ∩Bm) = (m− 1) /m 6= m(Bn)m(Bm).

2. (Cantelli) From the Borel zero-one law above, in the case of in-
dependent {An}∞n=1 the value of µ(lim supAn) can only be 0 or 1,
and this is determined by the convergence or divergence of the se-
ries

∑∞
n=1 µ(An), respectively. But what about the general case? For

{An}∞n=1 which are not mutually independent, Cantelli applies and as-
sures that µ(lim supAn) = 0 in the convergence case, and by example
1, µ(lim supAn) can attain either value of 0 and 1 in the divergence
case.

Exercise 2.10 Identify other examples {An}∞n=1 in the space ([0, 1],B[0, 1],m)
above, which will necessarily not be mutually independent, for which
µ(lim supAn) = r for any r with 0 < r < 1.

3. (Borel) Recalling chapter 9 of book 1, consider the infinite product
probability space associated with fair coin flips (Y N, σ(Y N), µN) where
Y = {H,T}, and µN is the measure induced by the probability measure
µBon Y defined in 1.7 by µB(H) = µB(T ) = 1/2. Each point y ∈ Y N
can be envisioned as an infinite sequence of Hs and T s. Let {nj}∞j=1

be an arbitrary sequence of integers, nj ≥ 0, define N0 = 0 and:

Nj =
∑j

i=1
ni.
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Define Aj by

Aj = {y ∈ Y N|yi = H for Nj−1 + 1 ≤ i ≤ Nj},

so Aj is the set of points which has a run of Hs in the yi-positions for
Nj−1 + 1 ≤ i ≤ Nj . If nj = 0 then Aj = ∅. For nj ≥ 1,

µN(Aj) = 1/2nj ,

and {An}∞n=1 are mutually independent since for non-empty sets:

µN(Aj ∩Ak) = 1/2nj+nk = µN(Aj)µN(Ak),

and the same is true if one or both of the sets is empty. Also, this
independence result extends to any finite collection of distinct sets.
Now⋃

j≥k
Aj = {y ∈ Y N|yi = H for Nj−1 + 1 ≤ i ≤ Nj , some j ≥ k}.

In other words,
⋃
j≥k Aj is the set of points which has a run of Hs

in the yi-positions for Nj−1 + 1 ≤ i ≤ Nj for some j ≥ k. Then,
lim supAn ≡

⋂∞
k=1

⋃
j≥k Aj and there does not appear to be a simply

way to characterize the points in this set.

But note that if {Nj} is bounded then lim supAn = ∅ since
⋃
j≥k Aj =

∅ for k > maxNj . The the case where {Nj} is unbounded, meaning
infinitely many nj ≥ 1, then y ∈ lim supAn implies that y has an
infinite sequence of runs. That is, there exists increasing {jn}∞n=1 so
that yi = H for Njn−1 + 1 ≤ i ≤ Njn and all n. This follows because
otherwise there exists J so that there is no run for any index interval
Nj−1 + 1 ≤ i ≤ Nj for j ≥ J. But then such y /∈

⋃
j≥J Aj and hence

y /∈ lim supAn, a contradiction. Further, for any y defined by such an
infinite sequence of runs, y ∈ lim supAn since then y ∈

⋃
j≥k Aj for

all k. In other words, lim supAn is characterized by the collection of
points with an infinite sequence of runs as defined above.

Now by the Borel zero-one law, this complicated set has probability 0 or
1, and we can determine which by looking to the series

∑∞
j=1 µN(Aj).

When {Nj} is bounded,
∑∞

j=1 µN(Aj) is a sum of finitely many terms
and hence converges, so µN(lim supAn) = 0 consistent with the obser-
vation that lim supAn = ∅. Eliminating the empty sets in the case of
unbounded {Nj}, which does not change this summation, we have by
the above calculation:∑∞

j=1
µN(Aj) =

∑∞

j=1
1/2nj ,
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where now all nj ≥ 1.

Some simple conclusions:

(a) If {nj}∞j=1 is bounded, say nj ≤ n for all j, then this series di-
verges and hence µ(lim supAn) = 1.

(b) If {nj}∞j=1 is unbounded, then either conclusion can follow, for
example:

i. If nj = j the series is convergent and hence µN(lim supAn) =
0.

ii. If nj = blog2 jc , where this symbol denotes the greatest in-
teger less than or equal to log2 j, then the series diverges
since

log2 j − 1 < blog2 jc ≤ log2 j

implies that
1/j ≤ 1/2nj < 2/j.

Hence the series is divergent and µN(lim supAn) = 1.

Remark 2.11 It may appear that in none of the cases of example 3 would
the value of µ(lim supAn) be readily derivable from the lim sup definition.
But for this example, the conclusion is derivable directly based on an appli-
cation of the Borel proof.

First, since {Aj}∞n=1 are independent so too are {Ãj}∞n=1 by 1.26, and

µN

(⋃
j≥k

Aj

)
= 1− µN

(⋃̃
j≥k

Aj

)
= 1− µN

(⋂
j≥k

Ãj

)
= 1−

∏∞

j≥k
(1− µ(Aj))

= 1−
∏∞

j≥k
(1− 1/2nj ).

But then by the nested property:⋃
j≥k+1

Aj ⊂
⋃

j≥k
Aj ,

and continuity of µN from above it follows that:

µN(lim supAn) = lim
k→∞

µN

(⋃
j≥k

Aj

)
= lim

k→∞

[
1−

∏
j≥k

(1− 1/2nj )
]
.
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For a divergent series, {1/2nj}∞j=1, it can be shown that
∏
j≥k(1−1/2nj )→

0 as k increases and hence µN(lim supAn) = 1. This follows by taking a log-
arithm of the infinite product and approximating each term ln [1− 1/2nj ]
using a Taylor series expansion with remainder as in the proof of the Pois-
son limit theorem. As the log of the product diverges to −∞, the result
follows by continuity of the exponential function, noting that:∏∞

j≥k
(1− 1/2nj ) = exp

[∑∞

j≥k
ln(1− 1/2nj )

]
.

In the convergent series case, {1/2nj}∞j=1, a similar analysis obtains that∏
j≥k(1 − 1/2nj ) → 1 as k increases and thus µN(lim supAn) = 0. The

adjustment in the derivation requires noting that if {xj}∞j=1 is convergent,
so too is {x2

j}∞j=1.

2.3 Kolmogorov’s Zero-One Law

Kolmogorov’s zero-one law is named for Andrey Kolmogorov (1903
—1987). In effect it says that the Borel-Cantelli theorem, as summarized in
the Borel zero-one law, is in fact a special case of a very general result
because lim supAn is a special case of a so-called tail event. It turns out
that the probability of every tail event, defined in terms of mutually
independent {An}∞n=1, is either 0 or 1. But first the definition.

Definition 2.12 Given a probability space (S,E,µ) and countable collection
of sets {An}∞n=1 ⊂ E, the tail sigma algebra associated with {An}∞n=1,
denoted T ≡ T ({An}∞n=1) , is defined by:

T =
⋂∞

n=1
σ(An, An+1, An+2, ...), (2.7)

where σ(An, An+1, An+2, ...) is defined as the sigma algebra generated by
{Aj}∞j=n.

A tail event is any set A ∈ T .

Intuitively, a tail event is any event A ∈ E which depends only on {An}
for arbitrarily large n, and this notion is formalized in the following way.
For any finite N :

T ({An}∞n=N ) = T ({An}∞n=1) ,

because {σ(An, An+1, An+2, ...)}∞n=1 is a nested collection of sigma algebras:

σ(An+1, An+2, An+3, ...) ⊂ σ(An, An+1, An+2, ...),
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and so the definition in 2.7 is equivalent to:

T =
⋂∞

n=N
σ(An, An+1, An+2, ...).

Remark 2.13 Note that T is indeed a sigma algebra since it is the inter-
section of a countable collection of sigma algebras, and that T ⊂ E since
σ(An, An+1, An+2, ...)⊂ E for all n. Hence, µ is well defined on T and it
therefore makes sense to seek the value of µ(A) for tail events. Kolmogorov’s
zero-one law addresses the probability of tail events in the special case where
the collection of sets, {An}∞n=1, are mutually independent.

Example 2.14 Given a probability space (S,E,µ) and a countable collection
of sets {An}∞n=1 ⊂ E, both lim supAn and lim inf An are tail events:

lim supAn ∈ T , lim inf An ∈ T .

For lim supAn, note that for any m,

lim supAn ≡
⋂∞

j=1

⋃∞
k≥j

Ak

=
⋂∞

j=m

⋃∞
k≥j

Ak,

due to nesting of the intersected sets:⋃∞
k≥j+1

Ak ⊂
⋃∞

k≥j
Ak.

Thus for any m :

lim supAn =
⋂∞

j=m

⋃∞
k≥j

Ak ∈ σ(Am, Am+1, Am+2, ...),

and the result follows. The result for lim inf follows analogously and is as-
signed as an exercise.

We now state and prove Kolmogorov’s zero-one law. The proof here
is relatively easy because all the technical results are provided by the above
section, Independent Classes and Associated Sigma Algebras. The key to
the result is to prove that a tail event is independent of itself.

Proposition 2.15 (Kolmogorov’s zero-one law) Given a probability space
(S,E,µ) and mutually independent events {Aj}∞j=1, if A ∈ T :

µ(A) = 0 or µ(A) = 1. (2.8)
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Proof. The result will follow from proposition 1.18 once it is proved that
every such A is independent of itself. From proposition 1.25 obtains that for
any n :

σ(A1), σ(A2), ..., σ(An−1), σ(An, An+1, An+2, ...)

are independent classes. Since A ∈ σ(An, An+1, An+2, ...) it follows that
A,A1, A2, ..., An−1 is an independent collection for any n, and thus by defini-
tion {A}∪{Aj}∞j=1 is a mutually independent collection. Another application
of proposition 1.25 yields that σ(A) and σ(A1, A2, ...) are mutually indepen-
dent classes. Finally since A ∈ T ⊂σ(A1, A2, ...) and obviously A ∈ σ(A),
we conclude that A is independent of itself, and the result follows.

Remark 2.16 Kolmogorov’s conclusion is very powerful in limiting the po-
tential values of µ(A) for A ∈ T , but it provides no insight in a given
application as to which outcome is correct, nor how one can even begin to
determine which outcome is correct.

While the Borel-Cantelli theorem is on the one hand a special case of
Kolmogorov’s more general result, it is also very much more informative
for the special case of the tail event lim sup An, for independent {An}. The
Borel-Cantelli result not only specifies that µ(A) = 0 or µ(A) = 1, but
also provides the criterion which identifies when either happens based on the
convergence or divergence of

∑
µ(An).

For other tail events it is often diffi cult to determine criteria on which
to base the final conclusion. The following is a tractable example where a
conclusion can be reached.

Example 2.17 Recall the analysis of lim supAn in 3 of example 2.9 but now
to investigate lim inf An, for which we have no Borel-Cantelli-type result.
Recall in that example, given a sequence of integers {nj}∞j=1, nj ≥ 0, we
define N0 = 0,

Nj =
∑j

i=1
ni,

and
Aj = {y ∈ Y N|yi = H for Nj−1 + 1 ≤ i ≤ Nj}.

So for given nj ≥ 1, Aj is the set of points which have a run of Hs in the
yi-positions for Nj−1 + 1 ≤ i ≤ Nj and µN(Aj) = 1/2nj , while for nj = 0,
Aj = ∅. As noted earlier, {An}∞n=1 is a mutually independent collection.
Thus: ⋂

k≥j
Ak = {y ∈ Y N|yi = H for i ≥ Nj−1 + 1},



2.3 KOLMOGOROV’S ZERO-ONE LAW 53

or in words,
⋂
k≥j Ak is the set of points which have all Hs in the yi-positions

for i ≥ Nj−1 + 1.
Now

lim inf An =
⋃∞

j=1

⋂
k≥j

Ak,

and there is a relatively simple way to characterize the points that are in this
set. That is, y ∈ lim inf An if and only if there exists Nj−1 so that yi = H
for i ≥ Nj−1 + 1. As lim inf An ∈ T , the Kolmogorov zero-one law restricts
the possibilities for µN(lim inf An) to 0 or 1, but gives no resolution as to
which is the correct value, so we investigate a direct evaluation.

1. First, assume all ni ≥ 1 and fixing j define Bn =
⋂n
k=j Ak for n ≥

j. Then {Bn} is a nested sequence of sets, Bn+1 ⊂ Bn, µN(Bn) =
1/2Nj(n), where Nj(n) = Σn

i=jni, and
⋂
k≥j Ak = limn→∞Bn. Hence

by continuity from above of µN,

µN

(⋂
k≥j

Ak

)
= lim

n→∞
1/2Nj(n).

Since ni ≥ 1 for all i, it follows that for every j, Nj(n) is unbounded

and thus µN
(⋂

k≥j
Ak

)
= 0 .

2. If nI = 0 and ni ≥ 1 for i ≥ I + 1, then again µN
(⋂

k≥j
Ak

)
= 0

for every j since for j ≤ I,
⋂

k≥j
Ak = ∅, while for j > I the result

follows as in the proof of 1 using the continuity of µN.

3. Finally, if there does not exists I so that ni ≥ 1 for i ≥ I + 1, then⋂
k≥j

Ak = ∅ for all j.

Thus for this example we can conclude in all cases that as the countable
union of sets of measure 0, µN(lim inf An) = 0.





Chapter 3

Random Variables and
Distribution Functions

3.1 Introduction and Definitions

As noted above, a probability space is a finite measure space by another
name, but one that typically reflects a model and a story. Similarly, a
random variable is a measurable function by another name, and one that
again often reflects a story. However, a random variable is a measurable
function with a very different notational convention.

Definition 3.1 Given a probability space (S,E,µ), a random variable
(r.v.) is a real-valued function:

X : S −→ R,

so that for any bounded or unbounded interval, 〈a, b〉 ⊂ R, where 〈a, b〉 de-
notes that this interval may be open, closed or half-open:

X−1(〈a, b〉) ∈ E.

The distribution function (d.f.), or cumulative distribution func-
tion (c.d.f.) associated with X, denoted F or FX ,is then defined on R by:

F (x) = µ[X−1(−∞, x]]. (3.1)

Remark 3.2 One often uses the language that F (x) equals the probabil-
ity that X is less than or equal to x. This makes sense because X is
a function on S which takes values in R, and this terminology identifies the

55
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probability of achieving given values of X, say X(s) ≤ x, with the probability
of the event in S which produces this outcome:

{s ∈ S|X(s) ≤ x} = X−1(−∞, x].

But this terminology also reflects the intuitive model of "random" sam-
pling from the space S, where the likelihood of sampling from any given
event is defined by the probability of that event. So the terminology that
F (x) equals the probability that X is less than or equal to x can also
be intuitively understood from this perspective, that F (x) equals the proba-
bility that on random sampling from S, one will obtain a variate s for which
X(s) ≤ x.

More specifically, a random variable is a Borel measurable function:

Exercise 3.3 Show that if X : S −→ R is a random variable, so X−1((a, b)) ∈
E for all open intervals (a, b), then X−1(A) ∈ E for every Borel set A ∈ B(R).
Hint: Recall that B(R) is generated by {(a, b)}, so show that {X−1(A)} is a
sigma algebra because X−1 preserves unions and intersections.

Proposition 3.4 For any right semi-closed interval, (a, b], where a < b,

µ[X−1(a, b]] = F (b)− F (a). (3.2)

Proof. Because (−∞, a] ∪ (a, b] = (−∞, b] it follows that X−1((−∞, b]) =
X−1 ((−∞, a]) ∪X−1 ((a, b]) , and since X−1 ((−∞, a]) and X−1 ((a, b]) are
disjoint, the result follows by finite additivity of µ.

Notation 3.5 Note that the definition of distribution function in 3.1 is
identical to that given in chapter 3 of book 1, but with a dramatic change
in notation. In real analysis and measure theory, measure spaces might be
denoted (X,σ(X), µ), and measurable functions almost always denoted as
f, g, etc., with f : X → R. Correspondingly, the distribution function
associated with f(x), denoted Df (y) for y ∈ R, was defined by:

Df (y) = µ[{x ∈ X|f(x) ≤ y}] = µ[f−1(−∞, x]]. (3.3)

In probability theory, probability spaces might be denoted (S,E,µ), and ran-
dom variables almost surely denoted as X,Y, etc., with X : S → R. Corre-
spondingly, the distribution function associated with X, denoted F (x)
for x ∈ R, and sometimes FX(x) when X needs to be identified, is defined
as in 3.1.
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Thus every random variable, X, defined on a probability space (S,E ,µ),
gives rise to a distribution function F (x). By proposition 3.60 and sub-
sequent remarks in book 1, F (x) is increasing, right continuous with left
limits, and satisfies F (−∞) = 0 and F (∞) = 1 defined as limits. See also
section 6.1 below for more detail on this result. The next proposition states
that given any such function, F (x), there is a probability space (S,E ,µ)
and random variable X so that F (x) = µ[X−1(−∞, x]]. This result will be
generalized in Skorokhod’s Representation theorem in the section 8.4.

Proposition 3.6 Let F (x) be an increasing function which is right contin-
uous and satisfies F (−∞) = 0 and F (∞) = 1, defined as limits. Then there
exists a probability space (S,E,µ) and random variable X so that F (x) =
µ[X−1(−∞, x]]. In other words, every such function is a distribution func-
tion of a random variable.
Proof. Let S be the interval S = (0, 1), E = B((0, 1)), the sigma algebra
of Borel subsets of S, and µ = m, Lebesgue measure on E. Define X :
((0, 1),B(0, 1),m)→ (R,B(R),m) by:

X(s) ≡ inf{x|F (x) ≥ s}.

Now {x|F (x) ≥ s} is an unbounded interval for any s because F (x) is in-
creasing. Also, this interval must be of the form [X(s),∞) since F (x) is con-
tinuous from the right, so F (x) ≥ s for x > X(s) implies that F (X(s)) ≥ s
and X(s) ∈ {x|F (x) ≥ s}. Hence for any s ∈ (0, 1), {x|F (x) ≥ s} =
[X(s),∞) and so x ≥ X(s) if and only if F (x) ≥ s. Equivalently, X(s) ≤ x
if and only if s ≤ F (x), and so X is measurable and hence a random variable
on ((0, 1),B(0, 1),m). Further, since Lebesgue measure preserves interval
length:

m [{X(s) ≤ x}] = m [{s ≤ F (x)}] = m [(0, F (x)]] = F (x),

and thus F is the distribution function of X.

Corollary 3.7 For the measure space (S,E,µ) and random variable X of
proposition 3.6,

µ({X(s) = x}) = F (x)− lim
y→x−

F (y).

Proof. If y < x, 3.2 yields:

F (x)− F (y) = m [{y < X(s) ≤ x}] .
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Restricting y to rationals and applying continuity from above, :

lim
y→x−

m [{y < X(s) ≤ x}] = m
[⋂

y<x
{y < X(s) ≤ x}

]
= m({X(s) = x}.

Remark 3.8 Note that a key result of the above proof generalizes to an
arbitrary increasing and right continuous function F (x) that sat-
isfies F (−∞) = a and F (∞) = b, defined as limits, with either or both
infinite. Specifically, if y ∈ (a, b), then with X defined as above as: X(s) =
inf{x|F (x) ≥ s} :

{x|F (x) ≥ y} = [X(y),∞),

and so x ≥ X(y) if and only if F (x) ≥ y.
In section 3.2 below, this definition for X will be used as the definition

of the left continuous inverse of F, and denoted F ∗, where F is a dis-
tribution function or more generally an increasing function:

F ∗(s) ≡ inf{x|F (x) ≥ s}.

The above proof shows that for y ∈ (a, b),

{x|F (x) ≥ y} = [F ∗(y),∞),

and so:
x ≥ F ∗(y) if and only if F (x) ≥ y,

which is noted below in 3.6.

3.1.1 Bond Loss Example (Continued)

Example 3.9 Continuing with the first example of (S, E , µ) as developed in
part 3 of example 1.5 where fj denoted the loan amount of the jth bond or
loan of N such bonds or loans, {Bj}Nj=1. Recall:

S ={(BJ , BJ ′)|J ⊂ {1, 2, ..., N}},

where BJ denotes the defaulting subset, and BJ ′ the complementary non-
defaulting subset, E = σ(P (S)), the power sigma algebra of subsets of S,
and µ is defined on A ≡ (BJ , BJ ′) ∈ E by:

µ(A) ≡
∏

j∈J
q(Bj)

∏
j∈J ′

(1− q(Bj)),
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and extended additively to other sets in E.
For each j, 1 ≤ j ≤ N , define a binomial "default" function Dj : S → R

for A ∈ S by:

Dj(A) =

 1, Bj ∈ BJ ,

0, Bj /∈ BJ .

This default function identifies the elements of S that contain the bond Bj
in the default collection, and is in fact a measurable function and thus a
random variable on this probability space. Defining

Aj = {A ∈ S|Bj ∈ BJ},

then Aj ∈ E and for any interval (a, b) :

D−1
j ((a, b)) =



∅, 0, 1 /∈ (a, b),

S −Aj , 0 ∈ (a, b), 1 /∈ (a, b),

Aj , 0 /∈ (a, b), 1 ∈ (a, b),

S 0, 1 ∈ (a, b).

Hence, Dj is measurable for all j.
Note that µ (Aj) = qj and consequently µ (S −Aj) = 1 − qj . That

µ (Aj) = qj follows from the definition of µ above, in that if A ∈ Aj ,

µ(A) ≡
∏

j∈J
q(Bj)

∏
j∈J ′

(1− q(Bj))

= q(Bj)
∏

k∈J,k 6=j
q(Bk)

∏
k∈J ′

(1− q(Bk)).

Now µ (Aj) is defined additively over all such sets A ∈ Aj , and so

µ (Aj) = q(Bj)
∑

J

∏
k∈J,k 6=j

q(Bk)
∏

k∈J ′
(1− q(Bk)),

where this summation is over all 2N−1 index subsets J which contain j.
Hence∑

J

∏
k∈J,k 6=j

q(Bk)
∏

k∈J ′
(1−q(Bk)) =

∏N

k=1, k 6=j
(q(Bk)+[1−q(Bk)]) = 1,

so µ (Aj) = qj .
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The distribution function for Dj , denoted FDj (x) say, is then defined by
3.1 and given as:

FDj (x) =


0, x < 0,

1− qj , 0 ≤ x < 1,

1, 1 ≤ x.

Remark 3.10 In the colorful language of probability theory, it is often said
that Dj = 1 with probability qj , and Dj = 0 with probability 1 − qj . This
language is unique to the probability branch of measure theory and is sug-
gestive of the interpretation of random variables as representing outcomes of
experiments or simulations. So in the current application one can envision
the default of Bj as the outcome of an H on the flip of a biased coin, where
Pr(H) = qj . In that case, the language is explicitly justified.

But it is important to remember that while colorful and often useful in
understanding a given application, that the probabilities attributed to random
variables are simply the measures of the pre-image domain sets, in this case,
qj = D−1

j (1), so by definition,

Pr [Dj = 1] = µ
[
D−1
j (1)

]
.

For a general measurable function f(x), say f : X → R defined on the
measure space (X,σ(X), µ), the µ-measure of the pre-image sets of f also
play an important role as will be seen in book 3, and that is in defining
the Lebesgue integral of f(x), named for by Henri Lebesgue (1875—1941).
In that chapter the Lebesgue theory is developed for X = Rn and will be
generalized to other measures in book 5. As can be expected, and as will be
seen in book 6, such generalized integrals also play a key role in probability
theory.

Example 3.11 (Cont’d) Returning to example 1.7, the loss given de-
fault (L.G.D.) random variable, or loss ratio random variable for each
loan is denoted Lj, say. In other words, Lj is a random variable with range
in the interval [0, 1], so Lj : S → R, and specifies the proportion of the loan
amount fj lost to the lender given a default on loan Bj. The loan recovery
random variable, Rj , can also be modelled, representing the relative amount
recovered by the lender given a default of loan Bj and so Lj = 1−Rj .

If Lj = lj is modeled as a constant, then for each j, 1 ≤ j ≤ N , the loss
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function Lj : S → R is defined for A ≡ (BJ , BJ ′) ∈ S by:

Lj(A) =

 ljfj , Bj ∈ BJ ,

0, Bj /∈ BJ .

Then with Aj = {A ∈ S|Bj ∈ BJ} as above and (a, b) and arbitrary open
interval:

L−1
j ((a, b)) =



∅, 0, ljfj /∈ (a, b),

S −Aj , 0 ∈ (a, b), ljfj /∈ (a, b),

Aj , 0 /∈ (a, b), ljfj ∈ (a, b),

S 0, ljfj ∈ (a, b),

and consequently such Lj is a random variable on (S, E , µ).

More generally if Lj is not constant, Lj : S → [0, 1] say, then the above
sigma algebra E is too course to make this function measurable. For example,
imagine as in example 1.7 that on default, every Lj can assume 3 values:
Lj = 0.25, 0.50, 1.00, with some given probabilities. Then L−1

j ((0.3, 0.6))
would logically be a subset of Aj , since this interval implies that a default
did occur on bond Bj , but with the current definition of E, there is no way
to identify as an event the subset of Aj for which bond Bj defaulted and
incurred a loss: 0.3 < Lj < 0.6. What is needed is a refinement of S and
E, and the example earlier in effect split each current event, A, into finer
events which identified the loss levels incurred by the defaulted bonds which
A identifies.

Specifically, the probability space (S ′, E ′, µ′) was introduced above reflect-
ing the requirement that upon default of any Bj , the associated Lj could
assume 3 values: Lj = 0.25, 0.50, 1.00 as follows. If A ≡ (BJ , BJ ′) ∈ S is a
point where J contains M of the N bonds with index set J = (j1, j2, ..., jM ),
then this point will become 3M points in S ′, each one representing one of the
possible loss outcomes for theseM bonds given that each can incur 3 possible
loss levels. These 3M points in S ′ will be of the form AK ≡ (BK

J , BJ ′) with:

BK
J ≡ (Bk1

j1
, Bk2

j2
, ..., BkM

jM
),

and where K = (k1, k2, ..., kM ) denotes one of the the 3M M -tuples of points
where each ki equals 1, 2, 3 with respective Lkjj equal to 0.25, 0.50, or 1.00.
Now with E ′ ≡ σ(P (S ′)), Lj is a random variable on this space.
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With such Lj one could similarly define a random variable L to equal
total losses. Using the so-called individual loss model:

L =
∑

j
fjDjLj , (3.4)

and is defined on AK above by:

L (AK) =
∑

J
fjL

kj
j ,

This again is a random variable on (S ′, E ′, µ′), with L−1((a, b)) identifying
the points of S ′ with total losses in this interval, and the collection of these
points is an event in E ′ by construction.

For more general loss random variables, the probability space models be-
come increasingly diffi cult to explicitly specify. Fortunately, in practice such
a specification is typically unnecessary.

3.2 Inverse of Distribution Functions

The title of this section should perhaps have inverse in quotes because
distribution functions, while increasing, need not be strictly increasing and
therefore need not have inverses definable as functions. Of course if
F : X → Y then F−1 is always definable on any set B ⊂ Y by:

F−1(B) = {x ∈ X|F (x) ∈ B},

but F−1 is definable as an inverse function if for all x ∈ X and all y ∈ Y :

F−1(F (x)) = x, F (F−1(y)) = y.

In order for F−1 to be well-defined as a function it is necessary and
suffi cient for the function F to be:

1. One-to-one, meaning F (x) = F (x′) implies x = x′,

2. Onto, meaning for all y ∈ Y there is an x ∈ X so that F (x) = y.

If F is one-to-one but not onto, then F−1 is well defined as a function for
y ∈ Rng [F ] ⊂ Y, the range of f.

The problem with distribution functions is that they are in general nei-
ther one-to-one nor onto when considered as a function F : R → [0, 1].
If F is a distribution function then there can be intervals [a, b) on which



3.2 INVERSE OF DISTRIBUTION FUNCTIONS 63

F (x) = F (a), a constant. Visually, the graph of F has flat spots like a
step function. This of course occurs with most discrete distribution func-
tions such as the Poisson distribution defined by 1.11, but can also happen
with a continuous distribution for which such an interval is outside of the
range of the underlying defining random variable. In such cases, F is clearly
not one-to-one and hence F−1 cannot be defined in the traditional sense
even for y ∈ Rng [F ]. The other problem with distribution functions is the
existence of discontinuities or jumps in the graph of f . In this case, the
problem is that F is not onto, so Rng [F ] $ [0, 1], though as noted above,
this problem is easily overcome at least definitionally. An increasing func-
tion can have at most countably many such discontinuities, and also at most
countably many flat spots, since each identifies an interval which of necessity
contains a different rational number.

However, even in these most general cases there is a notion related to the
inverse of a function which has important applications in the sections below
on Generating Samples of Random Variables and Extreme Value Theory
I, as well as in later books. This notion is that of a "left-continuous"
inverse, denoted F ∗ and defined below. That F ∗ is indeed left continuous
is something that needs to be proved and this will be done in proposition
3.16 below, after which time the quotes will be dropped.

We define the "left continuous" inverse function for an arbitrary increas-
ing function, F (x), not necessarily right continuous. Any such function has
left and right limits everywhere, and these limits agree except at most on
a countable collection of points. In other words, any such function has at
most countably many discontinuities.

Definition 3.12 Let F (x) be an increasing function, F : R→ R. The "left-
continuous" inverse of F, denoted F ∗, is defined by:

F ∗(y) = inf{x|F (x) ≥ y}. (3.5)

By convention, if {x|F (x) ≥ y} = ∅ then we define F ∗(y) = ∞. Similarly,
if {x|F (x) ≥ y} = R, then by 3.5, F ∗(y) = −∞.

Notation 3.13 F ∗ is sometimes called the generalized inverse of F, but
the more common name above will be justified in proposition 3.16.

Remark 3.14 Note that F ∗(y) here is defined identically to the random
variable X(s) constructed on the measure space ((0, 1),B(0, 1),m) in the proof
of proposition 3.6. Note also that F ∗ is well defined when F is increasing
since if F (x) ≥ y then F (x′) ≥ y for all x′ > x. In other words,

{x|F (x) ≥ y} = 〈F ∗(y),∞) ,
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an interval which is open if F [F ∗(y)] < y and closed if F [F ∗(y)] ≥ y. These
respective cases occur if F is left continuous but not continuous at F ∗(y),
and if F is right continuous at F ∗(y).

Example 3.15 Define a distribution function F by:

F (x) =



0, x < 0,

0.5x, 0 ≤ x < 1,

0.5, 1 ≤ x < 2,

1, x ≥ 2.

Then F has both of the problems noted above which preclude the existence of
a traditional inverse function, in that F is neither one-to-one, with F (x) =
0.50 for 1 ≤ x < 2, nor onto, with F (R) = [0, 0.5] ∪ {1}.

From the definition above, F ∗(y) = inf{x|F (x) ≥ y}, produces:

F ∗(y) =



−∞, y ≤ 0,

2y, 0 < y ≤ 0.5,

2.0, 0.5 < y ≤ 1.0.

∞, y > 1.

Note that F ∗(y) is left continuous in this case, and also that F ∗(y) is exactly
equal to F−1 on [0, 0.5] where F is one-to-one and onto as a function F :
[0, 1]→ [0, 0.5]. Also, F ∗ has both flat spots and jumps. In fact, we see that
the jump in F at x = 2 produces a flat spot in F ∗ over 0.5 < y ≤ 1.0, while
the flat spot in F over 1 ≤ x < 2 produces a jump in F ∗ at y = 0.5.

We begin with a proposition which identifies two key properties of F ∗ in
the general case of increasing F. For many of the more detailed properties
below it will also be assumed that F is continuous, and specifically right
continuous as is always true for distributions functions.

Proposition 3.16 Given an increasing function F, the function F ∗ is in-
creasing and left continuous on {y|F ∗(y) ∈ (−∞,∞)}. Hence F ∗ is Borel
measurable.
Proof. That F ∗(y) is an increasing function follows since F is increasing.
If y < y′ then:

{x|F (x) ≥ y′} ⊂ {x|F (x) ≥ y},
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and so F ∗(y) ≤ F ∗(y′).
If y0 is given with F ∗(y0) ∈ (−∞,∞), let {yn}∞n=1 be an increasing

sequence with yn → y0. To prove left continuity we show that F ∗ (yn) →
F ∗(y0). With xn ≡ F ∗ (yn) , it follows from monotonicity that {xn}∞n=1 is an
increasing sequence and bounded above by x0 ≡ F ∗ (y0) , and hence {xn}∞n=1

is convergent, say xn → x′ ≤ x0. To prove that x′ = x0, we argue by
contradiction. First, by definition of F ∗ (yn) it follows that for all ε > 0 and
all n ≥ 0 that:

F (xn − ε) < yn ≤ F (xn + ε) .

If x′ < x0 let ε = (x0 − x′)/2. Then xn + ε ≤ x′ + ε = x0 − ε, and thus:

yn ≤ F (xn + ε) ≤ F (x0 − ε) < y0,

and letting n → ∞ this contradicts yn → y0. Hence, F ∗ (yn) → F ∗(y0) and
F ∗ is left continuous on {y|F ∗(y) ∈ (−∞,∞)}.

It then follows that F ∗ is Borel measurable since (F ∗)−1 maps intervals
to intervals. Specifically, given (a, b),

(F ∗)−1 (a, b) ≡ {y|F ∗ (y) ∈ (a, b)},

is an interval because F ∗ is an an increasing function.

Remark 3.17 The proof of proposition 3.16 and comments in remark 3.14
provide important additional insights about F ∗(y) when F (x) is a distribu-
tion function, or more generally, any increasing right continuous function:

1. If F (x) is a distribution function then F ∗(y) is a random variable
defined from ((0, 1),B(0, 1),m) to (R,B(R),m). This will be important
in the chapter 4.

2. If F (x) is a distribution function then for any y ∈ (0, 1), {x|F (x) ≥
y} is a left semi-closed, unbounded interval. This follows because when
F (x) is increasing and right continuous, if F (xn) ≥ y and xn > x then
xn → x implies F (x) ≥ y. Therefore,

{x|F (x) ≥ y} = [F ∗(y),∞).

In general, if F (x) is an increasing and right continuous function,
this result holds for y ∈ Rng(F ).
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3. If F (x) is a distribution function then for any y ∈ (0, 1), it follows
from 2 that:

y ≤ F (x) if and only if F ∗(y) ≤ x. (3.6)

This is equivalent to the observation that

y > F (x) if and only if F ∗(y) > x. (3.7)

In general, if F (x) is an increasing right continuous function,
these results hold for y ∈ Rng(F ).

Exercise 3.18 The inequalities in 3.6 and 3.7 are important. Show by ex-
amples that F ∗(y) < x does not necessarily imply that y < F (x), and con-
versely that y < F (x) does not necessarily imply F ∗(y) < x. These examples
also show that F ∗(y) ≥ x does not imply y ≥ F (x), and y ≥ F (x) does not
imply F ∗(y) ≥ x.

The next proposition identifies the extent to which F ∗ is truly the inverse
of F. Of course, as an increasing function it follows as noted in the introduc-
tion to this section that F ∗(y) is continuous except for at most countably
many points.

Proposition 3.19 Let F be a distribution function and F ∗ its left contin-
uous inverse. Then:

1. For any y ∈ (0, 1),

F
(
F ∗(y)−

)
≤ y ≤ F (F ∗(y)) , (3.8)

where F (F ∗(y)−) = sup{F (x)|x < F ∗(y)}.

2. For any x with 0 < F (x) < 1,

F ∗ (F (x)) ≤ x ≤ F ∗
(
F (x)+

)
, (3.9)

where F ∗ (F (x)+) = inf{F ∗(y)|y > F (x)}.

Proof. To prove statement 1, note that the inequality on the right follows
from 3.6 since y ≤ F (F ∗(y)) if and only if F ∗(y) ≤ F ∗(y). For the inequality
on the left let x < F ∗(y), then from 3.7 we conclude that F (x) < y. Taking
a supremum over all such x obtains that F (F ∗(y)−) ≤ y.

For 2, the inequality on the left follows from 3.6 since F ∗ (F (x)) ≤ x if
and only if F (x) ≤ F (x). For the inequality on the right let y > F (x), then
from 3.7 we conclude that F ∗(y) > x. Taking an infimum over all such y
produces F ∗ (F (x)+) ≥ x.
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Corollary 3.20 If F is an increasing, right continuous function with F (−∞) =
a and F (∞) = b defined as limits, then the above results apply with y ∈ (a, b)
in part 1, and a < F (x) < b in part 2.
Proof. Since this proof only relies on 3.6 and 3.7, which remain valid in
this context, the result follows.

Example 3.21 Looking back to example 3.15, note that 3.8 is satisfied with
strict inequality for 0.5 < y < 1.0. On this interval, F ∗(y) = 2.0 so
F (F ∗(y)−) = 0.5 while F (F ∗(y)) = 1.0. Similarly, 3.9 is satisfied with
strict inequality for 1 < x < 2. Here, F (x) = 0.5 so F ∗ (F (x)) = 1.0 while
F ∗ (F (x)+) = 2.0.

The following proposition formalizes the intuition from this example.
Namely, strict inequality in 3.8 can only occur when F has jumps, meaning
discontinuities, whereas strict inequality in 3.9 can only occur when F has
flat spots, meaning when F is not strictly monotonic.

Proposition 3.22 Let F be an distribution function, and F ∗ its left con-
tinuous inverse. Then:

1. F (F ∗(y)) = y for all y ∈ (0, 1) if and only if F is continuous.

2. F ∗ (F (x)) = x for all x ∈ D ≡ {x| 0 < F (x) < 1} if and only if F is
strictly increasing on D.

Proof. Statement 1 follows from 1 of the above proposition, since F (F ∗(y)) =
y for all y if and only if F (F ∗(y)−) = F (F ∗(y)) for all y. This condition
means that F is left continuous at all such F ∗(y) values, and since F is
always right continuous, it is necessary and suffi cient that F be continuous.

For 2, while the above proposition obtains that F ∗ (F (x)) = x if and only
if F ∗ is continuous on (0, 1), this is not useful until it is translated to a
property of F. We now show that F ∗ (F (x)) = x for all such x if and only if
F is strictly monotonic. By definition, F ∗ (F (x)) = inf{x′|F (x′) ≥ F (x)}.
Clearly x ∈ {x′|F (x′) ≥ F (x)}, and by strict monotonicity of F , there can
be no x′ < x in this set, so F ∗ (F (x)) = x. On the other hand, if F is not
strictly monotonic, then there are x < x′ with 0 < F (x) = F (x′) < 1. But
then F ∗ (F (x′)) = x. Hence F ∗ (F (x)) = x implies strict monotonicity.

Corollary 3.23 If F is an increasing, right continuous function with F (−∞) =
a and F (∞) = b defined as limits, then the above results apply with y ∈ (a, b)
in part 1, and D ≡ {x| a < F (x) < b} in part 2.
Proof. The proof is the same only using corollary 3.20.
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Remark 3.24 Note that based on the above proof we can make pointwise
statements in this proposition.

1. F (F ∗(y)) = y for given y ∈ (a, b) if and only if F is continuous at
F ∗(y).

2. F ∗ (F (x)) = x for given x ∈ D ≡ {x| a < F (x) < b} if and only if F
is strictly increasing in an interval, (x− δ, x+ δ) about x.

The last inquiry for this section relates to the question of applying the
left continuous inverse transformation twice:

F → F ∗ → F ∗∗ .

This is well defined because this inverse is defined on all increasing functions,
and F ∗ is increasing. Intuition perhaps suggests that F ∗∗ should be closely
related to F. Indeed when F is continuous and strictly monotonic the above
proposition assures that F ∗ = F−1 and thus

(
F−1

)−1
= F identically. But

this is too much to expect with a general increasing function with potentially
countably many discontinuities and countably many flat sections.

Example 3.25 Recall example 3.15, for which:

F (x) =



0, x < 0,

0.5x, 0 ≤ x < 1,

0.5, 1 ≤ x < 2,

1, x ≥ 2,

and F ∗(y) = inf{x|F (x) ≥ y}, produced:

F ∗(y) =



−∞, y ≤ 0,

2y, 0 < y ≤ 0.5,

2.0, 0.5 < y ≤ 1.0.

∞, y > 1.
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Analogously, F ∗∗(x) = inf{y|F ∗(y) ≥ x}, produces:

F ∗∗(x) =



0, x < 0,

0.5x, 0 ≤ x < 1,

0.5, 1 ≤ x ≤ 2,

1, x > 2,

Note that F ∗∗(x) = F (x) at all continuity points of F, and at the disconti-
nuity of F at x = 2, that F ∗∗(x) = F (x−), the left limit of f at x = 2.

The following proposition generalizes this example and states that if F
is a distribution function, F ∗∗ replicates F at all continuity points of F, and
otherwise produces F (x−), the left limit of F at x.

Proposition 3.26 Let F be a distribution function, F ∗ its left continuous
inverse, and F ∗∗ the left continuous inverse of F ∗. Then:

F ∗∗(x) = F (x−), (3.10)

where F (x−) ≡ limε→0+ F (x− ε). Hence, the continuity points of F and F ∗∗
agree and F ∗∗(x) = F (x) at all such continuity points.
Proof. By definition,

F ∗∗(x) = inf{y|F ∗(y) ≥ x}.

Now choose y < F (x−), then y ≤ F (x− ε) for some ε > 0. By 3.6 it follows
that F ∗(y) ≤ x − ε, and by definition, y < F ∗∗(x). As this is true for all
y < F (x−), we conclude that F (x−) ≤ F ∗∗(x). If y > F (x), then by 3.7,
F ∗(y) > x and so y ≥ F ∗∗(x), and as this is true for all y > F (x), we
conclude that F (x) ≥ F ∗∗(x). Hence

F (x−) ≤ F ∗∗(x) ≤ F (x),

and in particular F ∗∗(x) = F (x) at all continuity points of F.
Now assume that x is a discontinuity point of F and F (x−) < y ≤ F (x).

Then F ∗ is constant on this interval since for any such y :

F ∗(y) = inf{z|F (z) ≥ y} = x.

Thus F ∗(y) = x for F (x−) < y ≤ F (x), and thus F ∗∗(x) ≡ inf{y|F ∗(y) ≥
x} = F (x−).
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That F and F ∗∗ have the same continuity points follows because if x is
a continuity point of F ∗∗, then F ∗∗(x + δ) − F ∗∗(x − δ) is small for small
δ, which implies by 3.10 that F ([x+ δ]−) − F ([x− δ]−) is small. Choosing
continuity points x ± δ of F, which is possible because they are dense, we
conclude that x is a continuity point of F . Conversely, if x is a continuity
point of F then F (x−) = F (x) from 3.10 and by the same argument, x is a
continuity point of F ∗∗.

Corollary 3.27 The above result remains true if F is an increasing, right
continuous function.
Proof. The above proof can be repeated since it only relied on 3.6 and 3.7,
which as noted above are valid for such functions.

3.3 Random Vectors and Joint Distribution Func-
tions

The general framework for a random vector is that it is a vector valued
measurable function defined on a probability space (S,E ,µ). But within
this general framework there is a special case which we also identify below.
We begin with the general case, but introduce it in an apparently more
limited context, then show it to be equivalent to the general case.
In this framework, the probability space is given and we are interested in
studying properties of a collection of random variables, not one by one, but
as a collective which will allow identification of relationships between such
variables. As will be seen below, this same definition is created if we start
with the apparently more general definition that would require
X : S −→ Rn to be Borel measurable.

Definition 3.28 If Xj : S −→ R are random variables on (S,E,µ), j =
1, 2, ..., n, define the random vector, X = (X1, X2, ..., Xn) as the transfor-
mation, or vector-valued function:

X : S −→ Rn,

with valued on s ∈ S given by:

X(s) = (X1(s), X2(s), ..., Xn(s)).

The joint distribution function (d.f.), or joint cumulative dis-
tribution function (c.d.f.) associated with X, denoted F or FX , is then
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defined on (x1, x2, ..., xn) ∈ Rn by:

F (x1, x2, ..., xn) = µ
[⋂n

j=1
X−1
j (−∞, xj ]

]
. (3.11)

Remark 3.29 The requirement of measurability for random variables makes
3.11 well defined since it is always the case that

⋂n
j=1X

−1
j (−∞, xj ] ∈ E, and

so such sets are events which have corresponding measures, or probabilities
in this context.

As in the case of random variables, one often uses the terminology that
F (x1, x2, ..., xn) equals the probability that X(s) = (X1(s), X2(s), ..., Xn(s))
is less than or equal to x = (x1, x2, ..., xn), where this ordering of vectors
is understood to mean:

(X1(s), X2(s), ..., Xn(s)) ≤ (x1, x2, ..., xn) ⇐⇒ Xj(s) ≤ xj all j.

This makes sense because X is a vector valued function on S which takes
values in Rn, and this terminology identifies the probability of achieving given
values of X, say X(s) ≤ x, with the probability of the event in S which
produces this outcome:

{s ∈ S|X(s) ≤ x} =
⋂n

j=1
X−1
j (−∞, xj ].

This terminology also reflects the intuitive model of a "random" sampling
from the space S, where the likelihood of sampling from any given event is
defined by the probability of that event. So the terminology that F (x) equals
the probability that X is less than or equal to x can also be intuitively
understood from this perspective, that F (x) equals the probability that on a
random sampling from S, one will obtain a variate s ∈

⋂n
j=1X

−1
j (−∞, xj ]

for which X(s) ≤ x, which is to say, that Xj(s) ≤ xj all j.

A random vector could have been defined in the apparently more general
way as follows.

Definition 3.30 (Alternate) Given a probability space (S,E,µ), a ran-
dom vector is a mapping, X : S −→ Rn, so that

X−1(A) ∈ E, (3.12)

for all A ∈ B(Rn), the sigma algebra of Borel measurable sets on Rn.
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Remark 3.31 Recall that the Borel sigma algebra B(Rn) is defined as the
smallest sigma algebra that contains all the open sets in Rn. As an exercise
it can be checked that this sigma algebra can be equivalently defined in terms
of containing all the open balls:

Br(a) ≡ {x ∈ Rn| |x− a| < r},

or open rectangles:
R =

∏n

j=1
(ai, bi),

or by complementarity, defined in terms of closed sets. However, the open
set characterization is standard.

The following result shows that these definitions are equivalent.

Proposition 3.32 If X is a random vector by the alternate definition, then
X = (X1, X2, ..., Xn) where each Xj : S −→ R is a random variable on
(S,E,µ). Conversely, if X = (X1, X2, ..., Xn) where each Xj : S −→ R is a
random variable on (S,E,µ), then X−1(A) ∈ E for all A ∈ B(Rn).
Proof. If X is a random vector by the alternate definition, then since
X : S −→ Rn let X ≡ (X1, X2, ..., Xn) where Xj denotes the jth coordinate
function. To see that each Xj is a random variable, let Aj ∈ B(R) and
define A = Rj−1 × Aj × Rn−j . Then A ∈ B(Rn) and hence X−1(A) ∈ E.
However,

X−1(A) = {s|Xj(s) ∈ Aj} = X−1
j (Aj),

and so Xj is a random variable on (S,E,µ).
Conversely, if X = (X1, X2, ..., Xn) where each Xj : S −→ R is a random

variable on (S,E,µ), let A =
∏n
j=1Aj ∈ B(Rn) be a cylinder set, where

Aj ∈ B(R) for all j. Then X−1(A) ∈ E since X−1
j (Aj) ∈ E for all j and

X−1(A) =
⋂n
j=1X

−1
j (Aj). Hence X−1(A) ∈ E for all cylinder sets. But such

cylinder sets form a semi-algebra that generates the sigma algebra B(Rn) in
the sense that B(Rn) is the smallest sigma algebra that contains such sets,
and hence all sets produced by unions, intersections and complementations
of such sets. Because X−1 preserves unions, intersections and complements:

X−1
(⋃

Aj

)
=
⋃
X−1(Aj),

X−1
(⋂

Aj

)
=
⋂
X−1(Aj),

X−1(Ã) = X̃−1(A),

and it follows X−1(A) ∈ E for all A ∈ B(Rn).
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With the above notation from 3.12, the definition of the joint distrib-
ution function in 3.1 can be generalized to this n-dimensional framework
by:

F (x1, x2, ..., xn) = µ
[
X−1

(∏n

j=1
(−∞, xj ]

)]
. (3.13)

Example 3.33 Define S as the collection of 3-tuples of scores on rolling a
fair die sequentially 3-times. So S = { (f1, f2, f3) } where each fj ∈ {1, 2, ..., 6}.
Since each of the 63 outcomes is equally likely, define µ on (f1, f2, f3) by the
the discrete rectangular distribution with

µ (f1, f2, f3) = 1/63,

and define E = σ(P (S)), the collection of all subsets of S, to which we extend
µ additively. Define random variables X1 and X2 by:

X1 (f1, f2, f3) = f1 + f2,

X2 (f1, f2, f3) = f2 + f3.

Then X ≡ (X1,X2) : S → R2, and the range of X is a proper subset of
{(j, k)|2 ≤ j, k ≤ 12}, since for example, the point (2, 12) is impossible.

The distribution function F (j, k) can be evaluated using the law of total
probability in 1.29, conditioning on the value of f2. In other words, define
A = {(f1, f2, f3) |f1 + f2 ≤ j and f2 + f3 ≤ k}, then F (j, k) = µ(A) and
thus:

F (j, k) =
∑6

f2=1
µ(A|f2)µ(f2)

=
∑6

f2=1
µ(f1 ≤ j − f2 and f3 ≤ k − f2)/6.

=
∑6

f2=1
µ(f1 ≤ j − f2)µ(f3 ≤ k − f2)/6.

This last step follows because f1 and f3 are independent by construction (see
the next section). Now for each f2:

µ(f1 ≤ j − f2) =

(j − f2) /6, f2 + 1 ≤ j ≤ f2 + 6,

1, j > f2 + 6

0, otherwise,

with an identical formula for µ(f3 ≤ k − f2). Combining, it follows that:

F (j, k) = n(j, k)/6

where n(j, k) =
∑6

f2=1 µ(f1 ≤ j − f2)µ(f3 ≤ k − f2).
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3.3.1 Marginal Distribution Functions

Given a joint distribution function one can also define a host of marginal
distribution functions, though the notation quickly gets cumbersome.
Consequently, we first develop the ideas for n = 2, then generalize.

Definition 3.34 Let X : S −→ Rn be the random vector X = (X1, X2, ..., Xn)
defined on (S,E,µ) by X(s) = (X1(s), X2(s), ..., Xn(s)), where Xj : S −→ R
are random variables on (S,E,µ) for j = 1, 2, ..., n.

1. Special Case n = 2 : Given the joint distribution function, F (x1, x2)
defined on R2, define twomarginal distribution functions on R,F (x1)
and F (x2), by:

F1(x1) ≡ lim
x2→∞

F (x1, x2), F2(x2) ≡ lim
x1→∞

F (x1, x2). (3.14)

2. General Case: More generally, given F (x1, x2, ..., xn) and I = {i1, ..., im} ⊂
{1, 2, ..., n}, let xJ = (xj1 , xj2 , ..., xjn−m) for jk ∈ J ≡ Ĩ , then the mar-
ginal distribution function FI(xi1 , xi2 , ..., xim) is defined on Rm by:

FI(xi1 , xi2 , ..., xim) ≡ lim
xJ→∞

F (x1, x2, ..., xn). (3.15)

Remark 3.35 Given F (x1, x2, ..., xn), there are 2n−2 proper marginal dis-
tribution functions defined by the 2n − 2 proper subsets of {1, 2, ..., n}. Of
these, the most important in many applications are the n marginal distribu-
tions {Fj(xj)}. See the chapter 7 below on Copulas and Sklar’s Theorem.

Because these distribution functions are defined as limits, it is necessary
to verify that these limits are well defined, and despite what the above defin-
ition implies, that these limiting functions are indeed distribution functions.

Proposition 3.36 The function FI(xi1 , xi2 , ..., xim) of 3.15 is well defined
and is a distribution function. Specifically with XI ≡ (Xi1 , Xi2 , ..., Xim):

FI(xi1 , xi2 , ..., xim) = µ
[
X−1
I

(∏m

k=1
(−∞, xik ]

)]
. (3.16)

That is, the marginal distribution function FI is the joint distribution func-
tion of (Xi1 , Xi2 , ..., Xim).
Proof. Given F (x1, x2, ..., xn), note that as a distribution function that
0 ≤ F ≤ 1 for all (x1, x2, ..., xn), and also by definition F is monotoni-
cally increasing in each variable separately since measures are monotonic.
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To prove that the limit in 3.15 is well defined for any I = {i1, ..., im} ⊂
{1, 2, ..., n}, we can reorder indexes for notational simplicity and assume that
{i1, ..., im} = {1, 2, ...,m} so that xJ = (xm+1, xm+1, ..., xn) and the mar-
ginal distribution function FI(xi1 , xi2 , ..., xim) in 3.15 is represented as:

FI(x1, x2, ..., xm) ≡ lim
(xm+1,xm+1,...,xn)→∞

F (x1, x2, ..., xn).

Given (x1, x2, ..., xm) let {x(k)}∞k=1 ⊂ Rn be defined with x(k) ≡ (x1, x2, ..., xm,

x
(k)
m+1, ..., x

(k)
n ) and where for each j ≥ m + 1, {x(k)

j }∞k=1 monotonically in-
creases to ∞. There is no loss of generality in this monotonicity assump-
tion since given arbitrary XJ → ∞ we can always choose a monotonic
subsequence. Define Ax(k) ≡

∏n
j=1(−∞, x(k)

j ] where for notational sim-

plicity let x(k)
j ≡ xj for j ≤ m. Thus F (x(k)) ≡ µ

[
X−1 (Ax(k))

]
where

X ≡ (X1, X2, ..., Xn) is the original random vector defined on (S,E,µ). By
monotonicity of (x

(k)
m+1, ..., x

(k)
n ) it follows that {Ax(k)}k ⊂ S is a nested se-

quence of sets with Ax(k) ⊂ Ax(k+1) , and thus X
−1 (Ax(k)) ⊂ X−1 (Ax(k+1))

and:

FI(x1, x2, ..., xm) ≡ lim
k→∞

µ
[
X−1 (Ax(k))

]
.

Now define:

A′x =
⋃
k Ax(k) .

Then A′x ⊂ Rn is a Borel set, and is well defined independent of the sequence
{x(k)}∞k=1. To see this, if {x

(k)
j }∞k=1 and {y

(k)
j }∞k=1 are two such sequences,

meaning x(k)
j = y

(k)
j = xj for j ≤ m and for j > m, x

(k)
j → ∞ and y(k)

j →
∞ monotonically, then for any k there is a j(k) and j′(k) so that Ax(k) ⊂
Ayj(k) and Ay(k) ⊂ Axj′(k) , and the result is obtained by nesting.

Thus µ
[
X−1 (A′x)

]
is well defined because A′x is a Borel set, and since

measures are continuous from below:

FI(x1, x2, ..., xm) ≡ lim
k→∞

µ
[
X−1 (Ax(k))

]
= µ

[
X−1

(
A′x
)]
.

In other words, FI(x1, x2, ..., xm) is well defined as a function.
For 3.16, it follows by construction that:

A′x =
∏m
j=1(−∞, xj ]× Rn−m ≡ Ax × Rn−m,
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and since (XI(s), XJ(s)) ∈ Ax × Rn−m if and only if XI(s) ∈ Ax :

FI(x1, x2, ..., xm) ≡ µ{s| (XI , XJ) ∈ Ax × Rn−m}
= µ{s| XI ∈ Ax}
≡ µ

[
X−1
I (Ax)

]
.

Remark 3.37 The significance of this result is that a marginal distribu-
tion function F (XI) obtained from F (x1, x2, ..., xn) ≡ F (XI , XJ) has no
"memory" of the XJ -variates that were originally represented by the joint
distribution function. This will be eminently obvious in the case of inde-
pendent random variables in the next section, but remains true without this
assumption.

Example 3.38 For example 3.33 above, the marginal distribution functions
ate identical, F (j) = F (k), and since µ(fi ≤ ∞) = 1 for i = j or i = k :

F (j) =
∑6

f2=1 µ(f1 ≤ j − f2)/6.

In chapter 6 below, we prove that a marginal distribution function in-
duces a well defined Borel measure on Rm, which is of course a probability
measure.

3.3.2 Conditional Distribution Functions

While a more general development of conditional distribution functions
requires the general measure and integration theory of book 5 and is thus
deferred to book 6, the basic ideas can be introduced here and are often
adequate for applications.

Definition 3.39 Let X : S −→ Rn be the random vector X = (X1, X2, ..., Xn)
defined on (S, E , µ), and J ≡ {j1, ..., jm} ⊂ {1, 2, ..., n} and XJ ≡ (Xj1 , Xj2 , ..., Xjm).
Given a Borel set B ∈ B(Rm) with µ

[
X−1
J (B)

]
6= 0, define the conditional

distribution function of X given XJ ∈ B, denoted F (x1, x2, ..., xn|XJ ∈ B)
by:

F (x1, x2, ..., xn|XJ ∈ B) ≡ µ
[
X−1

(∏n

i=1
(−∞, xi]

)
| X−1

J (B)
]
,

and so by 1.27:

F (x1, x2, ..., xn|XJ ∈ B) = µ
[
X−1

(∏n

i=1
(−∞, xi]

)
∩X−1

J (B)
]
/µ
[
X−1
J (B)

]
.

(3.17)
This distribution function is sometimes denoted FJ |B(x1, x2, ..., xn).
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Example 3.40 1. A very important example for extreme value theory is
the 1-dimensional case and B = {X > t}. Then F (x|B) = 0 for x ≤ t
by 3.17 since then X−1 ((−∞, x])∩X−1 ((−∞, t]) = ∅, while for x ≥ t:

F (x|B) =
F (x)− F (t)

1− F (t)
.

2. When B = Rm, the conditional distribution equals the joint distribu-
tion:

F (x1, x2, ..., xn|XJ ∈ B) = F (x1, x2, ..., xn).

Remark 3.41 Note that except in such cases as in example 3.40, it may not
yet be apparent that F (x1, x2, ..., xn|XJ ∈ B) is in fact a distribution func-
tion by definition 3.28, despite what it is called in definition 3.39. However,
given any such B it is a simple exercise to see that F (x1, x2, ..., xn|XJ ∈
B) has respective limits of 0 and 1 as x→ −∞ and x→∞ and is increas-
ing in each variable and thus has the makings of a distribution function.

More definitively define the set function µ(·|X−1
J (B)) on A ∈ E by:

µ(A|X−1
J (B)) = µ(A

⋂
X−1
J (B))/µ

(
X−1
J (B)

)
.

This is a probability measure on E by exercise 1.29 since µ
[
X−1
J (B)

]
6= 0,

and thus (S,E,µ(·|X−1
J (B))) is a probability space. Now define the random

vector X = (X1, X2, ..., Xn) on (S,E,µ(·|X−1
J (B))) and note that F (x1, x2, ..., xn|XJ ∈

B) is exactly the joint distribution function of (X1, X2, ..., Xn) defined on the
probability space (S,E,µ(·|X−1

J (B))) and is thus a distribution function by
definition 3.28.

Example 3.42 It is likely that the reader has encountered conditional dis-
tribution examples for n = 2 for which B is a single point and for which the
above definition makes little sense because µ

[
X−1

2 (B)
]

= 0. The purpose of
this example is to connect the above definition to that which the reader may
be familiar.

Assume that the distribution function F (x, y) has an associated contin-
uous density function f(x, y) ≥ 0 so that defined as a Riemann integral:

F (x, y) =

∫ y

−∞

∫ x

−∞
f(s, t)dsdt.

Density functions will be more generally discussed in books 4 and 6 but this
discussion is simplified by keeping within the Riemann context. The marginal
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distribution for y is then given by F (y) = F (∞, y). Continuity of f then
assures that both F (x, y) and F (y) are differentiable with:

∂F (x, y)

∂y
=

∫ x

−∞
f(s, y)ds,

∂2F (x, y)

∂x∂y
= f(x, y),

∂F (y)

∂y
= f(y),

where f(y) =
∫∞
−∞ f(s, y)ds.

Assume we seek the conditional distribution F (x|y), or in the above no-
tation, F (x, y|B) when B = {y} for given y. In this case µ

[
Y −1(B)

]
= 0

because by continuity from above:

µ
[
Y −1(B)

]
= lim

∆y→0
µ
(
Y −1 ([y, y + ∆y])

)
= lim

∆y→0
(F (y + ∆y)− F (y)) ,

and this is 0 by the continuity of F (y). But intuitively the notion of F (x|y)
would seem to make sense in that if it is known that Y = y, there must be an
associated distribution function of X implied by the joint distribution when
restricted to {(X, y)}.

Since µ
[
Y −1(B)

]
= 0 the above definition cannot be used directly, so let

B+ ≡ [y, y + ∆y]. Then by 3.17 and continuity of F :

F (x, y + ∆y|B+) =
F (x, y + ∆y)− F (x, y)

F (y + ∆y)− F (y)
.

Now since F (x, y) and F (y) are differentiable, divide numerator and denom-
inator by ∆y and take a limit of ∆y → 0. Assuming that ∂F (y)

∂y = f(y) 6= 0
this obtains with F (x|y) ≡ F (x, y|B = {y}):

F (x|y) =
∂F (x, y)

∂y

/
∂F (y)

∂y
.

Thus F (x|y) is differentiable in x, and:

∂F (x|y)

∂x
=

∂2F (x, y)

∂x∂y

/
∂F (y)

∂y

= f(x, y)/f(y).

It then follows by the fundamental theorem of calculus that when f(y) 6= 0
as assumed, that F (x|y) has a density function which we denote f(x|y), in
the sense that:

F (x|y) =

∫ x

−∞
f(s|y)ds,

and by the above derivation, obtains the familiar formula:

f(x|y) = f(x, y)/f(y). (3.18)
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3.4 Independent Random Variables

In this section we discuss the notion of independent random variables, and
derive an implication for the associated joint and marginal distribution
functions. We begin with a discussion on the sigma algebras generated by,
or induced by random variables, and this will provide the connection
between independence of random variables as defined here, and
independence of sigma algebras as defined in section 1.4.

3.4.1 Sigma Algebras Generated by R.V.s

Given a probability space (S,E ,µ) and random variable (r.v.)

X : S −→ R,

recall that by exercise 3.3 that X−1(A) ∈ E for every Borel set A ∈ B(R),
and so

{X−1(A)|A ∈ B(R)} ⊂ E .

Also, {X−1(A)|A ∈ B(R)} is a sigma algebra, and hence is a sigma
subalgebra of E . This leads to the following definition.

Definition 3.43 If X : S −→ R is a random variable on (S,E,µ), define the
sigma algebra generated by X, σ(X), as the smallest sigma algebra with
respect to which X is measurable. If {Xi} is a finite or infinite collection of
random variables, define σ(X1, X2, ...), the sigma algebra generated by
{Xi}, as the smallest sigma algebra with respect to which each such Xi is
measurable.

Analogously, if X : S −→ Rn is a random vector on (S,E,µ), define the
sigma algebra generated by X, σ(X), as the smallest sigma algebra with
respect to which X is measurable.

Exercise 3.44 Show that σ(X) is given by:

σ(X) = X−1 (B(Rn)) ≡ {X−1(A)|A ∈ B(Rn)}, (3.19)

where n = 1 for the random variable definition, and general n in the case of
a random vector.

Proposition 3.45 Given {Xi}, a finite or infinite collection of random
variables defined on (S,E,µ), then

σ(X1, X2, ...) = σ(σ(X1), σ(X2), ...), (3.20)
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where the right hand expression denotes the sigma algebra generated by the
collection of sigma algebras, {σ(Xj)}, and defined as the smallest sigma
algebra which contains these classes.
Proof. Note that by defining σ(σ(X1), σ(X2), ...) as the smallest sigma alge-
bra which contains these classes requires the demonstration that there exists
at least one such sigma algebra to avoid a vacuous definition. But of course
the power sigma algebra σ (P (S)) , defined as the collection of all subsets of
S, is one such example.

By definition, σ(Xj) ⊂ σ(X1, X2, ...) for each j since Xj is measur-
able with respect to σ(X1, X2, ...). Consequently, because σ(X1, X2, ...) is a
sigma algebra we conclude that σ(σ(X1), σ(X2), ...) ⊂ σ(X1, X2, ...). On the
other hand, because σ(X1, X2, ...) is defined as the smallest sigma algebra
with respect to which each Xj is measurable, and each Xj is measurable
with respect to σ(σ(X1), σ(X2), ...), it is then the case that σ(X1, X2, ...) ⊂
σ(σ(X1), σ(X2), ...) and hence these sigma algebras are equal.

Example 3.46 Define S as the collection of n-tuples of heads or tails ob-
tained by flipping a coin sequentially n-times. So S = { (f1, f2, ..., fn) },
where each fk = H or T. Define µ on (f1, f2, ..., fn) consistently with 1.8:

µ((f1, f2, ..., fn)) = pj(1− p)n−j ,

where j denotes the number of heads in this n-tuple, and p denotes the
probability of a head, and let E = σ(P (S)), the collection of all subsets of S
to which we extend µ additively.

Let X : S −→ R be the random variable defined as the number of heads.
Then X : S −→ {0, 1, 2, ..., n}, and with Sj = { (f1, f2, ..., fn) |X (f1, f2, ..., fn) =
j}, σ(X) equals the sigma algebra generated by {Sj} and µ (Sj) is given as
in 1.8. Note that σ(X) is a proper sigma subalgebra of E, σ(X) $ E, since
the latter sigma algebra contains the measurable set {(H,T, T, ..., T )}, while
the former does not. In σ(X), this set is a subset of the measurable set S1,
but is not itself a measurable set in σ(X).

3.4.2 Independent Random Variables and Vectors

The sigma algebras generated by random variables, and the notion of
independent classes of sets from section 1.4, provide the necessary
ingredients for the definition of independent random variables.

Definition 3.47 If Xj : S −→ R are random variables on (S,E,µ), j =
1, 2, ..., n, we say that {Xj}nj=1 are independent random variables if
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{σ(Xj)}nj=1 are independent sigma algebras in the sense of definition 1.15.
In other words, given {Bj}nj=1 with Bj ∈ σ(Xj):

µ
(⋂n

j=1
Bj

)
=
∏n

j=1
µ (Bj) . (3.21)

Equivalently, given {Aj}nj=1 ⊂ B(R),

µ
(⋂n

j=1
X−1
j (Aj)

)
=
∏n

j=1
µ
(
X−1
j (Aj)

)
. (3.22)

If Xj : S −→ Rnj are random vectors on (S,E,µ), j = 1, 2, ..., n, we
say that {Xj}nj=1 are independent random vectors if {σ(Xj)}nj=1 are
independent sigma algebras in the sense of definition 1.15. In other words,
given {Bj}nj=1 with Bj ∈ σ(Xj):

µ
(⋂n

j=1
Bj

)
=
∏n

j=1
µ (Bj) . (3.23)

Equivalently, given {Aj}nj=1 with Aj ∈ B(Rnj ),

µ
(⋂n

j=1
X−1
j (Aj)

)
=
∏n

j=1
µ
(
X−1
j (Aj)

)
. (3.24)

A countable collection of random variables defined on (S,E,µ), {Xj}∞j=1,
are said to be independent random variables if given any finite index
subcollection, J = (j(1), j(2), ..., j(n)), {Xj(i)}ni=1 are independent random
variables. The same definition applies analogously to a countable collection
of independent random vectors.

Remark 3.48 In the language and notation of probability theory, 3.22 is
often expressed:

Pr [X1 ∈ A1, ..., Xn ∈ An] =
∏n

j=1
Pr [Xj ∈ Aj ] , (3.25)

and similarly for other such statements.

Example 3.49 Return to the example 3.46 in the previous section with
S defined as the collection of 3-tuples of scores on rolling a fair die se-
quentially 3-times, with random variables X1 defined as the sum of the
first and second rolls, and X2 the sum of the second and third rolls. Then
X1 and X2 are not independent random variables, most apparently because
X−1

1 (2) ∩ X−1
2 (12) = ∅ and hence has probability 0 whereas the product of

the individual probabilities is 1/64.
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As another example, X−1
1 (2) ∩X−1

2 (2) = (1, 1, 1) and so has probability
1/63, while the product of the probabilities of these events is again 1/64.

Intuitively, these random variables are not independent because both val-
ues depend on the common value of the second roll.

Exercise 3.50 1. Let Xj : S −→ R be independent random variables
on (S,E,µ), j = 1, 2, ..., n. Let {Ik}mk=1 be disjoint index subsets with
∪kIk = {1, 2, ..., n}, and define Yk as the random vector, Yk : S −→
Rnk where Yk ≡ (Xk(1), ..., Xk(nk)). In other words, Yk contains the Xj-
variates identified by Ik. Prove that {Yk}mk=1 are independent random
vectors. Hint: See the proof of proposition 3.51 below, and justify
that it is enough to prove 3.24 with Ak ∈ B(Rnk), a right semi-closed
rectangle of the form Πnk

i=1(ai, bi].

2. By example, show that the component random variables of independent
random vectors need not be independent.

It turns out that independence of random variables can be characterized
by a simpler criterion than 3.22 which requires this condition be satisfied for
all collections {Aj}nj=1 ⊂ B(R). The following proposition states that one
only needs to verify this condition for a special class of Borel measurable
sets.

Proposition 3.51 If Xj : S −→ R are random variables on (S,E,µ), j =
1, 2, ..., n, and 3.22 is satisfied for all sets of the form, Aj = (−∞, bj ], then
{Xj}nj=1 are independent random variables.
Proof. By corollary 1.27, given mutually independent classes {Aj}Nj=1 with

Aj = {Ajk}
Mj

k=1 ⊂ E , if these classes are each closed under finite intersections
then {σ(Aj)}Nj=1 are mutually independent classes with σ(Aj) the smallest
sigma algebra that contains Aj. Defining Aj = {X−1

j ((−∞, bk])}, the class
of pre-images for all real bk, note that each Aj is closed under finite inter-
sections, since⋂m

k=1
X−1
j ((−∞, bk]) = X−1

j

(⋂m

k=1
(−∞, bk]

)
= X−1

j ((−∞,min bk]) .

The assumption in this proposition, that {Aj}nj=1 are mutually independent
classes, then implies the same for {σ(Aj)}nj=1, and the proof is complete
because {(−∞, bk]} generates {(ak, bk]}, the semi-algebra of right semi-closed
intervals, and hence σ(Aj) = B(R).
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Remark 3.52 Note that this proposition remains true with the same proof
if {(−∞, bk]} is replaced by any collection of sets that is closed under finite
intersections and generates B(R). For example, the collection of open, or
closed, or semi-closed intervals.

Also, this proof applies to independent random vectors with sets of the
form, Aj =

∏nj
k=1(−∞, bk]. For each j this collection is closed under fi-

nite intersections, and can be used to generate right semi-closed rectangles,∏nj
k=1(ak, bk], which in turn generate σ(Aj) = B(Rnj ).

3.4.3 Distribution Functions of Independent Random Vari-
ables

The notion of independent random variables can also be characterized in
terms of the associated distribution functions. If Xj : S −→ R,
j = 1, 2, ..., n, are random variables on a probability space (S,E ,µ),the
random vector X = (X1, X2, ..., Xn) was defined above as the function:

X : S −→ Rn,

with value on s ∈ S given by:

X(s) = (X1(s), X2(s), ..., Xn(s)),

and the distribution function of X defined in 3.11 by

F (x1, x2, ..., xn) = µ
[⋂n

j=1
X−1
j (−∞, xj ]

]
.

If {Xj}nj=1 are independent random variables, then applying the defini-
tion 3.22 to this formula, and recalling 3.1, obtains:

F (x1, x2, ..., xn) = µ
[⋂n

j=1
X−1
j (−∞, xj ]

]
=
∏n

j=1
µ
(
X−1
j (−∞, xj ]

)
=
∏n

j=1
Fj(xj),

where Fj(x) denotes the distribution function of Xj .
Conversely, if {Xj}nj=1 are random variables defined on (S,E ,µ) with the

property that for all (x1, x2, ..., xn) ∈ Rn,

F (x1, x2, ..., xn) =
∏n

j=1
Fj(xj),
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then 3.22 is seen to be valid for all sets of the form Aj = (−∞, bj ], which by
proposition 3.51 then implies that {Xj}nj=1 are independent random vari-
ables.

In summary, we have proved the following, recalling that independence
for an infinite collection of random variables is defined in terms of indepen-
dence for all finite subcollections. This same results are valid for indepen-
dent random vectors, noting that with the notation of definition 3.47,
{Fj(xj)} are joint distribution functions on Rnj .

Proposition 3.53 Let Xj : S −→ R, j = 1, 2, ..., n, be random vari-
ables on a probability space (S,E,µ), with X = (X1, X2, ..., Xn) defined as
X : S −→ Rn by X(s) = (X1(s), X2(s), ..., Xn(s)). Then {Xj}nj=1 are inde-
pendent random variables if and only if:

F (x1, x2, ..., xn) =
∏n

j=1
Fj(xj). (3.26)

Countably many random variables, {Xj}∞j=1, are independent random vari-
ables if and only if for every finite index subcollection, J = (j(1), j(2), ..., j(n)),

F (xj(1), xj(2), ..., xj(n)) =
∏n

i=1
Fj(i)(xj(i)). (3.27)

Notation 3.54 Note that in many texts, the identity in 3.26 and simi-
lar statements would have been written in terms of {F (xj)} rather than
{Fj(xj)}. It is conventional to denote distribution functions simply by F (x),
and it would be understood that F (xj) was the distribution function for Xj ,
and this could be the same or different from the distribution function F (xk)
for Xk.

Corollary 3.55 Let Xj : S −→ R, j = 1, 2, ..., n, be independent random
variables on a probability space (S,E,µ). Let I = {i1, ..., im} ⊂ {1, 2, ..., n}
and J = {j1, ..., jn−m} with J ≡ Ĩ . Then the marginal distribution function
FI(xi1 , xi2 , ..., xim) defined in 3.15 is given by:

FI(xi1 , xi2 , ..., xim) =
∏m

j=1
Fij (xij ). (3.28)

Proof. The result in 3.28 follows from 3.26 and the definition of FI(xi1 , xi2 , ..., xim)
in 3.15, or by application of 3.16 directly.
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3.4.4 Independence and Transformations

Let Xj : S −→ Rnj , j = 1, 2, ..., n, be independent random vectors on
(S,E ,µ), which includes the special case of independent random variables
when all nj = 1, and let gj : Rnj → Rmj be Borel measurable
transformations, which includes the special case of Borel measurable
functions when all mj = 1. The purpose of this section is to investigate the
independence of gj(Xj) : S −→ Rmj . The next proposition summarizes the
general result.

Proposition 3.56 Let Xj : S −→ Rnj , j = 1, 2, ..., n, be independent ran-
dom vectors/variables on (S,E,µ), and gj : Rnj → Rmj Borel measurable
transformations/functions. Then gj(Xj) : S −→ Rmj are independent ran-
dom vectors/variables on (S,E,µ).
Proof. By definition 3.47 we must prove that {σ(gj(Xj))}nj=1 are indepen-
dent sigma algebras in the sense of definition 1.15. In other words, given
{Aj}nj=1 with Aj ∈ B(Rmj ),

µ
(⋂n

j=1
[gj(Xj)]

−1 (Aj)
)

=
∏n

j=1
µ
(

[gj(Xj)]
−1 (Aj)

)
. ((*))

But [gj(Xj)]
−1 (Aj) = X−1

j

[
g−1
j (Aj)

]
and by measurability, g−1

j (Aj) ∈ B(Rnj )
for all Aj ∈ B(Rmj ). Thus (∗) follows from 3.24.

Remark 3.57 The essence of the above proof is that if gj : Rnj → Rmj are
Borel measurable, then

σ(gj(Xj)) ⊂ σ(Xj),

and thus independence is inherited.

Example 3.58 1. If Xj : S −→ R are independent random variables
then so too are X2

j , or e
Xj , or gj(Xj) for any Borel measurable func-

tion.

1. If Xj : S −→ Rnj are independent random vectors, say Xj ≡ (Xj,1, ..., Xj,nj ),

then Yj : S −→ R defined by Yj =
∑nj

k=1Xj,k are independent random
variables.

2. By exercise 3.50, if Xj : S −→ R are independent random variables
on (S,E,µ), j = 1, 2, ..., n, and {Ik}mk=1 disjoint index subsets with
∪kIk = {1, 2, ..., n}, then Yk : S −→ Rnk are independent random
vectors where Yk ≡ (Xk(1), ..., Xk(nk)) are defined by the Xj-variates
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identified by Ik. It then follows that gj(Yj) are also independent ran-
dom vectors/variables for Borel measurable gj .

An application of this result will be seen in the beginning of section 9.1,
which will use the fact that if Xj : S −→ R are independent random
variables, j = 1, 2, ..., n+m, then so too are

∑m
j=1Xj and

∑m+n
j=m+1Xj .



Chapter 4

Samples of Random
Variables

4.1 Probability Spaces for Independent Samples

Given a probability space (S,E ,µ) and a random variable X : S −→ R, one
is often interested in generating a "sample" of random variables {Xj}Nj=1,
where N can be finite or infinite. Generating samples is the essence of the
idea of simulation, and the requirements for a sample are that these
random variables be independent, and that each has the same distribution
function as X. Formally:

Definition 4.1 Given a probability space (S,E,µ) and a random variable
X : S −→ R, a collection of random variables {Xj}Nj=1 defined on a prob-
ability space (S ′,E ′,µ′), where N can be finite or infinite, is said to be a
sample of X or a random sample of X, if this collection is indepen-
dent and identically distributed (i.i.d.):

1. {Xj}Nj=1 are independent if given (i1, ..., im) ⊂ (1, 2, ..., N) and {Aj}mj=1 ⊂
B(R):

µ′
[⋂m

j=1
X−1
ij

(Aj)
]

=
∏m

j=1
µ′[X−1

ij
(Aj)]. (4.1)

2. Xj and X are identically distributed if given A ∈ B(R), then for
any j:

µ′[X−1
j (A)] = µ[X−1(A)]. (4.2)

Remark 4.2 Note that the above definition applies to sets A = (−∞, x] for
all x and thus implies statements about the associated distribution functions.

87
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However, this definition can equivalently be framed in terms of distribu-
tion functions, meaning restricting the conditions to Borel sets A = (−∞, x],
because {(−∞, x]} generates B(R) and thus if the above identities are valid
for such A they are valid for all A ∈ B(R).

Definition 4.3 (Alternate) Given a probability space (S,E,µ) and a ran-
dom variable X : S −→ R with distribution function F (x), a collection of
random variables {Xj}Nj=1 defined on a probability space (S ′,E ′,µ′) with dis-
tribution functions {Fj(x)}Nj=1, where N can be finite or infinite, is said
to be a sample of X or a random sample of X, if this collection is
independent and identically distributed (i.i.d.):

1. {Xj}Nj=1 are independent if given (i1, ..., im) ⊂ (1, 2, ..., N) and F (xi1 , ..., xim)
the joint distribution function of {Xij}mj=1, then:

F (xi1 , ..., xim) =
∏m

j=1
Fj(xij ). (4.3)

2. Xj and X are identically distributed if for any j:

Fj(x) = F (x), (4.4)

where Fj is the d.f. of Xj .

With the aid of the investigation initiated in section 3.2, we will develop a
theoretical framework below for simulating samples of random variables. In
short, it will be shown that one needs only generate samples of continuous
uniformly distributed random variables. Then all other random variables
can in theory be generated from these, and often with a relative simple
numerical procedure in practice. In chapter 4 of book 4 we will return to
this topic and investigate examples.

But first we construct the probability space (S ′,E ′,µ′) and define the
random variables {Xj}Nj=1 for which we assume that N = ∞ to simplify
notation. The identical construction applies to N = n.

4.1.1 The Probability Space (S ′,E ′,µ′) and Sample {Xj}Nj=1

Let the probability space (S,E ,µ) and random variable X : S −→ R, be
given, and F (x) denote the distribution function of X. Then by chapter 3
of book 1, F is increasing and right continuous, and by chapter 5 gives rise
to a Borel measure µF defined on B(R) for which

µF ((a, b]) = F (b)− F (a) ≡ µ
(
X−1 ((a, b])

)
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for all right semi-closed intervals. It then follows that for all A ∈ B(R):

µF (A) = µ
(
X−1(A)

)
. (4.5)

Thus µF (R) = 1 and (R,B(R),µF ) is a probability space. There is also a
complete probability space given in chapter 5 of book 1, (R,MµF (R), µF )
where B(R) ⊂MµF

(R). We illustrate the construction of (S ′,E ′,µ′) using
the Borel space sigma algebra on R since the definition of random variable
assures measurability relative to this sigma algebra. That is, X−1(A) ∈ E
for all A ∈ B(R). However, the same construction works withMµF (R) as
long as X is also measurable with respect to this sigma algebra.

Applying chapter 9 of book 1 to {(Ri,B(R), µF )}∞i=1, identical spaces in-
dexed only for notational purposes, we can construct the infinite dimensional
complete probability space, (RN, σ(RN), µN). For this probability space,

RN ≡ {(x1, x2, ...)|xi ∈ Ri},

and µN is uniquely defined on the smallest sigma algebra containing the
algebra A+ of general finite dimensional measurable rectangles or
general cylinder set in RN. Specifically H ∈ A+ if for some positive
integer n and n-tuple of positive integers J = (j(1), j(2), ..., j(n)):

H = {x ∈ RN|(xj(1), xj(2), ...xj(n)) ∈ A},

where A ∈ B(Rn), the Borel sigma algebra on Rn. Further, µN is defined on
A+ by:

µN(H) = µ
(n)
F (A),

where µ(n)
F is the product measure on Rn induced by µF . In the specific case

there A =
∏m
j=1Aj for Aj ∈ B(R), then:

µN(H) =
∏m
j=1 µF (Aj). (4.6)

Finally, define Xj : RN → R by

Xj : (x1, x2, ...) = xj , (4.7)

which is the projection mapping on RN to the jth coordinate, often de-
noted πj .



90 CHAPTER 4 SAMPLES OF RANDOM VARIABLES

Proposition 4.4 Let the probability space, (S,E,µ), and random variable
X : S −→ R be given, and with the notation above, let (S ′,E ′,µ′) ≡ (RN, σ(RN),
µN). Then {Xj}∞j=1 as defined in 4.7, is a sample of X as defined in defini-
tion 4.1.
Proof. First, Xj is measurable and thus a random variable on RN since
for A ∈ B(R), 4.7 yields that X−1

j (A) = {x ∈ RN|xj ∈ A} ∈ A+, a general
cylinder set and thus an element of σ(RN). Further, from 4.6 with H ≡
X−1
j (A) and 4.5 obtains:

µN(X−1
j (A)) = µF (A) ≡ µ(X−1

j (A)),

which is 4.2.
Finally, let (i1, ..., im) ⊂ (1, 2, ..., N) and {Aj}mj=1 ⊂ B(R) be given. Note

that by 4.7:⋂m

j=1
X−1
ij

(Aj) = {x ∈ RN|(xi(1), xi(2), ...xi(n)) ∈
∏m
j=1Aj}.

Thus by 4.6 and 4.5:

µN

(⋂m

j=1
X−1
ij

(Aj)
)

=
∏m
j=1 µF (Aj) ≡

∏m
j=1 µ(X−1

ij
(Aj)),

which is 4.1.

In chapter 4 of book 4 this construction will be generalized somewhat
to produce a sample space for independent, but not identically distributed
random variables. The reader is encouraged to implement this generalization
now as an exercise.

4.2 Simulating Samples of RandomVariables - The-
ory

In this section we derive results which provide the necessary theoretical
framework for generating samples of random variables. In chapter 4 of
book 4 we will return to this topic and investigate examples. The general
theory provides that if one can generate Y , a random variable with a
continuous uniform distribution or more generally samples of such
variables, then by using a numerical procedure such variables can be
transformed into samples of the random variable X of interest.
Fortunately, generating samples of Y is now very easy as most
mathematical software has a built-in function which does exactly this. For
example, in Microsoft Excel this function is called RAND(), while in

MathWorks
R©
MATLAB it is rand, and so forth.
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4.2.1 Distributional Results

We begin with the simplest and strongest result in this area, which is the
case when the distribution function F (x) is continuous and strictly
monotonic on R. Part 1 of this proposition is of interest in some
applications, but it is really part 2 that is key to the problem of generating
random samples. In essence it says that when F (x) is both continuous and
strictly monotonic, if Y is a random variable with a continuous uniform
distribution then F−1(Y ) reproduces the original random variable X. In
other words, F−1(Y ) is distributed like X.

For the proof, note that if F is continuous and strictly monotonic on R,
then F−1, defined by F−1(y) = x if F (x) = y, is also continuous and strictly
monotonic on (0, 1).

Proposition 4.5 Let (S,E,µ) be given and X : (S, E , µ) → (R,B(R),m) a
random variable for which F (x) is both continuous and strictly monotonic.
Then:

1. F (X) : (S, E , µ)→ ((0, 1),B((0, 1),m), defined by F (X)(s) = F (X(s)),
is a random variable on S which has a continuous uniform distribution
function on (0, 1).

2. F−1 : ((0, 1),B(0, 1),m)→ (R,B(R),m) is a random variable on (0, 1)
which has distribution function F (x).

Proof.

1. First note that as defined, F (X) is a composite function with inverse
defined on (0, 1) by F (X)−1 ≡ X−1F−1. Now because F is continuous,
if A ∈ B((0, 1)) then F−1(A) ∈ B(R), and hence X−1F−1(A) ∈ E. In
other words, F (X) is a random variable on S. Now let A = (0, y] for
0 < y < 1. Because the value of the uniform distribution function at
y is given by FU (y) = y, it is necessary to show that FF (X)(y) = y.
Because F−1 is also continuous and strictly monotonic, if F (x) = y
then:

FF (X)(y) = µ
[
X−1F−1 ((0, y])

]
= µ

[
X−1(−∞, x]

]
= F (x)

= y.
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In other words, the distribution function of F (X) is the continuous
uniform distribution function on (0, 1).

2. Since F−1 is continuous, it is measurable and hence a random variable
on (0, 1). For x ∈ R, we need to show that FF−1(x) = F (x). Now by
definition,

FF−1(x) = m
[
{y|F−1(y) ≤ x}

]
= m [(0, F (x)]]

= F (x).

Example 4.6 Let F (x) be the distribution function associated with the unit
normal density function in 1.23:

F (x) =
1√
2π

∫ x

−∞
exp

(
−y2/2

)
dy,

then F (x) clearly satisfies the hypotheses of continuity and strict monotonic-
ity. Of course as is often the case, F−1 here does lend itself to a tractable
analytic representation so it is necessary to numerical estimate this function.
Using symmetry properties, it is only necessary to estimate

F0(x) =
1√
2π

∫ x

0
exp

(
−y2/2

)
dy

for x > 0, and this can be done by various numerical integration routines.
This then provides a table of values: (x, F0(x)), which can be extrapolated by
symmetry for x < 0 using F (x) = 1 − F0(|x|), and with interpolation used
to estimate F−1

0 (y) for all continuous uniform random variates, producing
approximate normal variates.

There are also various polynomial and rational function-based formulas
for F (x) for x > 0 with maximum errors which can be estimated. The lit-
erature is vast here because of the usefulness of these results. Much was
published prior to the mid 1960s before extensive numerical computations
on computers were feasible and so analytically tractable formulas were then
very desirable. With today’s computer speed and the continuous improve-
ments in what is computationally feasible, these formulaic results are less
necessary today, and numerical integrations are often used instead. In fact,
such routines are often built into the software, to generate random normal
variates directly. For example, in Microsoft Excel this function is called
NORM.S.INV.
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Of course, many distribution functions are neither continuous nor strictly
monotonic, for example discrete distribution functions, and so we next con-
sider generalizing proposition 4.5 to these cases. In order to do so it will be
necessary to replace F−1, which need not exist, by the left continuous in-
verse F ∗, which always exists and equals F−1 when the later is well defined.
What is clear with a moment of thought is that part 1 of proposition 4.5
has little hope of generalization.

Example 4.7 Looking back to example 3.15 in section 3.2, for which

F (x) =



0, x < 0,

0.5x, 0 ≤ x < 1,

0.5, 1 ≤ x < 2,

1, x ≥ 2,

it is clear that the random variable F (X) cannot possibly be continuous,
uniformly distributed on (0, 1), since the range of F (X) excludes (0.5, 1.0).
The problem with F, of course, is a discontinuity at x = 1.

On the other hand, there is hope that part 2 of proposition 4.5 remains
true in this case, since for this example,

F ∗(y) =

 2y, 0 < y ≤ 0.5,

2.0, 0.5 < y ≤ 1.0.

So if y has a continuous uniform distribution, it seems intuitively apparent
that F ∗(y) will replicate F (x) when 0 < y ≤ 0.5, but also since the event
0.5 < y ≤ 1.0 has probability measure 0.5, it is also the case that F ∗(y) will
replicate F (2) with this probability, as desired.

We now make this observation precise, and also address what can be said
about the random variable F (X).

Proposition 4.8 Let (S,E,µ) be given and X : (S, E , µ) → (R,B(R),m) a
random variable with distribution function F (x) and left continuous inverse
F ∗(y). Then:

1. F (X) : (S, E , µ)→ ((0, 1),B((0, 1),m), defined by F (X)(s) = F (X(s)),
is a random variable on S with distribution function, FF (X)(y) satis-
fying:

FF (X)(y) ≤ y.
Further, FF (X)(y) = y if and only if F (x) is continuous.
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2. F ∗ : ((0, 1),B(0, 1),m) → (R,B(R),m) is a random variable on (0, 1)
which has distribution function F (x).

Proof. We prove part 2 first, since this is needed for the proof of part 1.

2. Since F ∗ is monotonic it is Borel measurable and hence a random
variable on (0, 1). For x ∈ R we need to show that FF ∗(x) = F (x).
Recalling 3.6, F ∗(y) ≤ x if and only if y ≤ F (x), and so:

FF ∗(x) = m [{y|F ∗(y) ≤ x}]
= m [(0, F (x)]]

= F (x).

1. Because F is monotonic it is Borel measurable and hence F (X) is a
random variable on S. Using part 2 for y ∈ (0, 1), and with more
explicit notation to avoid confusion:

FF (X)(y) = µ [{s ∈ S|F (X(s)) ≤ y}]
= m [{z ∈ (0, 1)|F (F ∗(z)) ≤ y}] .

The second step follows from part 2 in that the random variables X :
S → R and F ∗ : (0, 1)→ R have the same distribution function, and
so the µ-measure of this S-set equals the m-measure of the (0, 1)-set
by definition of distribution function. Now by 3.8, y ≤ F (F ∗(y)) and
so by monotonicity of F and F ∗ :

FF (X)(y) ≤ m [{z ∈ (0, 1)|F (F ∗(z)) ≤ F (F ∗(y))}]
= m [{z ∈ (0, 1)|z ≤ y}]
= y.

If F is continuous, then in the above proof y = F (F ∗(y)) by corollary
3.23 rather than y ≤ F (F ∗(y)) by 3.8, and it would then follow that
FF (X)(y) = y. On the other hand, if F is discontinuous at y, say, then
of necessity it would be left discontinuous and so:

0 < F (y)− F (y−) = µ
[
X−1

(
F−1(y)

)]
= µ

[
(FX)−1 (y)

]
.

But then it cannot be the case that F (X) is continuous, uniformly

distributed, since if so it would follows that µ
[
(FX)−1 (y)

]
= 0 for all

y.



4.2 SIMULATING SAMPLES OF RANDOMVARIABLES - THEORY95

4.2.2 Independence Result

The prior section makes clear that it is easy, at least in theory, to generate
random variates X with given distribution function F (x). We must first
generate a continuous, uniformly distributed random variable on (0, 1), Y,
and then define X = F ∗(Y ). In all cases, the distribution function of the
simulated X will be the original distribution function F (x). But as noted
in the introductory comments to this section, a simulation of random
variables, or the generation of samples of random variables, requires both
that the variates are correctly distributed and also that they are
independent.

We prove next that independence of the uniformly distributed variates,
{Yj}nj=1, assures independence of the resultant variates, {Xj}nj=1, and con-
versely when F (x) is continuous.

Proposition 4.9 Let (S,E,µ) be given and X : (S, E , µ) → (R,B(R),m) a
random variable with distribution function F (x) and left continuous inverse
F ∗(y).

1. If {Yj}nj=1 are independent, continuous uniformly distributed random
variables, then {Xj}nj=1 ≡ {F ∗ (Yj)}nj=1 are independent random vari-
ables with distribution function F (x).

2. If F (x) is continuous and {Xj}nj=1 are independent random variables
with distribution function F (x), then {Yj}nj=1 ≡ {F (Xj)}nj=1 are inde-
pendent, continuous uniformly distributed random variables.

Proof. For 1, that Xj has the appropriate distribution is assured by propo-
sition 4.8. For independence, first note that independence of {Yj}nj=1 implies
that there exists a probability space (S ′, E ′, µ′) with Yj : S ′ → ((0, 1),B(0, 1),m)
and by proposition 3.53:

FY (y1, y2, ..., yn) ≡ µ′
[⋂n

j=1
{s ∈ S ′|Yj(s) ≤ yj}

]
=
∏n

j=1
µ′
[
Y −1
j (0, yj ]

]
=
∏n

j=1
yj .

If FU is the distribution function of a continuous, uniformly distributed ran-
dom variable Y defined on ((0, 1),B(0, 1),m), the last step follows from:

µ′
[
Y −1
j (0, yj ]

]
= m

[
Y −1(0, yj ]

]
= FU (yj) = yj .
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Now Xj ≡ F ∗ (Yj) is also a random variable on (S ′, E ′, µ′) since F ∗is
Borel measurable, and similarly:

FX(x1, x2, ..., xn) ≡ µ′
[⋂n

j=1
{s ∈ S ′|Xj(s) ≤ xj}

]
.

For each j, Xj ≤ xj is by definition equivalent to F ∗ (Yj) ≤ xj , and by 3.6
this occurs if and only if Yj ≤ F (xj). Thus as above:

FX(x1, x2, ..., xn) ≡ µ′
[⋂n

j=1
{s ∈ S ′|Yj(s) ≤ F (xj)}

]
=
∏n

j=1
µ′
[
Y −1
j (0, F (xj)]

]
=
∏n

j=1
F (xj),

and {Xj}nj=1 are independent by proposition 3.53.
For 2, again the distributional result is proposition 4.8 since F (x) is now

assumed continuous. If {Xj}nj=1 are independent random variables with dis-
tribution function F (x), then again there exists a probability space (S ′, E ′, µ′)
with Xj : S ′ → (R,B(R),m) and by proposition 3.53:

FX(x1, x2, ..., xn) ≡ µ′
[⋂n

j=1
{s ∈ S ′|Xj(s) ≤ xj}

]
=
∏n

j=1
F (xj).

Define Yj = F (Xj) , then Yj : S ′ → ((0, 1),B(0, 1),m) and since F (F ∗ (yj)) =
yj by continuity and proposition 3.22, and F is monotonic:

FY (y1, y2, ..., yn) ≡ µ′
[⋂n

j=1
{s ∈ S ′|Yj(s) ≤ yj}

]
= µ′

[⋂n

j=1
{F (Xj) ≤ F (F ∗ (yj))}

]
= µ′

[⋂n

j=1
{Xj ≤ F ∗ (yj)}

]
=
∏n

j=1
F (F ∗ (yj))

=
∏n

j=1
FU (yj) ,

noting the last step follows by definition of FU , that FU (yj) = yj . Thus
{Yj}nj=1 are independent by proposition 3.53.



Chapter 5

Limit Theorems for Random
Variable Sequences

5.1 Two Limit Theorems for Binomial Sequences

In this section we study special cases of two important results applied to
the binomial measure introduced above. To this end, consider the infinite
product probability space associated with general coin flips,
(Y N, σ(Y N), µN), where now we represent Y = {H,T} by the numerical
space Y = {1, 0}, and µN is the measure induced by the probability
measure µB on Y in 1.7 with:

µB(1) = p, µB(0) = 1− p.

Each point y ∈ Y N can thus be envisioned as an infinite sequence of coin
flips, where Hs and T s are numerically represent by 1s and 0s, respectively,
and the jth component of y ∈ Y N is denoted by yj .

In this section we are interested in studying convergence properties of
the averaging sequence Mn(y), defined for n = 1, 2, ..., by:

Mn(y) ≡
∑n

j=1
yj/n. (5.1)

5.1.1 The Weak Law of Large Numbers

There are several forms of the so-called weak law of large numbers,
and the version addressed here and applicable to the binomial product
space (Y N, σ(Y N), µN) is known as Bernoulli’s theorem, named for

97
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Jacob Bernoulli (1654 —1705) who first derived it. With p given as
above, define:

An(ε) ≡ {y ∈ Y N| |Mn(y)− p| ≥ ε}. (5.2)

Note that the sequence {An(ε)} is not nested and it is an exercise to verify
that:

· If y ∈ An(ε) then y ∈ An+1(ε) if yn+1 = 1 but need not be a member
of this set if yn+1 = 0;
· If y /∈ An(ε) then y /∈ An+1(ε) if yn+1 = 0 but need not be outside this

set if yn+1 = 1.
The weak law states that for any ε > 0,

µN [An(ε)]→ 0 as n→∞,

or equivalently,

µN

[
Ãn(ε)

]
→ 1 as n→∞.

In other words, for any δ > 0 there is an N(δ) so that µN [An(ε)] < δ for all
n ≥ N(δ).

That µN [An(ε)] is well defined requires that An(ε) ∈ σ(Y N), and this
follows because every subset of Y N definable in terms of finitely many indexes
is an event in σ(Y N). For example, let B ≡ (b1, ..., bn) be any one of the 2n

n-tuples of coin flips, and define:

AB ≡ {y ∈ Y N|yi = bi for i ≤ n}.

Then AB ∈ σ(Y N) since AB is a finite-dimensional measurable rectangle, or
cylinder set, in the sense of chapter 9 of book 1, and thus a member of the
semi-algebra that generates σ(Y N). Also:

An(ε) =
⋃′

B
AB,

where this union is over the finitely many setsAB for which with
∣∣∣∑n

j=1
bj/n− p

∣∣∣ ≥
ε. Thus An(ε) ∈ σ(Y N) and µN [An(ε)] is well defined.

Note that this law addresses the limit of the probabilities of a sequence
of events, and not the probability of any given event. Put another way, there
is no event in σ(Y N) characterized by the weak law to have measure zero.
Of course the event

⋂
nAn(ε) is related to the weak law in that it is the set

of y ∈ Y N so that |Mn(y)− p| ≥ ε for every n. And since
⋂
nAn(ε) ⊂ An(ε)

for every n, the weak law implies that this intersection event has measure 0.
In general, however, an intersection of events can have measure 0 without
an associated weak law being satisfied.
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Example 5.1 Define Bn = {y ∈ Y N|yn = 1}. Then Bn is a cylinder set
and hence Bn ∈ σ(Y N) with µN(Bn) = p. However, µN(

⋂
n≤mBn) = pm and

since {
⋂
n≤mBn}m is a nested decreasing sequence of sets with µN(B1) <

∞, the continuity from above of µN applies to yield that µN(
⋂
nBn) = 0.

However, µN(Bn) = p9 0.

Thus while
⋂
nAn(ε) ∈ σ(Y N), knowledge that µN(

⋂
nAn(ε)) = 0 would be

a very weak result and too weak to in general imply the weak law we seek,
that µN [An(ε)]→ 0.

Similarly, the weak law implies that lim inf An(ε) = 0 since this event
lim inf An(ε) is the set of y ∈ Y N for which there existsm so that | Mj(y)− p| ≥
ε for every j ≥ m. Because

⋂
j≥mAj(ε) ⊂ An(ε) for every n ≥ m, the weak

law implies that µN
[⋂

j≥mAj(ε)
]

= 0 for every m, and hence so too is the

union of such sets:

µN [lim inf An(ε)] = µN

[⋃
m

⋂
n≥m

An(ε)
]

= 0.

As the above example shows, knowledge that µN [lim inf An(ε)] = 0 is an-
other very weak result, and again too weak to in general imply the weak law
that µN [An(ε)]→ 0.

It would also be logical to investigate the event lim supAn(ε), and this
we do in the next section. There it will be seen that µN(lim supAn(ε)) = 0
is in fact a strong result, and one that implies this weak law.

We now establish Bernoulli’s version of the weak law of large numbers.
To do so, we utilize a bound for µN [An(ε)] known as Bernstein’s inequal-
ity, named for Sergei Natanovich Bernstein (1880 —1968) who devel-
oped several inequalities of this type. This inequality will play a critical role
in the next section as well, and provides a very powerful bound on the rate
at which µN [An(ε)] → 0 as n → ∞. We will return to this point in section
9.1 below.

Notation 5.2 To simplify notation, we omit the qualifier y ∈ Y N in the
sets below.

Proposition 5.3 (Bernoulli’s theorem) On the binomial product space
(Y N, σ(Y N), µN), for any ε > 0,

µN [{|Mn(y)− p| ≥ ε}]→ 0, as n→∞. (5.3)
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Proof. By finite additivity over disjoint sets,

µN [{|Mn(y)− p| ≥ ε}] = µN [{Mn(y) ≥ p+ ε}]
+µN [{Mn(y) ≤ p− ε}] ,

and the result will follow if it can be shown that the measure of these sets
can be made as small as desired by taking n large.

To this end, note that by 1.8 and the binomial theorem in 1.10 that with
m = bn(p+ ε)c , the greatest integer less than or equal to n(p+ ε), and any
λ > 0, then denoting q ≡ 1− p :

µN [{Mn(y) ≥ p+ ε}] =
∑n

j=m

(
n

j

)
pjqn−j

≤
∑n

j=0

(
n

j

)
pjqn−je[j−n(p+ε)]λ

=
(
peλq + qe−λp

)n
e−λnε.

This inequality follows because e[j−n(p+ε)]λ ≥ 1 exactly when j ≥ m. But
ey ≤ y + ey

2
for all y by an application of the Taylor series in 1.12 with a

remainder term:

ey = 1 + y + (λ1y)2 /2, with 0 < λ1 < 1,

y + ey
2

= 1 + y + y2 +
(
λ2y

2
)2
/2, with 0 < λ2 < 1.

Applying this inequality to eλq and e−λp obtains

µN [{Mn(y) ≥ p+ ε}] ≤ e−λnε
(
peλ

2q2 + qeλ
2p2
)n

≤ e−λnεeλ
2n,

since 0 < p2, q2 < 1 and p + q = 1. The best upper bound is obtained by
choosing λ = ε/2, which obtains:

µN [{Mn(y) ≥ p+ ε}] ≤ e−nε2/4.

A comparable analysis can be applied to obtain that

µN [{Mn(y) ≤ p− ε}] ≤
(
pe−λq + qeλp

)n
e−λnε

≤ e−nε
2/4.

Combining produces one of Bernstein’s inequalities,

µN [{|Mn(y)− p| ≥ ε}] ≤ 2e−nε
2/4, (5.4)

and the result follows.
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Corollary 5.4 (Bernoulli’s theorem) On the binomial product space (Y N, σ(Y N), µN),
for any ε > 0,

µN [{|Mn(y)− p| < ε}]→ 1, as n→∞. (5.5)

Proof. Immediate by finite additivity.

Notation 5.5 The result of the weak law is often expressed as stating that
Mn(y) ≡

∑n

j=1
yj/n converges in probability to p, and denotedMn(y)→P

p. See section 5.2 below for more on this notion.

5.1.2 The Strong Law of Large Numbers

There are also several forms of the so-called strong law of large
numbers and the version addressed here and applicable to the binomial
product space (Y N, σ(Y N), µN) is known as Borel’s theorem, named for
Émile Borel (1871 —1956) who first derived it. We begin by defining two
events which will be shown to be tail events as defined in section 2.3:

1. Given ε > 0, AS(ε) is defined in terms of An(ε) of the previous section:

AS(ε) ≡ lim supAn(ε), (5.6)

or in words, the set on which Mn(y) drifts at least ε-away from p
infinitely often as n→∞.

2. The convergence set CS is defined as the set on whichMn(y) converges
to p as n→∞:

CS ≡
{

lim
n→∞

Mn(y) = p
}
. (5.7)

Here we are again using the standard set notation which suppresses the
qualifier ”y ∈ Y N.”

Since {An(ε)} are events by the above section, it follows that AS(ε) ∈
σ(Y N) by the definition of limit supremum. The set CS is also an event, and
this can best be demonstrated by showing that the complement, C̃S , is an
event. Now y ∈ C̃S if and only if there exists ε0 > 0 so that |Mn(y)− p| ≥ ε0
infinitely often, which is to say:

y ∈ lim supAn(ε0).
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Consequently:
C̃S =

⋃
ε>0

AS(ε),

where this union is taken over all rational ε, or merely a sequence εk → 0.
These restrictions on ε are allowable because {AS(ε)} is a nested collection
of sets with respect to ε :

AS(ε) ⊂ AS(ε′) if ε′ ≤ ε.

To show that both AS(ε) and CS are tail events, and further tail events
that allow the application Kolmogorov’s zero-one law, we need to identify
a sequence of independent sets, {An}, with respect to which we will define
the tail event sigma algebra T ⊂ σ(Y N) using 2.7. To this end, let

Bn = {yn = 1}.

Then Bn is a cylinder set and hence Bn ∈ σ(Y N), and

µN(Bn) = p.

Also, {Bn} is a collection of mutually independent sets since for n 6= m,

µN(Bn ∩Bm) = p2 = µN(Bn)µN(Bm),

and this result extends to any finite collection of distinct sets.
We now show that AS(ε) ∈ T and CS ∈ T for the tail event sigma

algebra defined by T ({Bn}∞n=1) . To set the stage, note that for the definition
of T in 2.7 that the sigma algebra σ(Bn, Bn+1, Bn+2, ...) is not diffi cult to
characterize. This sigma algebra includes all sets Bj for j ≥ n and their
complements, as well as all finite and countable unions and intersections
that can be produced with these sets. In particular this set contains every
A ∈ σ(Y N) which is definable by specifying the values of any finite or infinite
collection of yj-values for j ≥ n. Indeed, if J = (j1, j2, ...) is a finite or infinite
increasing index set with j1 ≥ n, and A is a set defined by specifying values
for the yj-values for j ∈ J, then:

A =
⋂

j∈J
Dj ,

where Dj = Bj if yj = 1 and Dj = B̃j if yj = 0.

The intuition underlying the following proposition is that for the sets
defined in 5.6 and 5.7, the values of yj for j ≤ m are irrelevant for any m.
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Proposition 5.6 With the definitions in 5.6 and 5.7:

1. AS(ε) ∈ T for every ε > 0.

2. CS ∈ T .

Proof. For 1, note that for any fixed m and N(m) to be determined below:

AS(ε) ≡
⋂∞

n=1

⋃∞
k≥n
{|Mk(y)− p| ≥ ε}

⊂
⋂∞

n=m+N(m)

⋃∞
k≥n
{|Mk(y)− p| ≥ ε}.

The last set contains the lim sup set, and to prove equality assume there is
a y so that:

y ∈
⋂∞

n=m+N(m)

⋃∞
k≥n
{|Mk(y)− p| ≥ ε},

y /∈
⋂∞

n=1

⋃∞
k≥n
{|Mk(y)− p| ≥ ε}.

This would imply that for some n with 1 ≤ n ≤ m + N(m), that y /∈⋃∞
k≥n{|Mk(y)− p| ≥ ε} and so for all k ≥ n,

|Mk(y)− p| < ε,

contradicting that y is in the first set.
Thus if y ∈ AS(ε) then for every n > m there is at least one k ≥ n with

|Mk(y)− p| ≥ ε.

Expressing Mk(y) as:

Mk(y) = mMm(y)/k +
∑k

j=m+1
yj/k,

then mMm(y)/k ≤ m/k implies that for any such k as above:∣∣∣∣∑k

j=m+1
yj/k − p

∣∣∣∣ ≥ ε−m/k.
Choosing N(m) so that m/k = m/(m+N(m)) < ε/2 :

AS(ε) =
⋂∞

n=m+N(m)

⋃∞
k≥n
{|Mk(y)− p| ≥ ε}

⊂
⋂∞

n=m+N(m)

⋃∞
k≥n

{∣∣∣∣∑k

j=m+1
yj/k − p

∣∣∣∣ ≥ ε/2} .
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and this second set is an element of σ(Bm+1, Bm+2, Bm+3, ...). That this is
true for every m obtains that AS(ε) ∈ T , which proves statement 1.

For 2 let εk be a sequence of rational numbers with εk → 0 and let
m be arbitrary. Applying De Morgan’s law to the identity above to obtain
CS =

⋂
εk
ÃS(εk), and then using the first identity for AS(ε) in part 1 with

N(m) = 0 :

CS =
⋂

εk

⋃
n≥m

⋂
j≥n
{|Mj(y)− p| < εk} .

Hence, CS is definable by countably many unions and intersections of sets
from σ(Bm+1, Bm+2, Bm+3, ...), and this is true for every m. So CS ∈ T
which is statement 2.

Corollary 5.7 (Kolmogorov’s Zero-One Law) With the definitions in
5.6 and 5.7:

1. For every ε > 0,

µN [AS(ε)] ≡ µN [lim sup {|Mn(y)− p| ≥ ε}] = 0 or 1. (5.8)

2.
µN [CS ] ≡ µN

[{
lim
n→∞

∑n

j=1
yj/n = p

}]
= 0 or 1. (5.9)

Proof. This immediately follows from Kolmogorov’s Zero-One Law by the
above result that AS(ε) ∈ T and CS ∈ T .

Given the underlying definitions, the values of µN [AS(ε)] and µN [CS ]
are complementary, thus reducing the possibilities from corollary 5.7.

Proposition 5.8 With the notation above,

µN [CS ] = 1 if and only if µN [AS(ε)] = 0 for all ε > 0. (5.10)

Thus if µN [CS ] = 0, then there exists ε0 > 0 so that µN [AS(ε)] = 1 for all
ε ≤ ε0.
Proof. From the above proof with rational εk → 0,

C̃S =
⋃

εk
lim supAn(εk).

If µN [CS ] = 1 then µN [lim supAn(εk)] = 0 for all such εk and hence for all
ε > 0 since {lim supAn(ε)} is nested with respect to ε as noted above.
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Conversely, by continuity from below of µN :

µN

[
C̃S

]
= limk µN [lim supnAn(εk)]

= limk µN [AS(εk)] ,

and so µN [AS(εk)] = 0 for all k implies that µN [CS ] = 1.
Finally, if µN [CS ] = 0 then by logic µN [AS(ε0)] = 1 for at least one

ε0 > 0, but then by nesting the result follows.

The strong law of large numbers stated next, and known as Borel’s
theorem when restricted to the binomial measure case, is typically stated
as µN [CS ] = 1 but by the above proposition can equally well be stated in
terms of µN [AS(ε)] = 0 for all ε > 0.

Proposition 5.9 (Borel’s theorem) For the binomial product space (Y N, σ(Y N), µN),

µN

[{
lim
n→∞

∑n

j=1
yj/n = p

}]
= 1. (5.11)

Equivalently, for all ε > 0,

µN [lim sup {|Mn(y)− p| ≥ ε}] = 0. (5.12)

Proof. We prove 5.12 and then 5.11 follows from the prior proposition.
Bernstein’s inequality, derived in the proof of Bernoulli’s theorem, provides:

µN [{|Mn(y)− p| ≥ ε}] ≤ 2e−nε
2/4.

This implies that for all ε > 0,∑∞

n=1
µN [{|Mn(y)− p| ≥ ε}] <∞,

and hence by the Borel-Cantelli theorem obtains:

µN [lim sup {|Mn(y)− p| ≥ ε}] = 0 for all ε > 0.

Notation 5.10 The result of the strong law in 5.11 is often expressed in
one of several ways. With Mn(y) defined in 5.1:

1. Mn(y) converges almost everywhere to p, denoted Mn(y) →a.e. p
,
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2. Mn(y) converges almost surely to p, denoted Mn(y)→a.s. p ,

3. Mn(y) converges to p with probability one, denoted Mn(y)→1 p

In general, we will use the terminology of "almost surely" or "with prob-
ability 1," as these are the probability space versions of the measure space
convergence terminology of "almost everywhere."

See section 5.2 below for more on this notion.

5.1.3 Strong Laws Versus Weak Laws

For the binomial probability measure space both the weak law and strong
law were satisfied, so it only natural to wonder if these laws are in fact
equivalent. It turns out that the strong law is indeed stronger than the
weak law in the sense that the strong law always implies the weak law, but
the converse is not generally true. At its most abstract interpretation, the
weak law and strong law begin with a sequence of measurable sets
{An(ε)}, parametrized by ε > 0, and state the following:

1. Weak Law
µN [An(ε)]→ 0 as n→∞.

2. Strong Law
µN [lim sup [An(ε)]] = 0 .

From 2.5 any such strong law implies that

lim supµN [An(ε)] = lim inf µN [An(ε)] = 0 ,

and hence
limµN [An(ε)] = 0,

which is the corresponding weak law.

On the other hand, the Borel-Cantelli theorem states that µN [lim sup [An(ε)]] =
0 if the series

∑
µN [An(ε)] converges, while for independent An(ε)-sets,

µN [lim sup [An(ε)]] = 0 or 1 and this value is determined by the conver-
gence or divergence, respectively, of this series. Hence in general a weak
law cannot imply a strong law since the assumption that µN [An(ε)] → 0
as n → ∞ can, depending on the rate of convergence to 0, be consistent
with either µN [lim supn [An(ε)]] = 0 or µN [lim supn [An(ε)]] = 1. In the par-
ticular case of the weak and strong laws applied to the binomial measure,
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which were the Bernoulli and Borel theorems respectively, the sets {An(ε)}
were not independent. But the Bernstein inequality proved the weak law
and most importantly that µN [An(ε)] → 0 fast enough to assure the con-
vergence of

∑
µN [An(ε)] . The strong law was then assured in the binomial

measure case by the Borel-Cantelli theorem.
In summary, we can anticipate that in any application for which a

weak law holds, of critical importance will be the rate of convergence of
µN [An(ε)]→ 0.When this convergence is fast enough to assure convergence
of
∑
µN [An(ε)] , a corresponding strong law will then also hold by the Borel-

Cantelli theorem. In the absence of convergence, a definitive result is implied
by the Borel-Cantelli theorem only in the case of independent An(ε)-sets,
and in this case the strong law will fail, and indeed fail decisively.

5.2 Convergence of Random Variables 1

Given a probability space (S, E , µ) and a sequence of random variables
{Xn}∞n=1 defined on S, we are interested in the study of questions of
convergence, Xn → X, to some random variable X defined on S. There are
many definitions of convergence and in this section we focus on the two
introduced in the prior section, plus a new definition. As it will generally
not be the case that convergence occurs everywhere or nowhere on S, it
will be important to ensure that the set of points on which convergence
occurs is in fact measurable so that statements can be made about the
probability of such convergence. Generalizing the investigation in the prior
section, we investigate the notions that:

• Xn →P X, which is convergence in probability,

• Xn →a.s. X, which is almost sure convergence, or, convergence
with probability 1,

• Xn →d X, which is convergence in law or distribution.

5.2.1 Notions of Convergence

Generalizing 5.2, define

An(ε) ≡ {|Xn −X| ≥ ε},

where this set notation is shorthand for {s ∈ S| |Xn(s)−X(s)| ≥ ε}. Note
that for any ε > 0 and n that An(ε) ∈ E because letting Y be defined as
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the random variable Y = Xn −X, An(ε) is the pre-image of a Borel set:

An(ε) = Y −1{(−∞, ε] ∪ [ε,∞)}.

Consequently, µ(An(ε)) is well-defined for all ε > 0 and n.

Definition 5.11 (Convergence in Probability) Given a probability space
(S, E , µ) and random variables X and {Xn}∞n=1, we say that Xn converges
to X in probability, denoted Xn →P X, if limn→∞ µ(An(ε)) = 0 for every
ε > 0. In other words,

lim
n→∞

µ({|Xn −X| ≥ ε}) = 0. (5.13)

If X and {Xn}∞n=1 are random vectors defined on S → Rm, then |Xn −X|
in 5.13 is interpreted in terms of the standard norm on Rm.

Remark 5.12 In the more general measure space context, random variables
are replaced by measurable functions and one uses the terminology that fn
converges to f in measure if:

lim
n→∞

µ({|fn − f | ≥ ε}) = 0.

Exercise 5.13 Note that while the above definition states that 5.13 is sat-
isfied for all ε > 0, it is enough to know that this statement is true for all
ε ∈ (0, δ) for arbitrary δ > 0, or for a sequence εj → 0. Prove this.

Example 5.14 In the prior section the probability space (S, E , µ) was an
infinite product probability space (Y N, σ(Y N), µN) associated with the bino-
mial space (Y, σ(Y ), µB) where Y = {1, 0} and µB is defined on Y as in
1.7:

µB(1) = p, µB(0) = 1− p.
Hence if y ∈ Y N then yj denotes the jth component and yj equals 0 or 1.
The sequence of random variables on Y N was defined in 5.1, and denoted
Mn(y), but here denoted by:

Xn(y) ≡
∑n

j=1
yj/n,

and where X was defined by the constant random variable, X(y) = p.
In proposition 5.3, Bernoulli’s theorem, it was then shown by 5.2 that∑n
j=1 yj/n converges to p in probability, so Xn →P X. As was noted

there, this result is a special case of a weak law of large numbers, the
more general such weak laws identifying more general circumstances which
ensure that analogously defined Xn converge to X in probability.
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In addition to convergence in probability we are also interested in point-
wise convergence, defined by the following set which generalizes 5.7:

CS ≡ { lim
n→∞

Xn = X}.

Before we can speak of the probability of this pointwise convergence it must
be verified that CS ∈ E . To this end, letting εk be a sequence of rational
numbers with εk → 0, and letting m be arbitrary, then

CS =
⋂

εk

⋃
N≥m

⋂
n≥N
{|Xn −X| < εk}

=
⋂

εk

⋃
N≥m

⋂
n≥N

Ãn(ε).

Hence CS ∈ E since An(ε) ∈ E and we can investigate the probability of this
event.

Definition 5.15 (Convergence with Probability 1) Given a probabil-
ity space (S, E , µ) and random variables X and {Xn}∞n=1, we say that Xn

converges to X with probability 1, or, Xn converges to X almost
surely, denoted Xn →1 X, or, Xn →a.s. X, if µ(CS) = 1. In other words,

µ({ lim
n→∞

Xn = X}) = 1. (5.14)

If X and {Xn}∞n=1 are random vectors defined on S → Rm, then {limn→∞Xn =
X} in 5.14 is interpreted in terms of the standard norm on Rm.

Remark 5.16 In the more general measure space context, one uses the ter-
minology that fn converges to f almost everywhere, or, fn converges
to f except on a set of measure 0 if:

µ({ lim
n→∞

fn = f}) = 1.

Example 5.17 In the prior section it was shown in proposition 5.9, Borel’s
theorem, that Xn(y) ≡

∑n

j=1
yj/n converges to X(y) = p with proba-

bility 1, so Xn →a.s. p. As was noted there, this result is a special case of a
strong law of large numbers, the more general such strong laws identi-
fying more general circumstances which ensure that analogously defined Xn

converge to X with probability 1.

Proposition 5.18 Xn converges to X with probability 1 if and only if
for every ε > 0 :

µ (lim supAn(ε)) = 0.
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Proof. This proof is identical with the proof of proposition 5.8 in the prior
section where lim supAn(ε) was denoted AS(ε), and the above identity be-
tween CS and Ãn(ε) can be expressed C̃S =

⋃
εk

lim supAn(εk).

The final notion of convergence requires no investigation into the mea-
surability of a defining set, and thus in one sense is the simplest notion.

Definition 5.19 (Convergence in Distribution) Given a probability space
(S, E , µ) and random variables X and {Xn}∞n=1 with associated distribution
functions F and {Fn}∞n=1, we say that Xn converge in distribution to
X, or converges in law, denoted Xn →d X, if Fn(x) → F (x) for every
continuity point of F.

This definition applies directly if X and {Xn}∞n=1 are random vectors de-
fined on S → Rm with associated joint distribution functions F and {Fn}∞n=1.

This definition also applies in the general case where X and {Xn}∞n=1

are defined on different probability spaces, (S, E , µ) and {(Sn, En, µn)}∞n=1.

Example 5.20 Note that convergence in distribution is a very "weak" form
of convergence, and not only because it is related to the concept of weak
convergence of distribution functions (see chapter 8 below). The notions
that Xn →a.s. X or Xn →P X yield statements about X(s) based on the
values of Xn(s). In the first case Xn(s)→ X(s) pointwise except on a set of
measure zero, while in the second, µ{|Xn −X| < ε} → 1 for all ε > 0. The
present notion, that Xn →d X, only provides information on the behavior of
the distribution functions, and no other "predictive" information about X
based on the values of Xn.

For example, let {Xn} be a sample of random variables defined on some
(S, E , µ) with a given distribution function. In other words, these variates
are independent and have the same distribution function as developed in the
chapter 4. Then by construction, Xn →d Xj for any fixed j. Thus, every
sample of random variables converges in distribution to an arbitrary variate
Xj in the sequence, while independence assures that there can be no other
"predictive" information about Xj based on the values of Xn.

5.2.2 Convergence Relationships

The first result connects these convergence notions in terms of "strength."

Proposition 5.21 With the definitions above:

1. If Xn converges to X with probability 1 then Xn converges to X in
probability. In other words, Xn →a.s. X implies Xn →P X .
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2. If Xn converges to X in probability, then Xn converges to X in distri-
bution. In other words, Xn →P X implies Xn →d X.

Proof. For 1, 2.5 obtains that for any ε > 0 :

µ (lim supAn(ε)) ≥ lim supµ(An(ε)),

and so proposition 5.18 assures that limn µ(An(ε)) = 0 which is convergence
in probability by 5.13.

For 2, by 5.13 the convergence Xn →P X means that for every ε > 0,

lim
n→∞

µ({|Xn −X| ≥ ε}) = 0.

As events in S, for any x and ε > 0 :

{Xn ≤ x} ⊂ {X ≤ x+ ε} ∪ {|Xn −X| ≥ ε},

and
{X ≤ x− ε} ⊂ {Xn ≤ x} ∪ {|Xn −X| ≥ ε}.

These inclusions are easiest to justify by considering complements, that A ⊂
B if and only if B̃ ⊂ Ã, and applying de Morgan’s laws.

By monotonicity of µ this implies that:

F (x− ε)− µ({|Xn −X| ≥ ε}) ≤ Fn(x) ≤ F (x+ ε) + µ({|Xn −X| ≥ ε}).

Letting n→∞ obtains that for any ε > 0 :

F (x− ε) ≤ lim inf Fn(x) ≤ lim supFn(x) ≤ F (x+ ε).

If x is a continuity point of F (x) then both F (x− ε) and F (x+ ε) converge
to F (x) as ε→ 0, and thus limFn(x) = F (x) and Xn →d X.

Example 5.22 (Bernoulli’s theorem) Recalling example 5.14 above, for
any ε > 0,

µN [{|Xn − p| ≥ ε}]→ 0 as n→∞,

where Xn(y) ≡
∑n

j=1 yj/n, and thus Xn →P p. By the above proposition, it
is also the case that Xn →d p, where X ≡ p is defined as the constant random
variable. The distribution function is then given by F (x) = χ[p,∞)(x), the
characteristic function of [p,∞), defined to be 1 on this set, and 0 elsewhere.

Hence if Fn denotes the distribution function of Xn, then for x 6= p,
Fn(x)→ χ[p,∞)(x), and so Fn(x)→ 0 for x < p and Fn(x)→ 1 for x > p.
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Regarding 1 of proposition 5.51, recall that the average of n binomial
random variables converges to p both with probability 1, by Borel’s theorem,
and in probability, by Bernoulli’s theorem. In general, however, convergence
with probability 1 is stronger than convergence in probability.

Example 5.23 On the probability space [0, 1] with Lebesgue measure define
Xn = χIn(x), the characteristic function of the interval In. That is, χIn(x) =
1 if x ∈ In and χIn(x) = 0 otherwise, with In defined as follows. Let
sm = 2m+1 − 1, so s0 = 1 and sm+1 − sm = 2m+1. Define I1 = (0, 1], and
for n with sm < n ≤ sm+1, define 2m+1 intervals by

Ism+j =

(
j − 1

2m+1
,

j

2m+1

]
, j = 1, 2, ..., 2m+1.

Then Xn →P 0 because for any ε with 0 < ε < 1, Asm+j(ε) ≡ {|Xsm+j(x)| ≥
ε} = Ism+j and m (Asm+j(ε)) = 1/2m+1 → 0. On the other hand, Xn 9a.e. 0
since CS ≡ {limn→∞Xn(x) = 0} = {0}. To see this note that given x 6= 0,
for any m there is a j so that x ∈ Ism+j and hence Xsm+j(x) = 1 infinitely
often.

In summary, not only is m (CS) 6= 1, but here m (CS) = 0. Thus we have
convergence in probability and convergence with probability 0.

Regarding 2 of proposition 5.21, Xn →d X need not imply Xn →P X
simply by definition. That is, the notion that Xn →d X does not even
require that these random variables be defined on the same probability space,
whereas Xn →P X does require this assumption to make µ({|Xn −X| ≥ ε})
well defined. But even without this definitional problem, Xn →P X is a
stronger form of convergence than Xn →d X .

Example 5.24 Let {Xn} be a sequence of binomial random variables de-
fined on some (S, E , µ), with µ(X−1

n (0)) = 1 − p, µ(X−1
n (1)) = p. Let X

be another binomial with the same parameter p, independent of {Xn}. Then
Xn →d X because Fn(x) = F (x) for all x. But Xn 9P X because for any n
and 0 < ε < 1 :

µ({|Xn −X| ≥ ε}) = 2p(1− p),

by independence.

While example 5.23 makes it clear that Xn →P X does not in general
imply that Xn →a.e. X, a closer look at this example reveals that there
are many subsequences of random variables, {Xnm} so that Xnm →a.e. X.
For the example there, define Xnm with nm = sm ≡ 2m+1 − 1 for m ≥
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1. Then Xnm = χInm (x) equals 1 on (0, 1/2m+1] and is 0 elsewhere, and
thus Xnm →a.e. 0. In fact convergence is everywhere. The following result
generalizes this example with the aid of the Borel-Cantelli lemma.

Proposition 5.25 If Xn converges to X in probability, then there exists a
subsequence {Xnm} that converges to X with probability 1. In other words,
Xn →P X implies Xnm →a.e X for some subsequence {Xnm}.
Proof. By definition of Xn →P X, µ{|Xn −X| ≥ ε} → 0 as n → ∞
for any ε > 0, where µ is the measure on the probability space on which
these random variables are defined. Applying this to ε = 2−m, choose nm so
that µ{|Xn −X| ≥ 2−m} ≤ 2−m for n ≥ nm. Define Am = {|Xnm −X| ≥
2−m} and note that

∑∞
m=1 µ(Am) <∞, and so by the Borel-Cantelli lemma,

µ(lim supAm) = 0, or equivalently with Bc ≡ B̃ the complement of B :

µ [(lim supAm)c] = 1.

Applying de Morgan’s laws to 2.1:

(lim supAm)c =
⋃∞

m=1

⋂∞
k≥m

Ãk

=
⋃∞

m=1

⋂∞
k≥m
{|Xnk −X| < 2−k}.

Thus if s ∈ (lim supAm)c it follows that s ∈
⋂∞

k≥m
{|Xnk −X| < 2−k} for

some m, and Xnk(s) → X(s). In other words, (lim supAm)c is the conver-
gence set of Xnm to X and this set has probability 1, so Xnm →a.e X.

Remark 5.26 Example 5.24 demonstrates that not only does Xn →d X
not imply that Xn →P X, but there is no subsequence of Xn for which such
convergence in probability holds. Thus there is no counterpart to proposition
5.25 in this case.

The next result shows that for the constant random variable, X, that
convergence in distribution to X and convergence in probability to X are
equivalent. In other words, if X ≡ a is a constant random variable, meaning
F (x) = χ[a,∞)(x), then Xn →P X if and only if Xn →d X. This seems
surprising initially since the notion that Xn →P X requires all random
variables be defined on a common probability space, whereas Xn →d X
does not require this. But note that when X = a that Xn →P a makes
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sense even when the random variables {Xn} are not defined on a common
probability space. Indeed,

{|Xn − a| ≥ ε} = {Xn ≥ a+ ε}
⋃
{Xn ≤ a− ε},

and so the limit lim
n→∞

µn({|Xn − a| ≥ ε}) is well defined even with different
probability spaces.

Proposition 5.27 If X ≡ a, the constant random variable, then:

1. Xn →P a if and only if Xn →d a.

2. If Xn →P a and g is a function on R that is continuous at a, then
g (Xn)→P g (a) .

Proof. For 1, there is only left to prove that Xn ⇒ a implies Xn →P a by
proposition 5.21. As noted above, the event {|Xn − a| ≥ ε} is the union of
{Xn ≥ a+ε} and {Xn ≤ a−ε}. Hence, since {Xn ≥ a+ε} ⊂ {Xn > a+2ε} :

µn(|Xn − a| ≥ ε}) ≤ Fn(a− ε) + 1− Fn(a+ 2ε).

But Xn →d a implies that for all x 6= a, which is the only discontinuity point
of F (x) = χ[a,∞)(x), that Fn(x) → 0 for x < a and Fn(x) → 1 for x > a.
Thus µn(|Xn(s)− a| ≥ ε})→ 0 as n→∞, so Xn →P a.

For part 2, it follows from continuity of g at a that given ε > 0 there
is a δ so that |g (Xn)− g (a)| < ε if |Xn − a| < δ. As a statement on the
probability space (S, E , µ) this implies that as events, {|Xn − a| < δ} ⊂
{|g (Xn)− g (a)| < ε} and hence:

µ{|Xn − a| < δ} ≤ µ{|g (Xn)− g (a)| < ε}.

By assumption µ{|Xn − a| < δ} → 1 as n→∞ and so µ{|g (Xn)− g (a)| <
ε} → 1. In other words, g (Xn)→P g (a) .

Remark 5.28 The statement in part 2 is a very narrow version of the con-
tinuous mapping theorem, and also known as the mapping theorem,
which will be more fully developed in section 8.4 below using the machin-
ery provided by Skorokhod’s representation theorem. By virtue of part 1,
the statement in this special case can be equivalently framed in terms of
convergence in distribution, that with g continuous at a, if Xn →d a then
g (Xn)→d g (a) .
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5.2.3 Slutsky’s Theorem

Slutsky’s theorem, named for Evgeny "Eugen" Slutsky (1880 —
1948), addresses the following question. If Xn →d X, and Yn → Y where
"→" denotes convergence in some manner, does Xn + Yn →d X + Y, or
XnYn →d XY, etc.? The following version of Slutsky’s theorem provides
affi rmative results when Yn →P a, or equivalently by proposition 5.27,
Yn →d a.

Proposition 5.29 (Slutsky’s theorem) Given sequences of random vari-
ables {Xn} and {Yn} defined on (S, E , µ) so that Xn →d X and Yn →P a,
then:

1. Xn + Yn →d X + a,

2. XnYn →d aX,

3. Xn/Yn →d X/a if a 6= 0.

Proof. For 1, note that for any ε > 0:

FXn+Yn(x) ≤ µ ({Xn + Yn ≤ x} ∩ {|Yn − a| ≤ ε}) + µ{|Yn − a| > ε}
≤ µ{Xn ≤ x− a+ ε}+ µ{|Yn − a| > ε}.

These inequalities and those below are justified by set inclusions and monotonic-
ity of measures. Since Yn →P a and Xn →d X :

lim supFXn+Yn(x) ≤ lim supFXn(x− a+ ε) ≤ FX(x− a+ ε),

where the last step uses an inequality because x−a+ε need not be a continuity
point of FX . Similarly,

1− FXn+Yn(x) ≤ µ ({Xn + Yn > x} ∩ {|Yn − a| ≤ ε}) + µ ({|Yn − a| > ε})
≤ µ{Xn > x− a− ε}+ µ{|Yn − a| > ε},

and so:

lim sup (1− FXn+Yn(x)) ≤ lim supµ{Xn > x− a− ε}
≤ lim supµ{Xn > x− a− 2ε}
≤ 1− FX(x− a− 2ε).



116CHAPTER 5 LIMIT THEOREMS FOR RANDOMVARIABLE SEQUENCES

For the last step, because x − a − ε need not be a continuity point of FX it
was necessary to increase the event to {Xn > x − a − 2ε} to preserve the
inequality. Thus, since lim sup[−fn] = − lim inf[fn], this obtains:

lim inf FXn+Yn(x) ≥ FX(x− a− 2ε).

Combining yields:

FX(x− a− 2ε) ≤ lim inf FXn+Yn(x)

≤ lim supFXn+Yn(x) ≤ FX(x− a+ ε).

Since FX(x− a− 2ε) = FX+a(x− 2ε) and similarly for FX(x− a+ ε), this
yields:

FX+a(x− 2ε) ≤ lim inf FXn+Yn(x)

≤ lim supFXn+Yn(x) ≤ FX+a(x+ ε).

As ε is arbitrary, if x is a continuity point of FX+a, then limFXn+Yn(x) =
FX+a(x).

For 2, write XnYn = aXn + (Yn − a)Xn and note that aXn →d aX,
which is left as an exercise. This result will then follow from part 1 once it
is proved that (Yn − a)Xn →P 0. To this end, with ε > 0 and δ > 0 :

µ{(Yn − a)Xn > ε/2} ≤ µ ({|(Yn − a)Xn| > ε/2} ∩ {|Yn − a| ≤ δ})
+µ ({|(Yn − a)Xn| > ε/2} ∩ {|Yn − a| > δ})

≤ µ ({|(Yn − a)Xn| > ε/2} ∩ {|Yn − a| ≤ δ}) + µ{|Yn − a| > δ}
≤ µ ({|Xn| > ε/2δ}) + µ{|Yn − a| > δ}.

Because Yn →P a, the second term above converges to zero as n → ∞ for
any fixed δ. If δ is chosen so that ε/2δ is a continuity point of FX , then:

lim supµ{(Yn − a)Xn > ε/2} ≤ 1− FX(ε/2δ).

Because such continuity points ε/2δ are dense, this upper bound can be made
arbitrarily small by choosing ε/2δ large, and thus

limµ{(Yn − a)Xn ≥ ε} = 0,

and (Yn − a)Xn →P 0 as claimed.
The result in 3 follows from 2 if it can be shown that 1/Yn →P 1/a when

a 6= 0. As above:

{|1/Yn − 1/a| ≥ ε} = {1/Yn ≥ 1/a+ ε}
⋃
{1/Yn ≤ 1/a− ε}.
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Using a Taylor series analysis:

{1/Yn ≥ 1/a+ ε} = {Yn ≤ a/(1 + aε)} ⊂ {Yn ≤ a−
(
a2ε− a3ε2

)
},

and analogously:

{1/Yn ≤ 1/a− ε} ⊂ {Yn ≥ a+
(
a2ε− a3ε2

)
},

and so:
{|1/Yn − 1/a| ≥ ε} ⊂ {|Yn − a| ≥ a2ε− a3ε2}.

If a < 0 then a2ε− a3ε2 > 0 for all ε > 0 and thus µ{|1/Yn − 1/a| ≥ ε} → 0
because Yn →P a. For a > 0, a2ε − a3ε2 > 0 for all ε < 1/a, and again
µ{|1/Yn − 1/a| ≥ ε} → 0 for all such ε. By exercise 5.13, this is enough to
prove that Yn →P a.

Exercise 5.30 Prove that given sequences of random variables {Xn}, {Yn}
and {Zn} defined on (S, E , µ) so that Xn →d X, Yn →P a and Zn →P b,
then XnYn + Zn →d aX + b.

Example 5.31 Note that if Xn →d X and Yn →d Y then it need not be
the case that Xn + Yn →d X + Y when Y is not constant. For example, let
X and Y be independent, non-degenerate random variables with the same
distribution. Define Xn = X and Yn = −X. Then Xn →d X and Yn →d −Y,
simply because all variates have the same distribution functions. But then
Xn + Yn ≡ 0, meaning FXn+Yn(x) = χ[0,∞), while X − Y cannot have this
distribution function unless X and Y are degenerate.

Similarly, it need not be the case that XnYn →d XY when Y is not con-
stant. The same example works if X and Y are independent, non-degenerate
random variables with the same distribution, and also X(S) ⊂ (0,∞) say.
Then with Xn = X and Yn = 1/X it again follows that Xn →d X, Yn →d

1/Y, and XnYn ≡ 1. Thus FXn+Yn(x) = χ[1,∞), while X/Y cannot have this
distribution function unless X and Y are degenerate.

Remark 5.32 The above statement of Slutsky’s theorem is the most com-
mon version, though it can be significantly generalized to statements about
random vectors, and more generally stated in a form reminiscent of the con-
tinuous mapping theorem. For example, if Xn →d X, Yn →P a, and g(x, y)
is a continuous function, then g(Xn, Yn)→d g(X, a). These versions will be
addressed in book 6 using the Portmanteau theorem which will provide an
alternative characterization of convergence in distribution using the integra-
tion theory of book 5.
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5.2.4 Kolmogorov’s Zero-One Law

Kolmogorov’s zero-one law is named for Andrey Kolmogorov (1903
—1987) as noted in chapter 2. There it was seen that because lim sup{An}
is a special case of a so-called tail event, for a sequence of independent
events the Borel-Cantelli theorem is a special case of this more general
result. Kolmogorov’s zero-one law states that the probability of every tail
event defined in terms of independent events is either 0 or 1.The
generalization pursued here is to associate the convergence of a sequence of
random variables with a tail event, and then conclude that such
convergence occurs with probability 0 or 1.

In order to demonstrate this result, the first step is to restate corollary
1.27 in the version noted in remark 1.28, to produce a result on independent
random variables.

Proposition 5.33 Given a probability space (S,E,µ), let {Xjk} be indepen-
dent random variables on S with 1 ≤ j ≤ N and 1 ≤ k ≤Mj, where N and
Mj are finite or infinite. Then {σ(Xj1, Xj2, Xj3, ..., XjMj )}Nj=1 are mutually
independent classes.
Proof. Define Aj to be the class of finite intersections of sets of the form
X−1
jk (B) with B ∈ B(R) and 1 ≤ k ≤Mj. That is:

Aj =
{⋂

K X
−1
jki

(Bi)
}
,

with K = (k1, ..., kn) ⊂ (1, 2, ...,Mj) and {Bi} ⊂ B(R). Then each Aj is
closed under finite intersections, and {Aj} is a collection of independent
classes because the original random variables are independent. For example,
given sets in Aj1 and Aj2 :

µ
(⋂

K1
X−1
j1ki

(Bi) ∩
⋂
K2
X−1
j1ki

(B′i)
)

=
∏
K1
µ
(
X−1
j1ki

(Bi)
)∏

K2
µ
(
X−1
j1ki

(B′i)
)

= µ
(⋂

K1
X−1
j1ki

(Bi)
)
µ
(⋂

K2
X−1
j1ki

(B′i)
)
.

Hence by corollary 1.27 as generalized in remark 1.28, {σ(Aj)}, 1 ≤ j ≤ N
, are mutually independent classes.

Now σ(Xjk) ⊂ σ(Aj) for all k by definition with K = {k}, and so
σ
(
{σ(Xjk)}

Mj

k=1

)
⊂ σ(Aj). But the the reverse inclusion follows from the

definition of Aj and thus

σ(Aj) = σ
(
{σ(Xjk)}

Mj

k=1

)
.
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Finally, recalling 3.20:

σ
(
{σ(Xjk)}

Mj

k=1

)
= σ(Xj1, Xj2, Xj3, ..., XjMj ),

and the result follows.

To state Kolmogorov’s zero-one law, the notion of "tail event" in defini-
tion 2.12 needs to be adapted to the current context of random variables.

Definition 5.34 Let {Xn}∞n=1 be a collection of random variables on (S,E,µ).
The tail sigma algebra associated with {Xn}∞n=1, denoted T ≡ T ({Xn}∞n=1) ,
is defined by:

T =

∞⋂
n=1

σ(Xn, Xn+1, Xn+2, ...), (5.15)

where σ(Xn, Xn+1, Xn+2, ...) is given as in definition 3.43 to be the smallest
sigma algebra with respect to which each Xj is measurable for j ≥ n.

A tail event is any set A ∈ T .

Example 5.35 Perhaps surprisingly, given a collection of random variables
{Xn}∞n=1 defined on (S,E,µ), many but not all sets related to the convergence
of this sequence are tail events.

1. Convergence of a Sum to a Constant:

Given r ∈ R define:

Ar =
{

lim
n→∞

∑n

k=1
Xk(s) = r

}
=
⋂
εk

⋃
N≥1

⋂
n≥N

{∣∣∣∑n

k=1
Xk(s)− r

∣∣∣ < εk

}
,

where εk is a sequence of rational numbers with εk → 0. Now for every
εk, ⋃

N≥1

⋂
n≥N

{∣∣∣∑n

k=1
Xk(s)− r

∣∣∣ < εk

}
∈ σ(X1, X2, X3, ...)

by definition, while it cannot be the case in general that:⋃
N≥1

⋂
n≥N

{∣∣∣∑n

k=1
Xk(s)− r

∣∣∣ < εk

}
∈ σ(Xj , Xj+1, Xj+2, ...),

for all j > 1. Validity of this last statement would imply that lim
n→∞

∑n
k=1Xk(s) =

r if and only if lim
n→∞

∑n
k=j Xk(s) = r for all j, and this is possible only

when Xk(s) ≡ 0. Thus in general, Ar /∈ T .
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2. Convergence of an Average to a Constant:

Given r ∈ R and εk as above, define for uniformly bounded {Xk}:

Mr =
{

lim
n→∞

[∑n

k=1
Xk(s)/n

]
= r
}

=
⋂
εk

⋃
N≥1

⋂
n≥N

{∣∣∣∑n

k=1
Xk(s)/n− r

∣∣∣ < εk

}
.

We claim that for given s,
∑n

k=1Xk(s)/n → r if and only if for any
fixed m,

∑n
k=mXk(s)/n → r. Certainly the latter implies the former

statement, so assume the former. Then for any ε > 0 there exists N
so that for n ≥ N : ∣∣∣∑n

k=1
Xk(s)/n− r

∣∣∣ < ε.

But |a− b| ≥ |a| − |b| , and so for any m:∣∣∣r −∑n

k=m
Xk(s)/n

∣∣∣− ∣∣∣∑m−1

k=1
Xk(s)/n

∣∣∣ ≤ ∣∣∣r −∑n

k=1
Xk(s)/n

∣∣∣ .
Uniform boundedness assures that the second term can be made arbi-
trarily small for n large, and thus:{∣∣∣∑n

k=m
Xk(s)/n− r

∣∣∣ < 2εk

}
,

so
∑n

k=mXk(s)/n→ r. Hence for any m :

Mr =
⋂
εk

⋃
N≥m

⋂
n≥N

{∣∣∣∑n

k=m
Xk(s)/n− r

∣∣∣ < εk

}
,

and since⋃
N≥m

⋂
n≥N

{∣∣∣∑n

k=m
Xk(s)/n− r

∣∣∣ < εk

}
∈ σ(Xm, Xm+1, Xm+2, ...),

it follows that Mr ∈ T for uniformly bounded Xk.

3. Convergence of a Sum

While convergence of
∑n

k=1Xk(s) to a given constant r is not in gen-
eral a tail event, the set on which this series converges to any value is
a tail event. Specifically, define

A =
{

lim
n→∞

∑n

k=1
Xk(s) exists

}
.
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By the Cauchy criterion, a series limn→∞
∑n

k=1 ak converges if and
only if for any ε > 0 there is an N so that for all n > m > N,∣∣∣∑n

k=m
ak

∣∣∣ < ε.

Hence, with εk as above and any m:

A =
⋂
εk

⋃
N≥m

⋂
n≥N

{∣∣∣∑n

k=m
Xk(s)

∣∣∣ < εk

}
,

and A ∈ T .

We now state and prove Kolmogorov’s zero-one law.

Proposition 5.36 (Kolmogorov’s zero-one law) Given a probability space
(S,E,µ) and independent random variables {Xj}∞j=1, then for any A ∈ T ≡ T ({Xn}∞n=1),

µ(A) = 0 or µ(A) = 1. (5.16)

Proof. The result will follow from proposition 1.18 once it has been proved
that every such A is independent of itself. From proposition 5.33:

σ(X1), σ(X2), ..., σ(Xn−1), σ(Xn, Xn+1, Xn+2, ...)

are independent classes for any n. Since A ∈ σ(Xn, Xn+1, Xn+2, ...), it
follows that A, σ(X1), σ(X2), ..., σ(Xn−1) is an independent collection for
any n. Hence {A, {σ(Xj)}∞j=1} is an independent collection by definition of
independence for infinite collections. Another application of proposition 5.33
yields that σ(A) and σ({σ(Xj)}∞j=1) = σ(X1, X2, ...) are independent classes,
but since A ∈ T ⊂σ(X1, X2, ...) and obviously A ∈ σ(A), we conclude that
A is independent of itself and the result follows.

Remark 5.37 Note that this version of Kolmogorov’s zero-one law is a gen-
eralization of that given in section 2.3. To see this, given a probability space
(S,E,µ) and mutually independent events {Aj}∞j=1, define random variables
{Xj}∞j=1 by:

Xj(s) =

 1, s ∈ Aj ,

0, s /∈ Aj .

The random variable Xj(s) is the indicator function, or characteristic
function of the set Aj , and denoted 1Aj (s), IAj (s) or χAj (s).
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Then for any j, σ(Xj) = {∅, Aj , Ãj ,S} and thus {σ(Xj)} are independent
sigma algebras by propositions 1.18 and 1.19, and this by definition obtains
that {Xj} are independent random variables. Also, the tail sigma algebras
defined by 2.7 and 5.15 are equivalent because of 3.20. In other words,
because σ(Xj) = σ(Aj), 3.20 assures that:

∞⋂
n=1

σ(An, An+1, An+2, ...) =

∞⋂
n=1

σ(Xn, Xn+1, Xn+2, ...),

Hence,
T ({An}∞n=1) = T ({Xn}∞n=1) ,

and the earlier statement of Kolmogorov’s zero-one law can be interpreted
as a special case of this last result, when the random variables are defined
as indicator functions of independent sets.

While Kolmogorov’s conclusion is very powerful in limiting the potential
values of µ(A) for A ∈ T , it provides no insight in a given application as
to which outcome is correct, nor how one can determine which outcome is
correct.

In book 4 we will return to the weak and strong laws of large num-
bers which will identify criteria with which one can predict the value of a
given µ(A). For other tail events it can be diffi cult to impossible to determine
criteria on which to base this final conclusion.

Example 5.38 LetMr be defined as in example 5.35 above, as the event for
which limn→∞ [

∑n
k=1Xk(s)/n] = r. Then Mr is a tail event for uniformly

bounded Xk, so by Kolmogorov’s zero-one law we conclude that for any r,
µ(Mr) = 0 or µ(Mr) = 1. Obviously, there can be at most one r for which
µ(Mr) = 1, so Kolmogorov’s zero-one law assures that either µ(Mr) = 0 for
all r, or there is a unique r value for which µ(Mr) = 1. Clearly if |Xk| ≤ c
then this unique r when it exists also satisfies |r| ≤ c.

In the case of the binomial probability space in section 5.1, the unique
value of r was found to be p where p ≡ µ(X−1(1)). In book 4 we will see that
this example generalizes in the weak and strong laws of large numbers
to identify the unique value of r when it exists. In the special case where the
random variables are independent and have the same distribution function,
F (x), we will see that the unique value of r is given as the expectation of
X when this exists. Expectation of X will be formally defined in book 4 once
integrals are developed in book 3.
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As another example, with A defined above to be the tail event for which
limn→∞

∑n
k=1Xk(s) exists, again we conclude by Kolmogorov’s zero-one law

that µ(A) = 0 or µ(A) = 1.





Chapter 6

Distribution Functions and
Borel Measures

In this section we show that all the distribution functions introduced above
induce Borel measures in the respective range spaces, R or Rn. Specifically,
we address distribution functions that are:

1. Univariate,

2. Joint as defined in 3.11,

3. Marginal as defined in 3.15,

4. Conditional as defined in 3.17.

The tools needed for these results were developed in book 1 and will
simply be quoted here. In each case the question becomes, given a function
F : Rn → R, what properties of F ensure that there exists a Borel measure
µF on Rn that is induced by F in some way, and, how does the measure of
sets in Rn relate to the values of this function? Put another way, how does
such a function "induce" such a measure, and is this measure unique? For
completeness in this book, the result for univariate distribution functions
will be developed in more detail, with the results in other cases following
analogously.

Density functions associated with univariate distributions will be studied
in book 4 using the Lebesgue integration and differentiation theory of book
3, while the case of multivariate density functions is deferred to book 6
utilizing the general integration theory of book 5.
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6.1 Univariate Distribution Functions

The result in the one dimensional case is an immediate consequence of the
development of book 1. We begin by restating proposition 3.60 of book 1
in the current context of the distribution function of a random variable
defined on a probability space.

Proposition 6.1 Given a random variable X on a probability space (S, E , µ),
the distribution function associated with X, F (x), has the following proper-
ties:

1. F (x) is an increasing function on R.

2. For all x,
lim
y→x+

F (y) = F (x). (6.1)

3. For all x,
lim
y→x−

F (y) = F (x)− µ({X(s) = x}). (6.2)

4. The limit exists as y → −∞, and

lim
y→−∞

F (y) = 0. (6.3)

5. The limit exists as y →∞, and

lim
y→∞

F (y) = 1. (6.4)

Proof. Items 1 through 5 are simply restatements of the book 1 result in the
notation of probability theory, substituting F for Df in the book 1 general
case. For 2, 3, and 4 we also eliminate the requirement that Df (z0) <
∞ for some z0 since by definition F (x) ≤ µ(S) = 1 for all x. Finally,
the conclusions in 4 and 5 follow from X being real valued so µ({X(s) =
±∞}) = 0 and µ(S) = 1.

Remark 6.2 Conversely, in proposition 3.6 and its corollary was proved
that given a function F (x) satisfying properties 1, 2, 4, and 5 of the above
proposition, there is a probability space (S, E , µ) and a random variable X
defined on S so that F (x) is the distribution function of X that also satisfies
3.
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The condition in 6.1 states that F (y) is right continuous at every x,
while the condition in 6.2 states that F (y) has left limits at every x. It
follows that F (y) will be left continuous at x if and only if µ({X(s) =
x}) = 0. In general, however, there can be a "jumps" of size µ({X(s) = x})
in the graph of F (x), though there can be at most countably many such
jumps because every such jump contains a rational number, and since F (x) is
increasing, each jump contains a different rational number. In summary, the
graph of the distribution function of every random variable is an increasing
right continuous function, with left limits, and at most countably many
discontinuities. Further, a distribution function is continuous if and only if
µ({X(s) = x}) = 0 for all x.

Functions which are "continuous on the right and with left limits," are
sometimes referred to as càdlàg, from the French "continu à droite, limite
à gauche," though this terminology is primarily applied in the context of
stochastic processes, the subject of books 7—9. So all distribution functions
of random variables are càdlàg. As noted in book 1, càdlàg functions are in
general not increasing and this is what makes "with left limits" meaningful
in the general case. For right continuous increasing functions there is always
a left limit at every point.

In book 4 we will develop a more detailed characterization of distribution
functions which provides a basis for understanding the role of the continuous
and discrete probability theories, as well as some insight into cases where
these theories are inadequate.

6.1.1 Borel Measures from Distribution Functions

In this section we summarize the chapter 5 of book 1 development from
the distribution function F defined on R to a unique measure µF defined
on (R,B (R) , µF ). The construction logic is nearly identical in the higher
dimensional spaces in the following sections. The primary difference is the
starting point of how one defines the measure of simple sets which in one
dimension are the right semi-closed intervals, and in higher dimensions are
the right semi-closed rectangles. The key result in one dimension is:

Proposition 6.3 Given a probability space (S,E,µ) and random variable
X : S −→ R, the associated distribution function defined on R by F (x) =
µ[X−1(−∞, x]] induces a unique probability measure µF on the Borel sigma
algebra B (R) which is defined on right semi-closed intervals (a, b] by:

µF [(a, b]] = F (b)− F (a). (6.5a)
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Proof. The development of section 5.2 of book 1 provides this conclusion
because as noted above, distribution functions are increasing and right con-
tinuous and this is all that was required for this conclusion.

For completeness, we briefly review this book 1 construction. Given a
probability space (S, E , µ) and random variable X defined on S with distri-
bution function F (x), the first step toward defining a measure is to define
the generalized "length" of a right semi-closed interval (a, b] by 6.5a:

|(a, b]|F = F (b)− F (a),

and note that by the definition of F (x) that also:

|(a, b]|F = µ[X−1(a, b]].

This definition of interval length is then extended to a well-defined measure,
µA, on the algebraA of all finite disjoint unions of right semi-closed intervals.
This extension is defined on disjoint unions additively, and all that needed
to be checked was that this definition is well-defined.

A set function µ∗A was then defined on arbitrary A ⊂ R by:

µ∗A(A) = inf
{∑

n
µF ((an, bn]) | A ⊂

⋃
n
(an, bn]

}
,

or equivalently,

µ∗A(A) = inf
{∑

n
µ[X−1(an, bn]] | A ⊂

⋃
n
(an, bn]

}
. (6.6)

One representation for µ∗A(A) highlights the distribution function F explic-
itly, since µF (An) ≡ F (bn) − F (an), while the second equivalent represen-
tation highlights the original probability measure µ and random variable
X.

We now restate the results of propositions 5.20 and 5.23 of book 1, and
also note the uniqueness result from that book’s chapter 6. For this state-
ment, a set A ⊂ R is said to be µ∗A-measurable, also called Carathéodory
measurable with respect to µ∗A, if for any set E ⊂ R:

µ∗A(E) = µ∗A(A ∩ E) + µ∗A(Ã ∩ E).

Proposition 6.4 The collection of µ∗A-measurable sets, denoted MµF (R),
has the following properties:
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1. A ⊂MµF (R), where A denotes the algebra of finite unions of right
semi-closed intervals, and for all A ∈ A:

µ∗A(A) = µA(A).

2. MµF (R) is a sigma algebra and contains every set A ⊂ R with µ∗A(A) =
0.

3. MµF (R) contains the Borel sigma algebra, B(R) ⊂MµF
(R).

4. If µF denotes the restriction of µ∗A toMµF (R), then µF is a probability
measure and hence (R,MµF (R),µF ) is a complete probability space.

5. The probability measure µF is the unique extension of µA from A to
the smallest sigma algebra generated by A, which is B(R), and thus
(R,B(R),µF ) is the unique probability space on R induced by F.

Because of the continuity from above of Borel measures, and {b} =⋂
n(b− 1/n, b], it follows that:

µF ({b}) = F (b)− F (b−),

where F (b−) denotes the left limit of F at b. In addition, by finite additivity,

µF ((a, b)) = F (b−)− F (a),

and
µF ([a, b]) = F (b)− F (a−).

Remark 6.5 It is important to note that even the induced complete Borel
probability space (R,MµF (R),µF ) provides a summarized yet typically in-
complete view of the original probability space (S, E , µ) in that it identifies
the probabilities of some, but typically not all events in S. Of course, by
measurability of X it is true that for all A ∈MµF (R),

X−1(A) ∈ E,

and thus we can evaluate the probability of this event because it is revealed
by µF :

µ
(
X−1(A)

)
≡ µF (A) .

The information about (S, E , µ) so revealed by X and F (x) is typically
incomplete because while

σ(X) ≡ {X−1(A)|A ∈ B(R)}
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is a sigma algebra and hence a sigma subalgebra of E, it is typically the case
that

σ(X) $ E.
In other words, the induced sigma algebra σ(X) provides probability infor-
mation for some but not all events B ∈ E.

Example 6.6 Consider the infinite product probability space associated with
general coin flips, (Y N, σ(Y N), µN) where we represent Y = {H,T} by the
numerical space Y = {1, 0}, and µN is the measure induced by the probability
measure µB on Y in 1.7:

µB(1) = p, µB(0) = 1− p.

Each point y ∈ Y N can be envisioned as an infinite sequence of coin flips
where Hs and T s are represented by 1s and 0s, respectively. Defining Xj as
the projection onto the jth coordinate: Xj(y) = yj , then Xj : Y N → {0, 1}
and the induced Borel space (R,MµFj

(R),µFj ) provides a very crude sum-

mary of the events in σ(Y N). This is because σ(Xj) = {∅, Aj , Ãj ,S} where
Aj = {y|yj = 1}, and this random variable only reveals the µN-probabilities
of of these 4 events as {0, p, 1− p, 1}, respectively.

More informatively, we can define a random variable X ′j as the sum of the

first j coordinates of y, so Xj(y) =
∑j

k=1 yk. Then X
′
j : Y N → {0, 1, ..., j},

and σ(X ′j) is generated by the j + 1 sets A′ji, defined for 0 ≤ i ≤ j by

A′ji = {y|
∑j

k=1 yk = i}. The µN-probabilities of these j + 1 events are given
by

µN(A′i) =

(
j

i

)
pi(1− p)j−i.

For any given j, the random variable X ′j induces a more descriptive Borel
probability space (R,MµFj

(R),µFj ) than does Xj , but σ(X ′j) can still be con-
sidered crude because it cannot provide µN-probabilities for an event such as
Bi = {y|

∑i
k=1 yk = i} for i 6= j. This is because Bi is not an event in σ(X ′j)

since every such event is defined by conditions on
∑j

k=1 yk.
Even more informatively, let {rn} = {2, 3, 5, 7, ...} be an enumeration of

the prime numbers and define X ′′j : Y N → N by X ′′j (y) =
∏j
k=1 (rk)

yk . Then
by the fundamental theorem of arithmetic, X ′′j (y) is uniquely defined based
on (y1, y2, ..., yj), and hence σ(X ′′j ) is generated by the 2j sets A′′i , defined

for 0 ≤ i ≤ 2j by the 2j possible values of
∏j
k=1 (rk)

yk . Hence, σ(X ′′j ) is
finer yet than σ(X ′j) in that one can now identify the µN-probability of any
event definable in terms of the first j coordinates.
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6.2 Multivariate Distribution Functions

In this section we generalize the above results to multivariate joint,
marginal and conditional distribution functions, in each case showing that
these functions induce unique probability measures on the appropriately
dimensioned Rn and Borel sigma algebra B(Rn). The framework will be
established in the case of joint distribution functions, allowing a more
focused development for marginal and conditional distribution functions.

6.2.1 Joint Distribution Functions

Recall the joint distribution function introduced in section 3.3. Specifically,
if {Xj}nj=1 are random variables on (S,E ,µ), Xj : S −→ R, the random
vector, X = (X1, X2, ..., Xn) is defined as the transformation:

X : S −→ Rn,

with value on s ∈ S given by

X(s) = (X1(s), X2(s), ..., Xn(s)).

The joint distribution function (d.f.), or joint cumulative
distribution function (c.d.f.) associated with X, denoted F or FX ,is
defined on (x1, x2, ..., xn) ∈ Rn by 3.11:

F (x1, x2, ..., xn) = µ
[⋂n

j=1
X−1
j (−∞, xj ]

]
.

We will verify that joint distribution functions induce a unique probability
measure µF on the Borel sigma algebra B(Rn) by demonstrating that such
distribution functions satisfy the conditions of proposition 8.14 in book 1.
Thus the multivariate conclusion is identical to the result above for
univariate distribution functions. We will see in book 5, in the section
Measures Induced by Transformations, that these induced Borel measures
are special cases of a more general result.
In order to state this result we require two definitions from book 1:

Definition 6.7 A function F : Rn → R is said to be continuous from
above at x if given x(m) ∈ Rn with x(m)

i > xi for all i and x(m) → x
monotonically as m→∞, that

F (x) = lim
m→∞

F (x(m)). (6.8)
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Further, F is said to be n-increasing if for any right semi-closed rectangle
rectangle

∏n
i=1(ai, bi]: ∑

x
sgn(x)F (x) ≥ 0, (6.9)

where each x = (x1, ..., xn) is one of the 2n vertices of this rectangle, so
xi = ai or xi = bi, and sgn(x) is defined as −1 if the number of
ai-components of x is odd, and +1 otherwise.

While the definition of continuous from above is quite intuitive, the for-
mula in 6.9 may appear mysterious in the absence of the book 1 develop-
ment. As it turns out, given a finite Borel measure µ on Rn and associated
distribution function F defined by:

F (x1, x2, ..., xn) = µ
[∏n

j=1
(−∞, xj ]

]
,

the measure of the right semi-closed rectangle
∏n
i=1(ai, bi] is given by:

µ
(∏n

i=1
(ai, bi]

)
=
∑

x
sgn(x)F (x), (6.10)

where the summation is over the rectangle’s vertices as noted above. Thus
if F is a given function, it must satisfy 6.9 for there to be any hope that it
arises as the distribution function of a Borel measure since all such measures
will assign rectangles a nonnegative value.

The proof below requires the inclusion-exclusion formula proved in
proposition 8.8 of book 1, so it is simply stated here. Not surprisingly, for
disjoint unions this result reduces to finite additivity.

Proposition 6.8 (Inclusion-Exclusion formula) Given measurable sets
{Aj}nj=1 :

µ
[⋃n

j=1
Aj

]
=
∑n

j=1
µ [Aj ]−

∑
i<j

µ [Ai ∩Aj ]

+
∑

i<j<k
µ [Ai ∩Aj ∩Ak]± (6.11)

· · ·+ (−1)n+1µ
[⋂n

j=1
Aj

]
.

Proposition 6.9 Let Xj : S −→ R be random variables on (S,E,µ), j =
1, 2, ..., n, and F : Rn → R the joint distribution function defined in 3.11
and above. Then F is continuous from above as in 6.8, and satisfies the
n-increasing condition in 6.9. Thus by proposition 8.14 of book 1, F induces
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a unique probability measure µF on the Borel sigma algebra, B(Rn), which
satisfies 6.10 for all right semi-closed rectangles in Rn.
Proof. To prove continuity from above define A(m) ∈ E , A ∈ E by:

A(m) =
⋂n

j=1
X−1
j

(
−∞, x(m)

j

]
, A =

⋂n

j=1
X−1
j (−∞, xj ].

Since x(m)
j > xj and x

(m)
j → xj monotonically for each j it follows that

x
(m)
j ≥ x

(m+1)
j > xj for all m and j. Thus {A(m)}∞m=1 is a nested sequence,

A(m+1) ⊂ A(m), and A ⊂
⋂
mA

(m) since x(m)
j → xj for each j. We claim

A =
⋂
mA

(m). Otherwise, if s ∈
⋂
mA

(m) − A we would conclude that

Xj(s) ≤ x(m)
j for all m and j, but that Xk(s) > xk for some k, contradicting

the converge x(m) → x. Since µ
[
A(1)

]
≤ 1 we can apply continuity from

above (proposition 5.26 of book 1 for example) to conclude:

µ [A] = lim
m→∞

µ
[
A(m)

]
.

This is continuity from above for F since F (x1, x2, ..., xn) ≡ µ [A] and
F (x

(m)
1 , x

(m)
2 , ..., x

(m)
n ) ≡ µ

[
A(m)

]
.

For the n-increasing condition let
∏n
i=1(ai, bi] ⊂ Rn be a bounded right

semi-closed rectangle. To simplify notation, for any point x = (x1, ..., xn)
let Ax or A(x1,...,xn) denote the rectangle:

Ax ≡
∏n

j=1
(−∞, xj ],

and note that:

A(b1,...,bn) =
∏n

i=1
(ai, bi]

⋃⋃n

j=1
Ax(j) ,

where for each j in the union, x(j)
i = bi for i 6= j and x(j)

j = aj . This follows
because if x ∈ A(b1,...,bn) and x /∈

∏n
i=1(ai, bi] then xj ≤ aj for at least one j.

As this is a disjoint union, and thus:

X−1
[
A(b1,...,bn)

]
= X−1

[∏n

i=1
(ai, bi]

]⋃
X−1

[⋃n

j=1
Ax(j)

]
is a disjoint union, finite additivity of µ obtains:

µ
[
X−1

(∏n

i=1
(ai, bi]

)]
= µ

[
X−1A(b1,...,bn)

]
− µ

[
X−1

(⋃n

j=1
Ax(j)

)]
((*))

= F (b1, ..., bn)− µ
[⋃n

j=1
X−1 (Ax(j))

]
.
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Applying 6.11 to the measure of the union:

µ
[⋃n

j=1
X−1 (Ax(j))

]
=
∑n

j=1
µ
[
X−1 (Ax(j))

]
−
∑

i<j
µ
[
X−1 (Ax(i)) ∩X−1 (Ax(j))

]
+
∑

i<j<k
µ
[
X−1 (Ax(i)) ∩X−1 (Ax(j)) ∩X−1 (Ax(k))

]
±

· · ·+ (−1)n+1µ
[⋂n

j=1
X−1 (Ax(j))

]
.

Now X−1 (Ax(i)) ∩X−1 (Ax(j)) = X−1 (Ax(i,j)) where x
(i,j)
l = bl for l 6= i, j

and x(i,j)
l = al for l = i, j, so

µ
[
X−1 (Ax(i)) ∩X−1 (Ax(j))

]
= µ

[
X−1 (Ax(i,j))

]
≡ F (x(i,j)),

and similarly for the other terms. Making substitutions into (∗) and chang-
ing signs:

µ
[
X−1

(∏n

i=1
(ai, bi]

)]
=
∑

x
sgn(x)F (x),

where each x = (x1, ..., xn) is one of the 2n vertices of
∏n
i=1(ai, bi], so xi = ai

or xi = bi, and sgn(x) is defined as −1 if the number of components of x
that equal ai is odd, and +1 otherwise. Thus 6.9 is proved because it is
apparent that by definition of measure,

µ
[
X−1

(∏n

i=1
(ai, bi]

)]
≥ 0.

6.2.2 Marginal Distribution Functions

In this section we simply note that each marginal distribution function FI
defined in 3.15 induces a unique probability measure on the Borel sigma
algebra B(Rm) for any index set I = {i1, ..., im} ⊂ {1, 2, ..., n} because of
the result of proposition 3.36.

Proposition 6.10 Let Xj : S −→ R be random variables on (S,E,µ),
j = 1, 2, ..., n, and F : Rn → R the joint distribution function defined in
3.11 and above. For any index set I = {i1, ..., im} ⊂ {1, 2, ..., n}, the mar-
ginal distribution function FI(x1, x2, ..., xm) defined in 3.15 induces a unique
probability measure, µFI , on the Borel sigma algebra B(Rm) which satisfies
6.10 for all right semi-closed rectangles in Rm.
Proof. By proposition 3.36, FI(x1, x2, ..., xm) is the joint distribution func-
tion of XI ≡ (Xi1 , Xi2 , ..., Xim), and thus this is a corollary of proposition
6.9.



6.2 MULTIVARIATE DISTRIBUTION FUNCTIONS 135

6.2.3 Conditional Distribution Functions

The final result is to note that given a joint distribution function
F (x1, x2, ..., xn) of X ≡ (X1, X2, ..., Xn), each conditional distribution
function F (x1, x2, ..., xn|XJ ∈ B) defined in 3.17 induces a unique
probability measure on the Borel sigma algebra B(Rn) for any B ∈ B(Rm),
where XJ = (Xj1 , Xj2 , ..., Xjm) with J ≡ {j1, ..., jm} ⊂ {1, 2, ..., n}.

Proposition 6.11 Let Xj : S −→ R be random variables on (S,E,µ), j =
1, 2, ..., n, and F : Rn → R the joint distribution function defined in 3.11 and
above. For any index set J = {j1, ..., jm} ⊂ {1, 2, ..., n} and B ∈ B(Rm), the
conditional distribution function FJ |B(x1, x2, ..., xn) defined in 3.17 induces
a unique probability measure µFJ|B on the Borel sigma algebra B(Rn) which
satisfies 6.10 for all right semi-closed rectangles in Rn.
Proof. By remark 3.41, FJ |B(x1, x2, ..., xn) is the joint distribution function
of (X1, X2, ..., Xn) defined on the probability space (S,E,µ(·|X−1

J (B))) and
thus this is a corollary of proposition 6.9.





Chapter 7

Copulas and Sklar’s Theorem

In this chapter we introduce an interesting and important theory which
studies the linkages between a joint distribution function, F (x1, x2, ..., xn),
and its one variate marginal distribution functions, {Fj(x)}nj=1.

7.1 Fréchet Classes

Let {Fj(x)}nj=1 be a collection of n univariate distribution functions,
perhaps of random variables {Xj}nj=1 defined on a probability space
(S,E ,µ), though this probability space is not essential for this section other
than as a notational convenience in some proofs.

Definition 7.1 Given {Fj(x)}nj=1, the Fréchet class F(F1, F2, ..., Fn), is
the collection of joint distribution functions, F (x1, x2, ..., xn), so that F{j}(xj) =
Fj(xj) where F{j} is the marginal distribution of F associated with I = {j}.

This class is named for Maurice Fréchet (1878 —1973) who was
interested in what came to be known as Fréchet’s problem, of
characterizing the properties of the joint distribution functions in a given
Fréchet class. These classes can also be defined more generally by a
collection of not necessarily univariate marginal distribution functions, but
then the first question to be resolved is one of consistency of these
assumptions. For the current collection with univariate marginals,
consistency is never a problem in the sense that F(F1, F2, ..., Fn) is never
empty since it always contains the distribution function
F (x1, x2, ..., xn) =

∏n
j=1 Fj(xj) of the random vector (X1, X2, ..., Xn) under

the assumption of independence.

137
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The first thing that can be said about F ∈ F(F1, F2, ..., Fn) is that F
satisfies the Fréchet bounds of the next proposition. These bounds are
also known as the Fréchet-Hoeffding bounds, also named for Wassily
Hoeffding (1914 —1991).

Proposition 7.2 If F ∈ F(F1, F2, ..., Fn), then

max
{

0,
∑n

j=1
Fj(xj)− (n− 1)

}
≤ F (x1, x2, ..., xn) ≤ minj Fj(xj). (7.1)

Proof. By definition in 3.11 and monotonicity of measures,

F (x1, x2, ..., xn) ≡ µ
[⋂n

j=1
X−1
j (−∞, xj ]

]
≤ minj{µ

[
X−1
j (−∞, xj ]

]
} = minj Fj(xj).

For the lower bound, by De Morgan’s laws:

µ
[⋂n

j=1
X−1
j (−∞, xj ]

]
= 1− µ

[⋃n

j=1
X−1
j (xj ,∞)

]
.

Then subadditivity of measures on general unions obtains:

µ
[⋃n

j=1
X−1
j (xj ,∞)

]
≤
∑n

j=1
µ
[
X−1
j (xj ,∞)

]
=
∑n

j=1
[1− Fj(xj)] ,

and the result follows.

Another important result that has implications for the continuity of
F (x1, x2, ..., xn) is the following.

Proposition 7.3 If F ∈ F(F1, F2, ..., Fn), then with x = (x1, x2, ..., xn) and
y = (y1, y2, ..., yn),

|F (x)− F (y)| ≤
∑n

j=1
|Fj(xj)− Fj(yj)| . (7.2)

Proof. Define x(0) = x, and for k = 1, ..., n define x(k) so that x(k)
j = yj for

j ≤ k and x(k)
j = xj for j > k. Note that x(k) and x(k−1) differ only in the

kth component, and that x(n) = y. By the triangle inequality,

|F (x)− F (y)| ≤
∑n

k=1

∣∣∣F (x(k))− F (x(k−1))
∣∣∣ .

The proof is completed by showing that
∣∣F (x(k))− F (x(k−1))

∣∣ ≤ |Fk(xk)− Fk(yk)|
for each k.
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Consider the first term:∣∣∣F (x(1))− F (x(0))
∣∣∣ ≡ |F (y1, x2, ..., xn)− F (x1, x2, ..., xn)| .

If F is the joint distribution function of random variables {Xj}nj=1 defined
on a probability space (S,E,µ), then assuming for notational convenience
that x1 ≤ y1 :

F (y1, x2, ..., xn)− F (x1, x2, ..., xn) = µ
[
X−1

1 [(x1, y1]]
⋂⋂n

j=2
X−1
j [(−∞, xj ]]

]
≤ µ

[
X−1

1 [(x1, y1]]
]

= F1(y1)− F1(x1).

If y1 ≤ x1 we reverse the subtraction, so in both cases the inequality of
absolute values holds.

The same derivation works for the other terms, proving 7.2.

Corollary 7.4 If F ∈ F(F1, F2, ..., Fn) where {Fj(xj)}nj=1 are continuous
functions, then so too is F (x1, x2, ..., xn).

Proof. Immediate from 7.2 since y → x implies yj → xj for all j.

Corollary 7.5 More generally, let {Aj}nj=1 ⊂ R denote the continuity sets
for {Fj(xj)}nj=1, and so R − Aj is at most countably infinite for each j by
proposition 5.7 of book 1. If A ⊂ Rn is the continuity set for F (x1, x2, ..., xn),
then ∏n

j=1
Aj ⊂ A, (7.3)

and thus A is dense in Rn, though Rn −A need not be countably infinite.
Proof. Except for the last statement, the proof follows from 7.2 since if each
Fj is continuous at xj , then F must be continuous at x ≡ (x1, x2, ..., xn). As
a simple example that Rn −A need not be countably infinite, if F (x1, x2) =
F1(x1)F2(x2) with A1 = R and A2 = {0}, then F (x1, x2) has discontinuity
set: R2 − A = {(x1, 0)|F1(x1) 6= 0}. This example also illustrates that the
inclusion in 7.3 can in general be strict.

7.2 Copulas and Sklar’s Theorem

For the study of Fréchet’s problem, there is a special Fréchet class which
will prove to contain the key to the general case.
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Definition 7.6 Let {Xj}nj=1 be continuous, uniformly distributed random
variables defined on a probability space (S,E,µ), meaning that the associated
distribution functions, denoted {Uj(x)}nj=1, satisfy Uj(x) = x for x ∈ [0, 1].
Then F(U1, U2, ..., Un) is the Fréchet class of joint distributions with
uniform marginal distributions.

Sklar’s theorem identifies a fundamental relationship between F(U1,
U2, ..., Un) and F(F1, F2, ..., Fn) for arbitrary marginals {Fj(x)}nj=1. This
result is named for Abe Sklar, who in 1959 published the result (see
references):

Proposition 7.7 (Sklar’s Theorem) For any F ∈ F(F1, F2, ..., Fn), there
exists C ∈ F(U1, U2, ..., Un) so that

F (x1, x2, ..., xn) = C(F1 (x1) , F2 (x2) , ..., Fn (xn)). (7.4)

In addition, for any C ∈ F(U1, U2, ..., Un) and marginals {Fj(x)}nj=1, if
F (x1, x2, ..., xn) is defined as in 7.4 then F ∈ F(F1, F2, ..., Fn).

Proof. This will be proved in stages below.

Remark 7.8 Sklar named the special joint distributions C ∈ F(U1, U2, ..., Un)
copulas, and thus the near-universal notation of C for these distribution
functions. Given a joint distribution function F (x1, x2, ..., xn) of a random
vector X and associated marginals {Fj(x)}nj=1, the function C that satisfies
7.4 is called a copula function associated with F, and also a copula
of the random vector X = (X1, X2, ..., Xn).

In both cases the language "a copula" rather than the perhaps expected
"the copula" is intended to connote that copula functions need not be uniquely
defined as distributions on [0, 1]n, but are uniquely defined in the more limited
sense of the following result. See example 7.11 below.

Proposition 7.9 If a copula function C associated with F exists, it is
uniquely defined on the range of the marginal distribution vector defined
by:

Rng(F1, F2, ..., Fn) ≡
∏n
j=1Rng[Fj ] ⊂ [0, 1]n.

Proof. If C1 and C2 are copula functions associated with given F, and
(u1, u2, ..., un) ∈ Rng(F1, F2, ..., Fn), meaning that there exists (x1, x2, ..., xn)
so that

(u1, u2, ..., un) = (F1 (x1) , F2 (x2) , ..., Fn (xn)),
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then by the representations for F (x1, x2, ..., xn) in 7.4 it follows that:

C1(u1, u2, ..., un) = C2(u1, u2, ..., un).

Notation 7.10 The word copula comes from Latin and means "something
that connects or links other things." It is commonly used in linguistics as
a synonym for "linking verb," which links the subject and complement of a
sentence. For example, "Sklar is professor emeritus of applied mathemat-
ics." This word is consequently fittingly applied to C, as it serves to connect
a joint distribution function with its marginal distribution functions.

It is not uncommon for some new to the subject to wonder why those
small architectural structures, often seen on the top of a dome or roof, pro-
vide the intuitive model for a copula. But these structures are in fact cupo-
las, another word from Latin but one which means "a small cask."

It is not diffi cult to illustrate the non-uniqueness of copulas in general.

Example 7.11 Let X and Y be binomial variates defined on a probability
space (S,E,µ) with range {−1, 1} and joint distribution function specified by:

F (x, y) =



1, (x, y) = (1, 1),

0.6, (x, y) = (−1, 1),

0.4, (x, y) = (1,−1),

0.2, (x, y) = (−1,−1).

It is worth a moment for the reader to confirm that this sparse specification
is enough to uniquely define F (x, y) ≡ µ

(
(X,Y )−1 [(−∞, x]× (−∞, y]]

)
on

R2, and that this well-defined function is indeed a distribution function and
satisfies the 2-increasing condition in 6.9, and the continuity from above
requirement of 6.8.

The associated marginal distribution functions are specified by:

FX(x) =

 0.6, x = −1,

1, x = 1,
FY (y) =

 0.4, y = −1,

1, y = 1.

These discontinuous and not strictly increasing marginal distribution func-
tions provide few constraints on an eligible copula function. Indeed, to have

F (x, y) = C(FX (x) , FY (y)),
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requires only one constraint on C :

C(0.6, 0.4) = 0.2,

in addition to the defining boundary constraints of uniform marginal distri-
butions: C(x, 1) = x, C(1, y) = y.

This example illustrates that discontinuities in the marginal distribution
functions contribute to the nonuniqueness of C. For example, the discon-
tinuities at x = −1, y = −1 allow C to be almost arbitrarily defined when
0 < x < 0.6 and 0 < y < 0.4 subject to the constraint that C be a distribution
function with uniform marginal distributions.

Though immediate consequences of the results of the prior section, we
highlight two important properties of copulas.

Proposition 7.12 Let C ∈ F(U1, U2, ..., Un), then:

1. Fréchet-Hoeffding bounds:

max
{

0,
∑n

j=1
uj − (n− 1)

}
≤ C(u1, u2, ..., un) ≤ minj uj . (7.5)

2. C is Lipschitz continuous on [0, 1]n, and for u, v ∈ [0, 1]n :

|C(u)− C(v)| ≤
∑n

j=1
|uj − vj | . (7.6)

Proof. Immediate from propositions 7.2 and 7.3.

Remark 7.13 The notion of Lipschitz continuity is named for Rudolf
Lipschitz (1832 —1903). A function f between metric spaces, f : (X, dX)→
(Y, dY ) is said to be Lipschitz continuous if there exists a constant L so that
for all x, x′ ∈ X,

dY
[
f(x), f(x′)

]
≤ LdX

[
x, x′

]
.

In the above application, (Y, dY ) = (R, ||) and (X, dX) = (Rn, d1), where ||
denotes the absolute value distance function, and the d1-distance function is
induced by the l1-norm and defined on Rn as on the right of 7.6. See book 5
for more on lp-norms and the integral-based generalization to Lp-norms..

Not only can a given joint distribution be associated with more than
one copula, but a given copula can be associated with more than one joint
distribution function.
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Proposition 7.14 (Rank-Invariance of Copulas) If C is a copula for
the random vector (X1, X2, ..., Xn) and {Gj}nj=1 are strictly increasing func-
tions, then C is also a copula for the random vector (G1 (X1) , G2 (X2) , ..., Gn (Xn)).
Proof. If C is a copula for the random vector (X1, X2, ..., Xn), then by 7.4:

F (x1, x2, ..., xn) = C(F1 (x1) , F2 (x2) , ..., Fn (xn)).

Let FG(x1, x2, ..., xn) denote the distribution function of the random vector
(G1 (X1) , G2 (X2) , ..., Gn (Xn)). Then since each Gj is strictly increasing,
each G−1

j is well-defined. Assuming (X1, X2, ..., Xn) is defined on a proba-
bility space (S,E,µ) for notational convenience:

FG(x1, x2, ..., xn) = µ [Gj (Xj) ≤ xj all j]

= µ
[
Xj ≤ G−1

j (xj) all j
]

= F (G−1
1 (x1) , G−1

2 (x2) , ..., G−1
n (xn))

= C(F1

(
G−1

1 (x1)
)
, F2

(
G−1

2 (x2)
)
, ..., Fn

(
G−1
n (xn)

)
).

Now Fj
(
G−1
j (xj)

)
is the distribution function of Gj (Xj) since {Gj (Xj) ≤ xj} ={

Xj ≤ G−1
j (xj)

}
, and hence C is also a copula of (G1 (X1) , G2 (X2) , ..., Gn (Xn)).

In cases where the joint distribution function F (x1, x2, ..., xn) is known,
and the associated copula can often be derived by algebraic methods. A
corollary benefit of such an exercise is to develop a collection of copulas that
can then be tested in a given application for which the marginal distribu-
tions have been estimated, but the theoretical joint distribution function is
unknown. This copula testing problem often arises in the following way.

First, the data set on which the marginals are based provides some in-
formation on this joint distribution function. In particular, if this sample

data set is represented by
{(
x

(j)
1 , x

(j)
2 , ..., x

(j)
n

)}N
j=1

, then the distribution

function can be estimated:

F
(
x

(k)
1 , x

(k)
2 , ..., x(k)

n

)
≈ Nk/N.

HereNk is the number of sample points with
(
x

(j)
1 , x

(j)
2 , ..., x

(j)
n

)
≤
(
x

(k)
1 , x

(k)
2 , ..., x

(j)
n

)
,

where this vector inequality denotes component-wise inequalities. These es-
timates then yield what is in effect a generalized version of example 7.11
above, and thus can only uniquely define the associated copula on the range
of the marginal distribution vector as noted in proposition 7.9.
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Ignoring estimation errors in the above data estimates, C is defined for
1 ≤ j ≤ N by:

C
(
F1

(
x

(j)
1

)
, F2

(
x

(j)
2

)
, ..., Fn

(
x(j)
n

))
= F

(
x

(k)
1 , x

(k)
2 , ..., x(k)

n

)
,

where the marginal distributions {Fi} are defined empirically by, or esti-
mated from, {x(j)

i } for i = 1, .., n. This is referred to as an empirical
copula. Hence, in such applications, the objective is to test a variety of
known copula functions in search of a model that fits well enough to justify
probability estimates outside the original data set. As there is no practical
way to identify the "best copula" among all copulas, the usual approach is to
identify the best copula only within a given parametric class of copulas
using maximum likelihood or other methods.

Specifically, if {Fk (xk)}nk=1 are marginal distribution functions estimated
from the individual variates of the data set, then one models a theoretical
joint distribution function by 7.4:

F (x1, x2, ..., xn) = C(F1 (x1) , F2 (x2) , ..., Fn (xn)).

The second result in Sklar’s theorem and proved in proposition 7.16 below
assures that given any copula function C, that F (x1, x2, ..., xn) so defined
is indeed a distribution function with the specified marginal distributions.
Thus left to do is to evaluate for various C how well such a specification
matches the empirical estates above for vectors in the original data set.

Example 7.15 1. In two variables x1, x2 ≥ 0 let:

F (x1, x2) = (1 + e−x1 + e−x2)−1.

This is a distribution function because it is continuous and hence con-
tinuous from above as in 6.8, and satisfies the nonnegativity condition
in 6.9 because this function has a positive density function as can be
derived by differentiation. This last deduction is justified using only
Riemann integration theory. The marginal distribution functions are
given by F (x1) = (1 + e−x1)−1 and F (x2) = (1 + e−x2)−1 and thus by
algebraic manipulations the copula function associated with this joint
distribution is:

C(u1, u2) = u1u2/(u1 + u2 − u1u2).
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2. As an example of a parametric class of copulas, called the Gumbel
class in section 7.4 below, let:

F (x1, x2; θ) = exp
[
−(e−θx1 + e−θx2)1/θ

]
,

with θ ≥ 1. Then F (x1) = exp [−e−x1 ] and F (x2) = exp [−e−x2 ] are
independent of θ, and:

C(u1, u2 : θ) = exp

[
−
[
(− lnu1)θ + (− lnu2)θ

]1/θ
]
.

7.3 Partial Results on Sklar’s Theorem

In this section we prove the general version of Part 2 of Sklar’s theorem,
and a special case for Part 1. Specifically, given C ∈ F(U1, U2, ..., Un) and
arbitrary marginal distributions, {Fj}nj=1, then defining
F (x1, x2, ..., xn) ≡ C(F1 (x1) , F2 (x2) , ..., Fn (xn)) as in 7.4, we prove that
F is a joint distribution function with the given marginal distributions,
and hence F ∈ F(F1, F2, ..., Fn). In addition, we prove a special case related
to the existence of a copula C given F (x1, x2, ..., xn), and this is the case of
continuous marginal distributions for which the copula C can be explicitly
and uniquely defined.

Proposition 7.16 (Sklar’s Theorem Part 2) Given C ∈ F(U1, U2, ..., Un)
and distribution functions {Fj(x)}nj=1, then:

C(F1 (x1) , F2 (x2) , ..., Fn (xn)) ∈ F(F1, F2, ..., Fn). (7.7)

Proof. First, F (x1, x2, ..., xn) ≡ C(F1 (x1) , F2 (x2) , ..., Fn (xn)) is well a
defined function because Fj (xj) ∈ [0, 1]. Also, this function has {Fj(x)}nj=1

as marginal distribution functions since for example, if x2, ..., xn →∞, then
F2 (x2)→ 1, ..., Fn (xn)→ 1 and:

F{1}(x1) ≡ C(F1 (x1) , 1, ..., 1) = F1 (x1) ,

since a copula has uniform marginal distributions by definition.
To prove that F is a joint distribution function, it is suffi cient to prove

that F is continuous from above as in 6.8 and satisfies the n-increasing con-
dition in 6.9. Then by proposition 8.14 of book 1, F induces a unique mea-
sure µF on the Borel sigma algebra B(Rn). Since C is a copula it follows that
F (x1, x2, ..., xn) → 1 as xj → ∞ and thus (Rn,B(Rn),µF ) is a probability
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space. Defining the random vector X : (Rn,B(Rn),µF ) → (Rn,B(Rn),mn)
by X(x) = x, then F is the distribution function of X. Indeed, if x =
(x1, x2, ..., xn) and A ≡

∏n
j=1(−∞, xj ], then by definition of µF it follows

that µF
[
X−1(A)

]
= µF [A] = F (x1, x2, ..., xn).

That F is continuous from above follows because each Fj(x) is monotonic
and right continuous, and the distribution function C is continuous from
above. To prove the n-increasing condition in 6.9, let

∏n
i=1(ai, bi] ⊂ Rn be

a bounded right semi-closed rectangle. It must be proved that:∑
x
sgn(x)F (x) ≥ 0,

where each x = (x1, ..., xn) is one of the 2n vertices of
∏n
i=1(ai, bi], and

sgn(x) is defined as −1 if the number of components of x that equal ai is odd,
and +1 otherwise. Given such a vertex x, let y = (F1 (x1) , F2 (x2) , ..., Fn (xn)),
where now each component equals Fi (ai) or Fi (bi) , and note that:∑

x
sgn(x)F (x) =

∑
y
sgn(y)C(y),

where sgn(y) = sgn(x) is defined as −1 if the number of components of y
that equal Fi (ai) is odd, and +1 otherwise. It now follows by proposition
8.9 of book 1 that if Fi (ai) < Fi (bi) for all i,∑

y
sgn(y)C(y) = µC

[∏n

i=1
(Fi (ai) , Fi (bi)]

]
,

where µC is the Borel measure induced by C. As the µC-measure of a right
semi-closed rectangle, this summation is thus nonnegative in this case of
Fi (ai) < Fi (bi) for all i. That nonnegativity is preserved in the case where
some or all Fi (ai) = Fi (bi) follows from continuity from above. Specifically,
if Fi (ai) < ci for all i, then µC [

∏n
i=1(Fi (ai) , ci]] ≥ 0 and thus so too is the

limit as ci → Fi (ai) .

Remark 7.17 This result justifies the discussion following proposition 7.14
related to empirical copulas.

In the special case of continuous marginal distributions, the first part of
Sklar’s theorem is again relatively easy to prove because a copula associated
with a joint distribution function F can be explicitly identified, and in this
case shown to be unique and thus is the copula associated with F .

Proposition 7.18 (Sklar’s Theorem Part 1 - Special Case) If

F (x1, x2, ..., xn) ∈ F(F1, F2, ..., Fn),
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where {Fj(x)}nj=1 are continuous distribution functions, then a copula asso-
ciated with F is given by:

C(u1, u2, ..., un) = F (F ∗1 (u1) , F ∗2 (u2) , ..., F ∗n (un)), (7.8)

where F ∗j (u) denotes the left continuous inverse of the marginal distrib-
ution function Fj(x). In addition, the copula defined in 7.8 is unique on
Rng(F1, F2, ..., Fn) ≡

∏n
j=1Rng[Fj ] which contains

∏n
j=1(0, 1).

If each Fj(x) is also strictly increasing, then F ∗j (u) = F−1
j (u) and thus:

C(u1, u2, ..., un) = F (F−1
1 (u1) , F−1

2 (u2) , ..., F−1
n (un)). (7.9)

Proof. For notational convenience assume that F is the joint distribution
function of X = (X1, X2, ..., Xn) defined on some probability space (S,E,µ).
Define C(u1, u2, ..., un) as the distribution function of the random vector
(F1 (X1) , F2 (X2) , ..., Fn (Xn)) :

C(u1, u2, ..., un) = µ
[⋂

j
{Fj (Xj) ≤ uj}

]
,

where {Fj (Xj) ≤ uj} = {s|Fj (Xj(s)) ≤ uj}. Letting u2, ..., un → 1, then
{Fj (Xj) ≤ uj} → S for j ≥ 2 and thus C{1}(u1, 1, ..., 1) = FF1(X1)(u1) and
similarly for all marginals of C. By part 1 of proposition 4.8, FF (X)(y) = y if
and only if the distribution function of X is continuous. As this is assumed
here, C{1}(u1, 1, ..., 1) = u1 and the same is true for all components. Hence
the marginals of C are uniformly distributed and since C is a distribution
function by definition, it follows that C is a copula: C ∈ F(U1, U2, ..., Un).

To prove that this copula C is that given in 7.8, note that since each Fj
is increasing:{

Xj ≤ F ∗j (uj)
}

=
{
Fj (Xj) ≤ Fj

[
F ∗j (uj)

]}
= {Fj (Xj) ≤ uj} ,

since Fj
[
F ∗j (uj)

]
= uj for uj ∈ (0, 1) by part 1 of proposition 3.22 by the

continuity of Fj . Combining this with the representation above for C:

C(u1, u2, ..., un) = µ
[⋂

j

{
Xj ≤ F ∗j (uj)

}]
= F (F ∗1 (u1) , F ∗2 (u2) , ..., F ∗n (un)),

which is 7.8.
To prove that C so defined is a copula associated with F we must prove

7.4, which by the definition of C in 7.8 becomes:

F (x1, x2, ..., xn) ≡ F (F ∗1 (F1 (x1)) , F ∗2 (F2 (x2)) , ..., F ∗n (Fn (xn))).
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The expression on the right can be restated in terms of µ-measures as:

F (F ∗1 (F1 (x1)) , F ∗2 (F2 (x2)) , ..., F ∗n (Fn (xn))) = µ
[⋂

j

{
Xj ≤ F ∗j (Fj (xj))

} ]
.

To complete the proof it is enough to show that
{
Xj ≤ F ∗j (Fj (xj))

}
=

{Xj ≤ xj} to within µ-measure 0, and this would be proved by definition
if:

Fj
[
F ∗j (Fj (xj))

]
= Fj (xj) .

But this then follows by the continuity of Fj as noted above since Fj
[
F ∗j (uj)

]
=

uj for all uj ≡ Fj (xj) ∈ (0, 1). Thus C is a copula associated with F.
Uniqueness of C on Rng(F1, F2, ..., Fn) is proposition 7.9, while the

statement that
∏n
i=1(0, 1) ⊂ Rng(F1, F2, ..., Fn) follows by continuity of the

marginals, that (0, 1) ⊂ Rng(Fj) for all j.
If each Fj(x) is continuous and also strictly increasing, then F ∗j (u) =

F−1
j (u) by proposition 3.22 and 7.9 follows.

7.4 Examples of Copulas

Before turning to the existence proof in the case of general marginal
distribution functions we discuss several common examples, some of which
reflect intuitive ideas to be formalized in later chapters. These examples
are often categorized into the explicit copulas, for which the formula for
C(u1, u2, ..., un) is explicitly given, and the implicit copulas for which
there is no simple closed form representation, but these are implied by
well-known and popular multivariate distribution functions.

Example 7.19 1. Independence Copula: Perhaps the simplest cop-
ula is:

CI(u1, u2, ..., un) = u1u2...un,

which by 3.26 equals the joint distribution function of independent,
uniformly distributed random variates, {Uj}nj=1 defined on [0, 1].

2. Comonotonicity Copula: By 7.1, this copula is the upper bound of
all possible copulas:

CCo(u1, u2, ..., un) = minj uj ,

and also equals the joint distribution function of uniformly distributed
variates where U1 = U2 = · · · = Un almost surely. Note that the dis-
tribution function can also in theory be defined by maxj uj , because of
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almost sure equality, but this is not then a copula because the marginal
distribution functions are not uniform distributions.

3. Countermonotonicity Copula: It can be proved that the lower
bound in 7.1 is not a copula for n ≥ 3, although for each fixed (u1, u2, ..., un),

infC C(u1, u2, ..., un) = max
{

0,
∑n

j=1
uj − (n− 1)

}
,

where the infimum is defined over all copulas. In the case n = 2, this
lower bound is the countermonotonicity copula:

CCn(u1, u2) = max {0, u1 + u2 − 1} ,

and equals the distribution function of uniform variates with U1 =
1− U2 almost surely.

4. Gaussian Copula: As was the case for the normal probability mea-
sure, because the Gaussian copula is related to the multivariate normal
distribution function discussed in book 6, it is therefore named for Carl
Friedrich Gauss (1777 —1855). It is defined by:

CG(u1, u2, ..., un) =

∫ Φ−1(un)

−∞

∫ Φ−1(un−1)

−∞
· · ·
∫ Φ−1(u1)

−∞
cG(t1, t2, ..., tn)dt1dt2...dtn,

where the copula density function is defined by:

cG(t1, t2, ..., tn) =
1

(2π)n/2 [detR]1/2
exp

[
−1

2
tTR−1t

]
, (7.10)

where t = (t1, t2, ..., tn) is identified with a column matrix, and tT the
row matrix "transpose" of t. The matrix R is an n × n symmetric
matrix with element Rij equal to the correlation between Ui and Uj ,
formally defined in book 4, and detR denotes the determinant of this
matrix.

The upper limits of integration, Φ−1 (uj) , denote the inverse of the
normal distribution function. Recalling 1.23, where φ(x) = 1√

2π
exp

(
−x2/2

)
,

this inverse function is defined for u ∈ (0, 1) by:∫ Φ−1(u)

−∞
φ(x)dx = u.
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5. Student T Copula: The univariate Student T distribution is dis-
cussed in book 4 in the context of ratios of independent random vari-
ables and there is a multivariate version often used as a copula function
which is introduced here for completeness. For this copula there is a
Student T parameter ν > 0, called the degrees of freedom, and then
as for the Gaussian copula:

CT (u1, u2, ..., un)

=

∫ T−1ν (un)

−∞

∫ T−1ν (un−1)

−∞
· · ·
∫ T−1ν (u1)

−∞
cT (t1, t2, ..., tn)dt1dt2...dtn,

where the copula density functions is defined by:

cT (t1, t2, ..., tn) =
Γ ((ν + n) /2)

(πν)n/2 Γ (ν/2) [detR]1/2

(
1 +

tTR−1t

ν

)−(ν+n)/2

,

and Γ(y) is the gamma function defined:

Γ(y) =

∫ ∞
0

xy−1e−xdx. (7.11)

As above T−1
ν (uj) is the inverse of the univariate Student T distrib-

ution function with ν > 0 degrees of freedom, and defined as in the
normal case but with the Student T density function given by:

fT (t) =
Γ ((ν + 1) /2)√
πνΓ (ν/2)

(
1 +

t2

ν

)−(ν+1)/2

. (7.12)

It is named forWilliam Sealy Gosset (1876 —1937) who published
under the pen name of Student.

7.4.1 Archimedean Copulas

A copula is said to be an Archimedean copula if there exists a function,
ψθ(t), called the Archimedean generator function or simply the
generator function, so that with the generalized inverse ψ−1

θ defined
below:

CA(u1, u2, ..., un) = ψθ
(
ψ−1
θ (u1) + ψ−1

θ (u2) + · · ·ψ−1
θ (un)

)
. (7.13)

The generator function ψθ(t), where θ is understood as a parameter,
satisfies:
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• ψθ : [0,∞)→ [0, 1] is continuous,

• ψθ(0) = 1 and lim
t→∞

ψθ(t) = 0,

• ψθ is strictly decreasing on [0, ψ−1
θ (0)] where the generalized inverse

here and above is defined by:

ψ−1
θ (x) = inf{t|ψθ(t) ≤ x}.

Remark 7.20 The third condition allows for generator functions like ψθ(t) =
e−θt, for which ψ−1

θ (0) =∞ and which decreases on [0,∞) if θ > 0, as well
as generator functions such as ψθ(t) = (1− t/θ)θ , for which ψ−1

θ (0) = θ
and which decreases on [0, θ] if θ > 0.

Exercise 7.21 Verify that ψθ(t) = e−θt produces the independence cop-
ula for any θ > 0.

The basic assumptions on ψθ(t) assure that C
A(u1, u2, ..., un) as defined

in 7.13 is continuous from above and has the necessary uniform marginal
distributions, but more is needed to ensure the n-increasing condition in
6.9. We state without proof two important results. The first is from C.
H. Kimberling (1974), and the second from Alexander J. McNeil and
Johanna Nešlehová (2009). See the references.

Proposition 7.22 (Kimberling) The function ψθ generates an Archimedean
copula in any dimension n if and only if ψθ is completely monotone,
which means that:

• ψθ is continuous at t = 0,

• ψθ ∈ C∞(0,∞), i.e., is infinitely differentiable, and,

• (−1)kψ
(k)
θ (t) ≥ 0 for all k = 1, 2, ... where ψ(k)

θ denotes the kth deriv-
ative.

Remark 7.23 This definition of completely monotone can often be readily
applied when a given potential candidate function ψθ(t) is proposed, but it
is natural to wonder how, other than by trial and error, we might identify a
list of potential candidates. Another famous result by Sergei Natanovich
Bernstein (1880 — 1968), noted for Bernstein’s inequality in section
5.1.1, addresses this question. Called Bernstein’s theorem on monotone
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functions, it states that ψ(t) is completely monotone if and only if there
exists a finite Borel measure µ on [0,∞) so that:

ψ(t) =

∫ ∞
0

e−stdµ(s).

This expression is called the Laplace transform of µ, named for Pierre-
Simon Laplace (1749 —1827), and an expression that will be seen again
in book 4 in the context of moment generating functions. While the
definition and properties of such integrals will not be addressed until book 5,
it is not diffi cult to gain some insights into some important special cases of
Bernstein’s result.

If µ is a finite Borel measure on [0,∞), it follows from book 1 that there
exists an associated right continuous increasing function Fµ so that for any
right semi-closed interval (a, b] ⊂ [0,∞), µ [(a, b]] = Fµ(b) − Fµ(a), where
µ [{0}] = Fµ(0) can be defined arbitrarily. Such Fµ is always differentiable
almost everywhere as will be seen in chapter 3 of book 3, and then by a
version of the fundamental theorem of calculus for the Lebesgue integral de-
veloped in book 3, if Fµ is absolutely continuous, then:

Fµ(x) = Fµ(0) + (L)

∫ x

0
F ′µ(y)dy.

In the special case where Fµ has a continuous derivative, it is automati-
cally absolutely continuous and then this identity is valid using a Riemann
integral.

Since µ is finite there is no loss of generality for our intuition to assume
µ [[0,∞)] = 1 and thus Fµ can be thought of as a distribution function and
F ′µ = fµ the associated density function. Of necessity such fµ is nonnegative.
In this special case of absolutely continuous Fµ, a change of variable justified
in book 5 allows a more familiar expression for ψ(t) :

ψ(t) = Fµ(0) + (L)

∫ ∞
0

e−stfµ(s)ds. ((*))

When f is continuous this is a Riemann integral.
Bernstein’s result now assures that for any nonnegative fµ with finite

integral, ψ(t) defined in (∗) is completely monotone.

Proposition 7.24 (McNeil and Nešlehová) The function ψθ generates
an Archimedean copula in dimension n if and only if ψθ is n-monotone,
which means that:
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• ψθ ∈ Cn−2(0,∞), i.e., is continuously differentiable to order n− 2,

• (−1)kψ
(k)
θ (t) ≥ 0 for k = 1, 2, ..., n− 2, and,

• ψ(n−2)
θ (t) is decreasing and convex.

Remark 7.25 Note that if ψθ had additional derivatives for k > n− 2 the
last condition is equivalent to assuming the second condition is satisfied for
such k since for differentiable ψ(n−2)

θ (t) to be decreasing requires a nega-
tive first derivative, and if twice differentiable, convexity requires a positive
second derivative.

Example 7.26 (Archimedian Copulas) Popular examples of Archimedean
copulas include the following. See the references.

1. Gumbel Copula: Named for Emil Julius Gumbel (1891 —1966),
who is also noted in the section below on extreme value theory, this
copula uses the completely monotone generator:

ψθ(t) = exp
(
−t1/θ

)
, θ ≥ 1,

as can be verified by observing the Taylor series expansion. This gen-
erator produces the parametric Gumbel copula family:

CG(u1, u2, ..., un) = exp

[
−
(∑n

j=1
(− lnuj)

θ
)1/θ

]
.

Note that when θ = 1 the Gumbel copula is the independence copula,
while the limit as θ → ∞ produces the comonotonicity copula as can
be verified by factoring

(
− lnumin

)
out of the summation where umin ≡

min(u1, u2, ..., un).

This family of copulas is often referred to as the Gumbel-Hougaard
Copula, also named for Philip Hougaard for generalizing the earlier
bivariate model to this multivariate context.

2. Clayton Copula: Named for David George Clayton (b. 1944),
this copula uses the generator:

ψθ(t) = (1 + θt)−1/θ ,

which is confirmed by differentiation to be completely monotone if θ ≥
0, and n-monotone for θ ≥ −1/(n− 1). Note that ψθ(t) is defined for
θ = 0 by the limit:

lim
θ→0

(1 + θt)−1/θ = e−t,
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and so the Clayton generator converges to the Gumbel generator with
Gumbel parameter θG = 1. This generator produces the parametric
Clayton copula family:

CC(u1, u2, ..., un) =
(∑n

j=1
u−θj − (n− 1)

)−1/θ
.

As was the case for the Gumbel copula the limiting case, here as θ →
0+, produces the independence copula. This is because:

lim
θ→0+

ln
(∑n

j=1
u−θj − (n− 1)

)−1/θ
= −f ′(0)

defined in terms of the right derivative of f(x) = ln
(

1 +
∑n

j=1

(
u−xj − 1

))
.

In addition, the limit as θ →∞ is again the comonotonicity copula as

can be verified by taking a logarithm of the expression
(∑n

j=1 u
−θ
j − (n− 1)

)−1/θ

and applying L’Hôpital’s rule twice, then doing some algebra. This
rule, named for Guillaume de l’Hôpital (1661 —1704), has several
formulations but for this derivation states:

Exercise 7.27 (L’Hôpital’s rule) If differentiable f(x), g(x)→∞
as x→∞ and f ′(x)/g′(x)→ L, then f(x)/g(x)→ L. Another version
states that if differentiable f(x), g(x)→ 0 as x→ c and f ′(x)/g′(x)→
L, then f(x)/g(x)→ L.

A deeper result proved in the above referenced McNeil and Nešle-
hová paper is that when θ = −1/(n−1), the associated Clayton copula
satisfies:

CC(u1, u2, ..., un) ≤ CA(u1, u2, ..., un),

for all Archimedean copulas CA and all (u1, u2, ..., un).

3. Frank Copula: Named for Maurice J. Frank, this copula uses the
generator:

ψθ(t) = −1

θ
ln
(

1−
(

1− e−θ
)
e−t
)
,

which is confirmed to be strictly monotone for θ > 0 by differenti-
ation. This function is well defined for θ = 0 as a limit, and as
given by −g′(0) = e−t, defined in terms of the right derivative of
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g(x) = ln
(
1− (1− e−x) e−t

)
at 0. This generator produces the para-

metric Frank copula family:

CF (u1, u2, ..., un) = −1

θ
ln

(
1−

∏n
j=1

(
1− e−θuj

)
(1− e−θ)n−1

)
.

The independence copula is again produced as the limiting case as
θ → 0 using estimates based on Taylor series, or with more work
by observing that this limit equals −f ′(0), defined in terms of the right

derivative for f(x) = ln
(

1−
[∏n

j=1 (1− e−xuj )
]/

(1− e−x)
n−1
)
. In

addition, the limit as θ → ∞ is again the comonotonicity copula and
derived by proving that after subtracting u′ ≡ umin from CF , using the

identity u′ = −1
θ ln

(
1−

(
1− e−θu′

))
, that the limit is 0.

7.4.2 Extreme Value Copulas

Extreme value theory is studied in chapter 9 of this book and continued in
book 4. The primary results are developed for one-variable distribution
functions which in the context of this section will represent the marginal
distribution functions of the associated joint distribution. Here we
introduce the basic definitions in a multivariate context and return to this
topic at the end of the book when more formal conclusions will be possible
once these marginal distributions are identified.

Let F (x1, x2, ..., xn) be a joint distribution function with marginal distri-
butions {Fj(xj)}nj=1, and let { (X1k, X2k, ..., Xnk)}mk=1 be a random sample
from this joint distribution function. Define the random vector of component-
wise maximum variates consistent with 9.4 below by:(

X
(m)
1 , X

(m)
2 , ..., X(m)

n

)
≡ (maxk≤mX1k,maxk≤mX2k, ...,maxk≤mXnk).

If F (m)(x1, x2, ..., xn) denotes the distribution function of these maximal
random vectors, then since maxk≤mXik ≤ xi if and only if Xik ≤ xi for all
k, it follows that

F (m)(x1, x2, ..., xn) = Fm(x1, x2, ..., xn).

By the same logic, if F (m)
j (xj) is the distribution function of maxk≤mXjk,

then
F

(m)
j (xj) = Fmj (xj).
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Let C(u1, u2, ..., un) be a copula associated with F (x1, x2, ..., xn) :

F (x1, x2, ..., xn) = C (F1(x1), F2(x2), ..., Fn(xn)) ,

and C(m)(u1, u2, ..., un) denote a copula associated with F (m)(x1, x2, ..., xn).
Then by Sklar’s theorem applied to F (m) :

F (m)(x1, x2, ..., xn) = C(m)
(
F

(m)
1 (x1), F

(m)
2 (x2), ..., F (m)

n (xn)
)
,

but also by the definition of C and taking the mth power:

Fm(x1, x2, ..., xn) = Cm (F1(x1), F2(x2), ..., Fn(xn)) .

By the above identities for F (m) and F (m)
j it follows that the copula associ-

ated with
(
X

(m)
1 , X

(m)
2 , ..., X

(m)
n

)
is given by:

C(m)(u1, u2, ..., un) = Cm
(
u

1/m
1 , u

1/m
2 , ..., u1/m

n

)
. (7.14)

An extreme value copula is now defined as a copula that equals limm→∞C(m).

Definition 7.28 A copula CEV (u1, u2, ..., un) is an extreme value copula
if for some copula C,

CEV (u1, u2, ..., un) = limm→∞C
m
(
u

1/m
1 , u

1/m
2 , ..., u1/m

n

)
. (7.15)

In this case, we say that copula C is in the domain of attraction of copula
CEV .

Remark 7.29 Note that although 7.15 is stated with m implied to be an
integer, when this limit exists the same limit is produced with real r → ∞.
To see this, note that if m ≤ r ≤ m+ 1 :

Cm+1
(
u

1/m
1 , u

1/m
2 , ..., u1/m

n

)
≤ Cr

(
u

1/r
1 , u

1/r
2 , ..., u1/r

n

)
≤ Cm

(
u

1/m+1
1 , u

1/m+1
2 , ..., u1/m+1

n

)
.

The outer terms now have the same limit, since for example:

Cm+1
(
u

1/m
1 , u

1/m
2 , ..., u1/m

n

)
=
[
Cm

(
u

1/m
1 , u

1/m
2 , ..., u1/m

n

)](m+1)/m
.
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Example 7.30 One obvious question is how would we recognize an extreme
value copula, or verify that a given copula was of this type? A partial answer
is that any copula C for which

Cr
(
u

1/r
1 , u

1/r
2 , ..., u1/r

n

)
= C(u1, u2, ..., un) (7.16)

for all real r > 0, is an extreme value copula. Since then, CEV (u1, u2, ..., un) =
C(u1, u2, ..., un).

Definition 7.31 A copula CMS(u1, u2, ..., un) is said to be max-stable if
7.16 is satisfied for all real r > 0. Thus, every max-stable copula is an
extreme value copula, and is also in its own domain of attraction.

It is not initially obvious that max-stable copulas even exist, even though
max-stable copulas are extreme value copulas. A simple but perhaps sur-
prising result is the following.

Proposition 7.32 A copula is extreme value if and only if it is max-stable.
Proof. Only one direction needs to be addressed, so assume C is an extreme
value copula and that C0 is the copula in the domain of attraction of C as
in 7.15. Then given real r > 0, it follows by 7.15 and remark 7.29 that:

Cr(u
1/r
1 , u

1/r
2 , ..., u1/r

n ) = limm→∞C
mr
0

(
u

1/mr
1 , u

1/mr
2 , ..., u1/mr

n

)
= lims→∞C

s
0

(
u

1/s
1 , u

1/s
2 , ..., u1/s

n

)
= C(u1, u2, ..., un).

Thus, C is max-stable.

Remark 7.33 The utility of this result, if it is not apparent, is that it is
often straightforward to test if a given copula C is max-stable, and this then
assures that it is an extreme value copula. To verify that C satisfies 7.15
directly is a challenge made the more diffi cult by the fact that one must first
identify the copula in the domain of attraction of C.

Example 7.34 (Extreme Value Copulas) On the question of existence,
here are a few examples and a general characterization:

1. Independence Copula: It is apparent that CI(u1, u2, ..., un) = u1u2...un
satisfies 7.16 and is thus an extreme value copula.
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2. Comonotonicity Copula: As noted above, this copula is the upper
bound of all possible copulas by 7.1. Since CCo(u1, u2, ..., un) = minj uj
also satisfies 7.16 it is thus also an extreme value copula.

3. Gumbel-Hougaard Copula: Recall that as defined above, for θ ≥ 1,

CG(u1, u2, ..., un) = exp

[
−
(∑n

j=1
(− lnuj)

θ
)1/θ

]
,

and it is not diffi cult to verify that 7.16 is satisfied. This is a unique ex-
ample by a 1989 result of Christian Genest and Louis-Paul Rivest
that every Archimedean copula that is in the extreme value class is in
this family.

4. The Pickands Characterization: Based on an earlier 1977 char-
acterization by Laurens de Haan and Sidney Resnick, in 1981
James Pickands derived the characterization that CEV (u1, u2, ..., un)
is an extreme value copula if and only if:

CEV (u1, u2, ..., un) (7.17)

= exp

[(∑n

j=1
lnuj

)
A

(
lnu1∑n
j=1 lnuj

,
lnu2∑n
j=1 lnuj

, · · · , lnun∑n
j=1 lnuj

)]
.

See section 9.3 below for more details. Here, the Pickands depen-
dence function A(w1, w2, ..., wn) is defined on the simplex

∆n−1 ≡ {(w1, w2, ..., wn)|wj ≥ 0,
∑n

j=1
wj = 1},

is convex, and satisfies:

maxwj ≤ A(w1, w2, ..., wn) ≤ 1.

In general for n > 2, convexity of A and satisfaction of these bounds
does not assure that the function CEV in 7.17 is a copula, which is
to say, these two conditions alone do not characterize all possible de-
pendence functions. However, the bounding functions produce familiar
copulas. Specifically, if A(w1, w2, ..., wn) ≡ 1 then CEV (u1, u2, ..., un) =
u1u2...un, the independence copula, while if A(w1, w2, ..., wn) ≡ maxwj
then CEV (u1, u2, ..., un) = minwj , the comonotonicity copula. It is left
as an exercise to determine A(w1, w2, ..., wn) for the Gumbel-Hougaard
copula.
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Example 7.35 When n = 2, if A0(t) ≡ A(1 − t, t) is convex on
[0, 1] and satisfies the above bounds, max(t, 1 − t) ≤ A0(t) ≤ 1, then
CEV (u, v) defined in 7.17 is always an extreme value copula. The
copula can be equivalently expressed for (u, v) ∈ (0, 1]2 − {(1, 1)} by:

CEV (u, v) = exp

[
(lnuv)A0

(
ln v

ln(uv)

)]
= (uv)A0[ln v/ ln(uv)] .

For this bivariate case a number of approaches have been introduced
to estimate the function A0(t) needed for this copula, and we develop
Pickands’approach next as this introduces the key insight.

Let
{(
X

(m)
j , Y

(m)
j

)}N
j=1

be a sample of maximum variates as defined

in the introduction to this section:(
X

(m)
j , Y

(m)
j

)
≡ (maxk≤mX

(j)
k ,maxk≤m Y

(j)
k ).

As an example, each pair could represent the maximum daily loss on
two equity indexes in a given year, tracked over N years. Next, let
{(Uj , Vj)}Nj=1 be defined as the uniformly distributed variates associated

with this sample, so Uj = F (X
(m)
j ) and Vj = G(Y

(m)
j ) where these

marginal distributions are assumed to be known. Define for 0 < t < 1 :

ξj(t) = min

(
− lnUj

1− t ,−
lnVj
t

)
,

and extend logically to ξj(0) = − lnUj and ξj(1) = − lnVj . Then a
calculation produces:

Pr
[
ξj(t) > x

]
= Pr

[
Uj < e−(1−t)x, Vj < e−tx

]
= CEV (e−(1−t)x, e−tx)

= e−xA0(t).

Recalling 1.21, it follows that for each t,
{
ξj(t)

}N
j=1

has an exponential
distribution with exponential parameter λ = A0(t). It will be seen in
the book 4 discussion on moments that the mean of this exponential
distribution equals 1/λ, and thus the Pickands’estimator for A0(t) is
given by:

1/Â0(t) =
∑N

j=1
ξj(t)/N.
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7.5 General Result on Sklar’s Theorem

We now turn to the general proof of Part 1 of Sklar’s theorem, which
states the existence of a copula C in the case of general, i.e., discontinuous,
marginal distribution functions. Since proposition 7.16 above proved that
C(F1 (x1) , F2 (x2) , ..., Fn (xn)) is a joint distribution function for an
arbitrary copula C and marginals {Fj(x)}nj=1, all that is left in the general
case of Sklar’s theorem is the existence of C(u1, u2, ..., un) given
F (x1, x2, ..., xn) in the general case. Because all distribution functions are
right continuous, any such discontinuities for marginal distributions must
be left discontinuities. Further, since distribution functions are increasing,
the number of such left discontinuities is at most countable. This follows
because for any x we can define the interval [F (x−), F (x)] where F (x−) is
defined as the left limit at x. This interval is a single point when x is a
continuity point of F , or a closed interval of positive measure when x is a
discontinuity point. That F is increasing then implies that each such
interval contains a distinct rational number, and thus there are at most
countably many such intervals, and thus, at most countable many
discontinuities.

Before introducing the necessary machinery to prove the general exis-
tence result of Sklar’s theorem, it is worth a moment to contemplate why
neither the original definition of C in the proof of proposition 7.18, nor the
identity in 7.8 yields the correct answer in the general case.

1. Recall that in the proof of proposition 7.18, C(u1, u2, ..., un) was de-
fined as the distribution function of the random vector (F1 (X1) , F2 (X2) ,
..., Fn (Xn)), and it was then shown that C had uniform marginal dis-
tributions and thus was a copula. However, the distribution func-
tion of the random vector (F1 (X1) , F2 (X2) , ..., Fn (Xn)) is not
a copula in the general case.

For C(u1, u2, ..., un) so defined to be a copula only requires that this
distribution function have uniform marginal distributions. In this gen-
eral case, as in the above proof, it can be concluded that the marginal
distribution of U1 ≡ F1 (X1) say, satisfies:

C{1}(u1, 1, ..., 1) = FF1(X1)(u1).

But then by proposition 4.8, FF1(X1)(u1) ≤ u1 in general, and FF1(X1)(u1) =
u1 if and only if F1 is continuous. And this is true for all marginals.
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Thus defining C as the distribution function of the random vector
(F1 (X1) , F2 (X2) , ..., Fn (Xn)) does not produce a copula in the general
case because this function does not in general have uniform marginal
distributions as required to be a copula. Uniform marginal distributions
are produced only in the case where the original marginal distributions,
{Fj(x)}nj=1, are continuous.

1. On the other hand, once C was defined in this way in the proof of
proposition 7.18, it was then proved that as in 7.8, that:

C(u1, u2, ..., un) = F (F ∗1 (u1) , F ∗2 (u2) , ..., F ∗n (un)). ((*))

Thus, as another possible route to a general solution perhaps it is pos-
sible to simply define C directly in this way. This definition certainly
makes sense in this general case since F ∗j (uj) is well defined without
any continuity assumptions on Fj . However, once again C as defined
in (∗) does not produce a copula in the general case.
Two problems arise with this approach. The first is a special case of
the second, but worth noting separately.

(a) The marginal distributions of C as defined above are not
uniform in the general case, and thus C is not a copula.
Letting u2, ..., un → 1 say, it follows from 7.8 that since F ∗j (uj)→
∞ as uj → 1,

C{1}(u1, 1, ..., 1) = F1(F ∗1 (u1)).

However, by part 1 of proposition 3.22, F (F ∗(y)) = y for all
y ∈ (0, 1) if and only if F is continuous. Hence, in the case of
discontinuous marginal distributions the function C(u1, u2, ..., un)
above can not be a copula.

(b) C as defined above does not satisfy the defining property
in 7.4 in the general case. In other words, C does not
reproduce F (x1, x2, ..., xn).

For C as defined to satisfy this property requires that:

F (x1, x2, ..., xn) = F (F ∗1 (F1 (x1)) , F ∗2 (F2 (x2)) , ..., F ∗n (Fn (xn))).

Now if valid, we would not expect this identity to be satisfied be-
cause F ∗j (Fj (xj)) = xj for all j, since by proposition 3.22 this
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would requires F to be strictly increasing, an assumption not re-
quired even in the continuous case above. However, this identity
could be satisfied if as shown in the proof of proposition 7.18:

Fj
[
F ∗j (Fj (xj))

]
= Fj (xj) ,

for all j. This could be satisfied if either F ∗j (Fj (xj)) = xj , which
as noted requires the assumption that Fj is strictly increasing,

or if Fj
(
F ∗j (yj)

)
= yj , which requires the assumption in the

above special case that Fj is continuous. In the general case,

yj ≤ Fj
(
F ∗j (yj)

)
by 3.8, and F ∗j (Fj (xj)) ≤ xj by 3.9.

Thus, although the formula for C in (∗) is well defined in the gen-
eral case, it does not replicate the original distribution F (x1, x2, ..., xn).

There are a number of proofs of the Part 1 existence portion of Sklar’s
theorem in the case of general marginal distributions. A relatively recent
proof was published in 2009 by Ludger Rüschendorf using the notion of a
distributional transform, a tool said to have been introduced in the late
1960s and widely used since the early 1980s in connection with the study
of stochastic orderings. The essence of Rüschendorf’s proof was to use this
transform to define a continuous version of a general marginal distribution
function, Fj(x), which works well with the original left continuous inverse
function in the following sense.

Let F (x) be a general marginal distribution function of a random variable
X defined on a probability space (S,E ,µ). Then an associated continuous
distribution function, F c(x), will be defined and proved to be uniformly
distributed on (0, 1) in proposition 7.40. More importantly, when the left
continuous inverse of the original distribution function F is applied to this
uniform variate defined on (0, 1), it produces the original random variable
X in distribution. In other words, defining

X ′ ≡ F ∗ (F c(x)) ,

then

FX′(x) = F (x).

Thus from the discussion above, the proof of the general Sklar existence
result will follow from the case of continuous marginal distributions, once a
few details are checked.
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7.5.1 The Distributional Transform

Let X : (S,E ,µ)→ (R,B(R), m) be a random variable with distribution
function F defined as usual by

F (x) = µ
[
X−1(−∞, x]

]
,

where m denotes Lebesgue measure. With µF the Borel measure induced
by X,

F : (R,B(R), µF )→ ((0, 1),B((0, 1)), m)

is as an increasing and right continuous function on R, and is thus
measurable and so a random variable on this probability space. See for
example proposition 5.7 in book 1.

Similarly, the left limit function F− is defined by

F−(x) = lim
y→x−

µ
[
X−1(−∞, y]

]
,

where y → x− denotes that y < x and y → x. Because measures are
continuous from below it follows that

F−(x) = µ
[
X−1(−∞, x)

]
,

and so is an increasing function and thus a random variable on (R,B(R), µF ).
Finally, let

V : ([0, 1],B([0, 1]), m)→ ([0, 1],B([0, 1]), m)

be the identity random variable:

V (y) = y.

Notation 7.36 Note that the left limit of a function f at x is sometimes
denoted f−(x), and sometimes f(x−). Similarly, the right limit is denoted
f+(x), and sometimes f(x+).

With this set-up, the distributional transform of X is defined as
follows.

Definition 7.37 (Distributional transform) Given the notation above,
the distributional transform of X, denoted F c, is defined as a function on
the product probability space (R,B(R),µF )× ([0, 1],B([0, 1]), m) ,by:

F c(x, y) = F−(x) + V (y)
[
F (x)− F−(x)

]
. (7.18)
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Remark 7.38 1. Note that in simple language, with Pr denoting proba-
bilities defined in (S,E,µ), that:

F c(x, y) = Pr[X < x] + yPr[X = x].

2. Each of F, F− and V are random variables on this product space with
range space ([0, 1],B([0, 1]), m), and so F c is a random variable. For
example, F is measurable because by 3.7 F (z) < x if and only if z <
F ∗(x) and so:

F−1 [[0, x)] = (−∞, F ∗(x))× [0, 1],

a measurable rectangle. Similarly, by 3.6 F (z) ≥ x if and only if
z ≥ F ∗(x) and so:

F−1 [[x, 1]] = [F ∗(x),∞)× [0, 1]

3. Both F and F− are independent of V on this product space. To see
this, recall the definition of independent random variables in 3.22,
which in the case of F and V is:

(µF ×m)
(
F−1(A1)

⋂
V −1(A2)

)
= (µF ×m)

(
F−1(A1)

)
· (µF ×m)

(
V −1(A2)

)
,

for Ai ∈ B([0, 1]). But F−1(A1) = B1 × [0, 1] where B1 ⊂ R is de-
fined as F−1(A1) with F defined on (R,B(R),µF ), and V −1(A2) =
R × B2 where B2 ⊂ [0, 1] is defined as V −1(A2) with V defined on
([0, 1],B([0, 1]), m). So the intersection set is B1×B2 and this identity
then follows from the definition of of product measure on rectangles:

(µF ×m)
(
F−1(A1)

⋂
V −1(A2)

)
= µF (B1) ·m (B2)

= (µF ×m) (B1 × [0, 1]) · (µF ×m) (R×B2)

= (µF ×m)
(
F−1(A1)

)
· (µF ×m)

(
V −1(A2)

)
.

The same derivation holds for F−.

4. Since F c(x, y) can be rewritten:

F c(x, y) = F (x)− (1− V (y))
[
F (x)− F−(x)

]
,
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and 0 ≤ V ≤ 1, it follows that

F c(x, y) ≤ F (x),

and

F c(x, y) = F (x) if and only if x is a continuity point, or y = 1.

Example 7.39 Let X : (S,E,µ) → (R,B(R),m) be a random variable with
X(S) = [−1, 1] and distribution function:

F (x) =



0, x < −1,

1/2, −1 ≤ x ≤ 0,

1/2 + x/2, 0 ≤ x ≤ 1,

1, x > 1.

This distribution displays the 3 primary behaviors of such functions con-
taining a discontinuity, a continuous but nonincreasing component, and a
continuous and strictly increasing component. It follows that:

F c(x, y) =



0, x < −1,

y/2, x = −1,

1/2, −1 < x ≤ 0,

1/2 + x/2, 0 ≤ x ≤ 1,

1, x > 1.

As noted in remark 4, F c(x, y) = F (x) unless x = −1, the only discontinuity
point of F, and F c(−1, y) < F (−1) unless y = 1. It is apparent that for this
example that the range of F c is [0, 1]. In a more general case, for example if
X is a random variable with distribution function in 1.17 with the standard
normal probability density in 1.23, the range of F is contained in (0, 1) and
so too is the range of F c.

We now show as an example of the general case in proposition 7.40 below
that F c is uniformly distributed on (0, 1). It then follows that F ∗ (F c(x, y))
is a random variable with distribution function F (x) by part 2 of proposition
4.8. Said another way, F ∗ (F c(x, y)) = X in distribution.



166 CHAPTER 7 COPULAS AND SKLAR’S THEOREM

To prove that F c above is uniformly distributed on (0, 1), choose α ∈
(0, 1) and consider Aα ≡ (F c)−1 (0, α]. Since Aα ⊂ (R,B(R),µF )×([0, 1],B([0, 1]), m)
it must be shown that (µF ×m) [Aα] = α. Now

Aα =

 (−∞,−1)× [0, 1] ∪ {−1} × [0, 2α], 0 < α ≤ 1/2,

(−∞, 2α− 1]× [0, 1], 1/2 < α < 1,

and it follows that (µF ×m) [Aα] = α and so F c is uniformly distributed on
(0, 1).

Thus as noted above, F ∗ (F c(x, y)) = X in distribution.

The next proposition generalizes this example and follows the proof by
Rüschendorf. It is a worthwhile exercise to apply the general approach of
this proof to the above example to better understand how this construction
works.

Proposition 7.40 Let X : (S,E,µ) → (R,B(R),m) be a random vari-
able with distribution function F (x) and define F c(x, y) on (R,B(R),µF )×
([0, 1],B([0, 1]), m) as in 7.18. Then F c is uniformly distributed on (0, 1),
and thus F ∗ (F c(x, y)) = X in distribution.
Proof. As for the above example, the distributional result on F ∗ (F c(x, y))
follows from part 2 of proposition 4.8 once it is proved that F c is uniformly
distributed on (0, 1). To prove this, we must generalize the construction for
the above example so as to indirectly identify discontinuities. To this end,
choose α ∈ (0, 1) and consider Aα ≡ (F c)−1 (0, α]. First note that if F (x) <
α then since F c(x, y) ≤ F (x) it follows that (−∞, x] × [0, 1] ⊂ Aα. Define
q−α (X), the lower α-quantile, by:

q−α (X) = sup{x|F (x) < α}.

For every x in the set {x|F (x) < α} that defines q−α (X), it follows that
(−∞, x] × [0, 1] ⊂ Aα and so (−∞, q−α (X)) × [0, 1] ⊂ Aα. But it need not
follow that (−∞, q−α (X)] × [0, 1] ⊂ Aα, or equivalently that for (x, y) ∈
(−∞, q−α (X)]× [0, 1] that:

F c(x, y) = F−(x) + V (y)
[
F (x)− F−(x)

]
≤ α.

So with F− defined as for 7.18, and Pr probabilities defined on (S,E,µ), let:

q = F−(q−α (X)) = Pr{X < q−α (X)},

and
β = F (q−α (X))− F−(q−α (X)) = Pr{X = q−α (X)}.

Consider the cases β > 0 and β = 0.
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1. If β > 0 then Aα = (−∞, q−α (X)) × [0, 1] ∪ {q−α (X)} × [0, (α− q) /β]
since F c(x, y) < α on the first rectangle as noted above, while F c(x, y) =
α on the second by construction. In addition, (µF ×m) [Aα] = α since
these rectangles are disjoint with respective measures q and α− q.

2. If β = 0 then F c(x, y) = F (x) ≤ α on Aα = (−∞, q−α (X)]× [0, 1], and
(µF ×m) [Aα] = Pr[X ≤ q−α (X)] = α by continuity of F at q−α (X).

In all cases, (µF ×m) [F c ≤ α] = (µF ×m) [Aα] = α, and thus F c is
uniformly distributed on (0, 1).

7.5.2 Sklar’s Theorem - The General Case

With the aid of the result in proposition 7.40, the general proof of Part 1
of Sklar’s theorem is now relatively simple.

Proposition 7.41 (Sklar’s Theorem Part 1 - General Case) If F (x1, x2, ..., xn) ∈
F(F1, F2, ..., Fn) where {Fj(x)}nj=1 are given distribution functions, then there
exists a copula C associated with F , so that as defined in 7.4:

F (x1, x2, ..., xn) = C(F1 (x1) , F2 (x2) , ..., Fn (xn)).

In addition, C(u1, u2, ..., un) can be defined as the joint distribution function
of (F c1 (x1, y) , F c2 (x2, y) , ..., F cn (xn, y)), where F cj (xj , y) denotes the distrib-
utional transform of Xj .

Proof. By proposition 7.40 F ∗j
[
F cj (xj , y)

]
= Xj in distribution, and recall-

ing 3.6:

F (x1, x2, ..., xn) = µ
[⋂

j
{Xj ≤ xj}

]
= µ

[⋂
j

{
F ∗j
[
F cj (xj , y)

]
≤ xj

}]
= µ

[⋂
j

{
F cj (xj , y) ≤ Fj (xj)

}]
.

Now let C(u1, u2, ..., un) be defined as the joint distribution function of (F c1 (x1, y) ,
F c2 (x2, y) , ..., F cn (xn, y)). It then follows by definition that

µ
[⋂

j

{
F cj (xj , y) ≤ Fj (xj)

}]
= C(F1 (x1) , F2 (x2) , ..., Fn (xn)),

and thus by combining with the prior result, 7.4 is satisfied.
That C is a copula associated with F now follows because the marginal

distributions of C are the distribution functions of the F cj (xj , y)-variates,
which are uniformly distributed by proposition 7.40.
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7.6 Tail Dependence and Copulas

Given random variables X1 and X2 defined on a probability space (S,E ,µ),
the notion of tail dependence is introduced as a measure of the extent to
which these variates exhibit extreme outcomes simultaneously. Such
outcomes are traditionally defined in terms of the probabilities of the
simultaneous events Xj > F ∗j (t) as t→ 1, or of Xj ≤ F ∗j (t) as t→ 0. In
other words, simultaneous extreme events are defined in terms of the
quantiles of the distribution functions, which are then defined in terms of
the left continuous inverse functions. Of course the joint probability of
either simultaneous event converges to zero in all cases, so one is usually
interested in the conditional probabilities.

While the following definition appears asymmetrical in terms of the roles
of X1 and X2, see remark 7.45 below for a symmetrical version in the case
of continuous marginals.

Definition 7.42 Let X1 and X2 be random variables defined on a probabil-
ity space (S,E,µ) with respective distribution functions F1 and F2, and Pr
denote probabilities defined by µ in (S,E,µ). The lower tail dependence
measure or coeffi cient or index, λL, is defined when the limit exists, by:

λL = lim
t→0+

Pr [X1 ≤ F ∗1 (t) |X2 ≤ F ∗2 (t)] . (7.19)

The upper tail dependence measure or coeffi cient or index, λU , is
defined when the limit exists, by:

λU = lim
t→1−

Pr [X1 > F ∗1 (t) |X2 > F ∗2 (t)] . (7.20)

The variates X1 and X2 are said to be lower tail dependent if λL ∈
(0, 1] and lower tail independent if λL = 0. Similarly, X1 and X2 are said
to be upper tail dependent if λU ∈ (0, 1] and upper tail independent if
λU = 0.

In the special case where F1 and F2 are continuous, these tail dependence
measures have particularly simple expressions.

Proposition 7.43 Given random variables X1 and X2 defined on a proba-
bility space (S,E,µ) with respective continuous distribution functions F1 and
F2 and copula C, then when these limits exist:

λL = lim
t→0+

C (t, t)

t
, λU = lim

t→1−

1− 2t+ C (t, t)

1− t . (7.21)
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Further, if C(t, t) is differentiable in a neighborhood of t = 0, respectively
t = 1, then:

λL = lim
t→0+

dC (t, t)

dt
, respectively, λU =2− lim

t→1−

dC (t, t)

dt
. (7.22)

Proof. By 3.17 it follows that if F denotes the joint distribution function
of (X1, X2) and C a copula associated with F :

λL = lim
t→0+

µ
[
X−1

1 (−∞, F ∗1 (t)] ∩X−1
2 (−∞, F ∗2 (t)]

]
/µ
[
X−1

2 (−∞, F ∗2 (t)]
]

= lim
t→0+

F (F ∗1 (t) , F ∗2 (t)) /F2 (F ∗2 (t))

= lim
t→0+

C (F1 (F ∗1 (t)) , F2 (F ∗2 (t))) /F2 (F ∗2 (t)) .

The first expression in 7.21 now follows by part 1 of proposition 3.22, since

Fj

(
F ∗j (t)

)
= t for all t ∈ (0, 1) if and only if Fj is continuous.

For notational simplicity let A ≡ X−1
1 (−∞, F ∗1 (t)] and B ≡ X−1

2 (−∞, F ∗2 (t)],
then:

S = (A ∩B)
⋃(

Ã ∩B
)⋃(

A ∩ B̃
)⋃(

Ã ∩ B̃
)
,

is a disjoint union and thus:

µ (A ∩B) = 1− µ
(
Ã ∩B

)
− µ

(
A ∩ B̃

)
− µ

(
Ã ∩ B̃

)
.

Substituting µ
(
Ã ∩B

)
= µ

(
Ã
)
− µ

(
Ã ∩ B̃

)
and µ

(
A ∩ B̃

)
= µ

(
B̃
)
−

µ
(
Ã ∩ B̃

)
obtains:

µ (A ∩B) = 1− µ
(
Ã
)
− µ

(
B̃
)

+ µ
(
Ã ∩ B̃

)
.

Returning to the definitions of A and B :

λU = lim
t→1−

µ
[
X−1

1 (F ∗1 (t) ,∞) ∩X−1
2 (F ∗2 (t) ,∞)

]
/µ
[
X−1

2 (F ∗2 (t) ,∞)
]

= lim
t→1−

[1− F1 (F ∗1 (t))− F2 (F ∗2 (t)) + F (F ∗1 (t) , F ∗2 (t))] / [1− F2 (F ∗2 (t))]

= lim
t→1−

[1− F1 (F ∗1 (t))− F2 (F ∗2 (t)) + C (F1 (F ∗1 (t)) , F2 (F ∗2 (t)))] / [1− F2 (F ∗2 (t))] ,

and the second expression in 7.21 follows as above.
The expressions in 7.22 are now an application of l’Hôpital’s rule

introduced in the section, Archimedean Copulas, since C(0, 0) = 0 and
C(1, 1) = 1.
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Exercise 7.44 Show that when the marginal distributions are continuous
that λU can be expressed:

λU =2− lim
t→1−

lnC (t, t)

ln t
.

Remark 7.45 While there initially appeared to be an asymmetry in the de-
finition of the tail dependence measures in terms of the roles of X1 and
X2, it is apparent from proposition 7.43 that in the case of continuous mar-
ginal distribution functions, that the values of these measures are unchanged
if the roles are reversed.

Example 7.46 Recalling some of the examples introduced in section 7.4:

1. Independence Copula: Since CI (t, t) = t2, it follows from 7.22 that
λL = λU = 0, as anticipated since CI (u1, u2) is the joint distribution
function of independent, uniformly distributed random variates.

2. Comonotonicity Copula: Here, CCo (t, t) = t and so λL = λU =
1, consistent with CI (u1, u2) being the joint distribution function of
uniformly distributed variates with U1 = U2 almost surely.

3. Countermonotonicity Copula: With CCn(t, t) = max {0, 2t− 1} ,
it follows that CCn(t, t) = 0 in a neighborhood of t = 0 and CCn(t, t) =
2t − 1 in a neighborhood of t = 1, and so λL = λU = 0. This is
consistent with CCn(t, t) being the distribution function of uniform
variates with U1 = 1− U2 almost surely.

4. Gaussian Copula: When n = 2, the matrix R of correlation coeffi -
cients as defined in book 4 is given by:

R =

 1 ρ

ρ 1

 , R−1 =

 1/(1− ρ2) −ρ/(1− ρ2)

−ρ/(1− ρ2) 1/(1− ρ2)

 ,

and so

cG(t1, t2) =
1

2π [1− ρ2]1/2
exp

[
−
(
t21 − 2ρt1t2 + t22

)
/
(
2(1− ρ2)

)]
,

and thus

CG(t, t) =

∫ Φ−1(t)

−∞

∫ Φ−1(t)

−∞
cG(t1, t2)dt1dt2.

Quite surprisingly, a somewhat long exercise in differential calculus
yields that in the limit, λL = λU = 0 for |ρ| < 1. See also section
9.3.3 below.
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5. Student T Copula: With the same R as for the Gaussian copula,
though this is the correlation matrix only when ν > 2,

cT (t1, t2) =
1

2π [1− ρ2]1/2
[
1 +

(
t21 − 2ρt1t2 + t22

)
/
(
ν(1− ρ2)

)]−(ν+2)/2
.

An identity was used to simplify the numerical coeffi cient, in that from
Γ(1 + α) = αΓ(α) it follows that Γ (ν/2 + 1) / [νΓ (ν/2)] = 1/2. Then:

CT (t, t) =

∫ T−1υ (t)

−∞

∫ T−1ν (t)

−∞
cT (t1, t2)dt1dt2,

and another long exercise in differential calculus yields that in the
limit, for |ρ| < 1 :

λL = λU = 2Tυ+1

(
−
√
υ + 1

√
1− ρ
1 + ρ

)
,

where Tυ+1 denotes the Student T distribution function defined with
density in 7.12 but with υ + 1 degrees of freedom.

Hence for |ρ| < 1, λL, λU → 0 as ν →∞ consistent with the observa-
tion that cT (t1, t2) → cG(t1, t2) in the limit. That this convergence of
integrands implies the convergence of the associated integrals requires
the integration tools of book 3, and specifically the bounded convergence
theorem. Because of the symmetry of the Student T distribution, this
expression is sometimes written as:

λL = λU = 2T̃υ+1

(√
υ + 1

√
1− ρ
1 + ρ

)
,

where T̃υ+1 ≡ 1− Tυ+1 is the Student T survival function.

6. Archimedean Copulas: By 7.13, CA(t, t) = ψθ
(
2ψ−1

θ (t)
)
and so

formulaically:
dCA (t, t)

dt
=

2ψ′θ
(
2ψ−1

θ (t)
)

ψ′θ(ψ
−1
θ (t))

,

since ψθ
(
ψ−1
θ (t)

)
= t implies that ψ′θ

(
ψ−1
θ (t)

) dψ−1θ (t)

dt = 1. Letting
s = ψ−1

θ (t) , note that since ψθ : [0,∞) → [0, 1], ψθ(0) = 1 and
limt→∞ ψθ(t) = 0, it follows that:

s→

∞, t→ 0,

0, t→ 1.
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Thus:

λL = 2 lim
s→∞

ψ′θ (2s)

ψ′θ(s)
, λU = 2

[
1− lim

s→0

ψ′θ (2s)

ψ′θ(s)

]
. (7.23)

The tail dependence measures apparently depend on the functional form
of the generator function ψθ(t), and those introduced above are evalu-
ated directly below, with details left as exercises.

(a) Gumbel Copula: Defined by ψθ(t) = exp
(
−t1/θ

)
, θ ≥ 1, it

follows that CG (t, t) = t2
1/θ
, dCG (t, t) /dt = 21/θt2

1/θ−1, and
thus

λL = 0, λU = 2− 21/θ,

and so 0 ≤ λU < 1.

(b) Clayton Copula: Defined by ψθ(t) = (1 + θt)−1/θ , θ ≥ 0, it

follows that CC (t, t) =
(
2t−θ − 1

)−1/θ
for θ > 0, while CC (t, t) =

t2 for θ = 0 defined as a limit. This latter value is the same as
that for the Gumbel copula when θG = 1. Hence dCC (t, t) /dt =

2
(
2− tθ

)− 1
θ

(θ+1)
and dCC (t, t) /dt = 2t in these respective cases,

and in all cases it follows that

λU = 0, λL = 2−1/θ,

and so 0 ≤ λL < 1.

(c) Frank Copula: Defined with ψθ(t) = −1
θ ln

(
1−

(
1− e−θ

)
e−t
)
,

θ ≥ 0, it follows that CF (t, t) = −1
θ ln

(
1−

(
1− e−θt

)2
/
(
1− e−θ

))
for θ > 0, while CF (t, t) = t2 for θ = 0 defined as a limit. This
is again the same as the Gumbel copula when θG = 1. Hence for
θ > 0,

dCF (t, t)

dt
= 2

e−tθ
(
e−tθ − 1

)
(e−tθ − 1)

2
+ (e−θ − 1)

,

while dCF (t, t) /dt = 2t for θ = 0, and in all cases it follows that

λU = λL = 0.

When F (x1, x2, ..., xn) is a distribution function of n > 2 variates, the
above definitions of tail index can be applied to variate pairs.
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Definition 7.47 Given i, j, the i, j-lower tail dependence measure or
coeffi cient or index, λLi,j , is defined when the limit exists, by:

λLi,j = lim
t→0+

Pr
[
Xi ≤ F ∗i (t) |Xj ≤ F ∗j (t)

]
.

The i, j-upper tail dependence measure or coeffi cient or index, λUi,j ,
is defined when the limit exists, by:

λUi,j = lim
t→1−

Pr
[
Xi > F ∗i (t) |Xj > F ∗j (t)

]
.

Here, Fi and Fj are the marginal distributions of Xi and Xj , and F ∗ denotes
the associated left continuous inverse functions.

The variates Xi and Xj are said to be i, j-lower tail dependent if
λLi,j ∈ (0, 1] and i, j-lower tail independent if λLi,j = 0. Similarly, Xi

and Xj are said to be i, j-upper tail dependent if λUi,j ∈ (0, 1] and i, j-
upper tail independent if λUi,j = 0.

Remark 7.48 Proposition 7.43 remains true with the marginal copula Ci,j(t, t),where
this copula is defined as C(t1, t2, ..., tn) with ti = tj = t and tk = 1 for
k 6= i, j.





Chapter 8

Weak Convergence of
Distribution Functions

In this section we introduce the definition of weak convergence of a
sequence of distribution functions {Fn(x)} to F (x), or weak convergence
of a sequence of measures {µn} to µ. For function sequences this will add
to convergence notions of uniform, pointwise, and pointwise almost
everywhere introduced previously. We begin with a few examples,
discussing both the distribution functions and their associated measures.

Recall that if F (x) is a right continuous increasing function on R, here
assumed to also satisfy F (−∞) = 0, F (∞) = 1, then the associated Borel
probability measure µF is defined as in chapter 5 of book 1 by:

µF ((−∞, x]) = F (x), µF ((a, b]) = F (b)− F (a).

This implies that µF ({b}) = F (b) − F (b−) where F (b−) denotes the left
limit at b, and so F (x) is continuous at b if and only if µF ({b}) = 0.

Example 8.1 1. Given any distribution function F (x), the sequence Fn(x) ≡
F (x + 1/n) converges pointwise to F (x) by right continuity of F (x).
For the associated measures, µFn((a, b]) ≡ F (b + 1/n) − F (a + 1/n)
converges again by right continuity to µF ((a, b]) for all (a, b] ∈ A′, the
semi-algebra of right semi-closed intervals.

2. However, Fn(x) ≡ F (x − 1/n) converges pointwise to F (x−), the left
limit of F (x), and hence converges almost everywhere to F (x). Put
another way, Fn(x) converges to F (x) at every continuity point of
F (x). Now µFn((a, b]) ≡ F (b−1/n)−F (a−1/n) converges to µF ((a, b])

175
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only for such intervals for which a and b are continuity points of F (x).
Otherwise,

µFn((a, b]) → F (b−)− F (a−)

= µF ([a, b))

= µF ((a, b]) + µF (a)− µF (b).

3. Defining Fn(x) ≡ F (x+n) then Fn(x) converges to F0(x) ≡ 1 for every
x, but F0 is not a distribution function since limx→−∞ F0(x) 6= 0. In
addition, µFn((a, b]) ≡ F (b + n) − F (a + n) converges to 0 for all
(a, b] ∈ A′ consistent with F0(x), although µFn(R) ≡ 1 for all n which
is inconsistent with the limiting function F0(x). Similar observations
apply to Fn(x) ≡ F (x− n), but now Fn(x) converges to F0(x) ≡ 0 for
all x.

4. Defining Fn(x) ≡ F (x + (−1)nn) then for any x, F2n(x) converges
to F0(x) ≡ 1, while F2n+1(x) converges to F0(x) ≡ 0, so Fn(x) does
not converge in any sense. However, for any bounded (a, b] ∈ A′,
µFn((a, b]) always converges to µF ≡ 0.

8.1 Definitions of Weak Convergence

The goal of this section is to study the notion of weak convergence of a
sequence of distribution functions. In effect weak convergence is pointwise
convergence almost everywhere, but where the exceptional set is restricted
to be a subset of the at most countable collection of discontinuities of
F (x). This section will focus largely on the theory of weak convergence of
measures, etc., defined on R. See the chapter on General Results on Weak
Convergence of Measures in book 6 for extensions of these results and
generalizations to the case of measures defined on Rn.

In the following definition, it is not assumed that there is a common
probability space (S, E , µ) on which all random variables are defined. In
other words, it is not required that these distribution functions or probability
measures originate from random variables defined on a common probability
space, though in many applications this will be the natural setting.

Definition 8.2 a. A sequence of distribution functions on R, {Fn(x)},
will be said to converge weakly to a distribution function F (x), de-
noted Fn ⇒ F, if Fn(x)→ F (x) for every continuity point of F (x).
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b. A sequence of probability measures on R, {µn}, will be said to con-
verge weakly to a probability measure µ, denoted µn ⇒ µ, if µn((−∞, x])
converges to µ((−∞, x]) for all x for which µ{x} = 0.

Remark 8.3 Recalling the development in section 5.2, a sequence of ran-
dom variables {Xn} converges in distribution or converges in law to
a random variable X, denoted Xn →d X, if and only if Fn ⇒ F for the
associated distribution functions.

Exercise 8.4 By chapter 5 of book 1, a probability measure µ on R is in-
duced by a given distribution function F by:

µ((−∞, x]) ≡ F (x),

and similarly distribution functions are induced by probability measures. To
avoid notational confusion, note that if there is a random variable X defined
on a probability space (S, E , ν) then both F and µ ≡ µF are induced by X
and υ in the sense that:

F (x) ≡ µF ((−∞, x]) ≡ υ(X−1(−∞, x]).

Prove that x is a continuity point of F if and only µ{x} = 0, and so µn ⇒ µ
if and only if Fn ⇒ F . (Hint: Recall that measures are continuous from
above so µ{x} = limµ [In] where {In} is a collection of intervals (or general
sets) with ∩In = x.)

It is sometimes convenient to use the terminology of weak convergence
in the context of increasing functions rather than only for distribution func-
tions, and to also apply this terminology to joint distribution functions:

• Weak Convergence of Increasing Functions: A sequence of
increasing functions {Fn(x)} will be said to converge weakly to an
increasing function F (x), denoted Fn ⇒ F, if Fn(x)→ F (x) for every
continuity point of F (x).

Remark 8.5 This notion will be applied in the investigation of the relation-
ship between weak convergence of distribution functions and weak conver-
gence of the associated left continuous inverses. Recall that left continuous
inverse functions are increasing functions by proposition 3.16. See section
8.3 below.

• Weak Convergence in a Multivariate Context: The above defi-
nitions can be applied almost verbatim:
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a. A sequence of joint distribution functions {Fn(x)} defined on
Rm will be said to converge weakly to a joint distribution func-
tion F (x), denoted Fn ⇒ F, if Fn(x)→ F (x) for every continuity
point of F (x).

b. A sequence of probability measures {µn} defined on Rm will be
said to converge weakly to a probability measure µ, denoted
µn ⇒ µ, if

µn

[∏m

j=1
(−∞, xj ]

]
→ µ

[∏m

j=1
(−∞, xj ]

]
for all rectangles Ax ≡

∏m
j=1(−∞, xj ] with µ{x} = 0.

Remark 8.6 As in the one-dimensional case, a sequence of random vectors
{Xn} converges in distribution or converges in law to a random vector
X, denoted Xn →d X, if and only if Fn ⇒ F for the associated distribution
functions.

Also, by chapter 8 of book 1, probability measures and the associated
distribution functions are linked by:

Fn(x1, x2, ..., xn) ≡ µn
[∏m

j=1
(−∞, xj ]

]
,

so µn ⇒ µ if and only Fn ⇒ F.

Note that for these definitions it is explicitly assumed that F (x) is a
distribution function and µ is a probability measure. This raises a question:
Can Fn(x) or µn converge by the given criterion but converge to F (x) which
is not a distribution function, or to µ which is not a probability measure? We
will see below that given just the convergence criterion, we can characterize
the situations for which the resulting F (x) must be a distribution function,
and resulting µ must be a probability measure.

The following result will be used to show that if µn ⇒ µ and µ{a} =
µ{b} = 0, then µn(I) → µ(I) for any interval I = 〈a, b〉, whether open,
closed or semi-closed. The needed result is that while a continuity point x
of F need not be a continuity point of Fn, meaning that the µn-measure of
such x need not equal 0, the µn-measure of such x must converge to 0 as
n→∞.

Proposition 8.7 If Fn ⇒ F and x is a continuity point of F, then µn ({x})→
0.
Proof. Let ε > 0 be given. We show that there is an N so that µn ({x}) < 3ε
for n ≥ N. First, since Fn(x)→ F (x) there is an N0 so that |Fn(x)− F (x)| <
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ε for n ≥ N0. Also, because F is continuous at x there is a δ so that
|F (x)− F (y)| < ε for |x− y| < δ. Now let {yj} be continuity points of
F with yj < x, |x− yj | < δ and yj → x. These points exist since F has at
most countably many discontinuities and hence continuity points are dense
in R. Now since Fn(yj)→ F (yj) for all j, for each j there is an Nj so that
|Fn(yj)− F (yj)| < ε for n ≥ Nj . Choose any j so that |x− yj | < δ, then for
n ≥ max{N0, Nj} :

|Fn(x)− Fn(yj)| ≤ |Fn(x)− F (x)|+ |F (x)− F (yj)|+ |F (yj)− Fn(yj)| < 3ε.

Since Fn(x)− Fn(yj) = µn ((yj , x]) , it follows that for n ≥ max{N0, Nj} :

µn ({x}) ≤ µn ((yj , x]) < 3ε.

Corollary 8.8 If µn ⇒ µ and µ{a} = µ{b} = 0, then µn(I) → µ(I) for
any interval I = 〈a, b〉, whether open, closed or semi-closed.
Proof. For any such interval, since a and b are continuity points of the
distribution function F associated with µ, it follows that µ(I) = F (b)−F (a).
Given n, since a and b need not be continuity points of the distribution
function Fn associated with µn, the value of µn(I) depends on whether I is
open, closed or semi-closed. Recall the formulas from chapter 5 of book 1:

µn((a, b]) = Fn(b)− Fn(a),

µn((a, b)) = Fn(b)− Fn(a)− µn ({b}) ,
µn([a, b)) = Fn(b)− Fn(a)− µn ({b}) + µn ({a}) ,
µn([a, b]) = Fn(b)− Fn(a) + µn ({a}) .

Since µn ({a}) → 0 and µn ({b}) → 0, the result follows because Fn(x) →
F (x) for continuity points x = a, b.

Remark 8.9 In the chapter on General Results on Weak Convergence of
Measures in book 6 we return to this discussion with the tools of a general
integration theory. There it will be proved that if µn ⇒ µ, then µn(A) →
µ(A) for any Borel set A ⊂ R for which µ(∂A) = 0. Here ∂A denotes the
boundary of A and is defined:

∂A = {x|x is a limit point of A and Ã}, (8.1)

where by limit point is meant that there exists {xn} ⊂ A and {x′n} ⊂ Ã with
xn → x and x′n → x. For the intervals I above, ∂A = {a, b}.
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This result will also hold in the context of measures on Rm, and in both
cases, there will be an important application to the convergence of integrals
of bounded continuous functions defined with respect to the given measures.

It is then natural to wonder if more is true. Perhaps µn ⇒ µ implies
that µn(A) → µ(A) for every Borel set A ∈ B(R). The following example
shows that this is not the case.

Example 8.10 On the interval [0, 1], let µRn (j/n) = 1
n , j = 1, 2, .., n, de-

note the discrete uniform measure introduced in 1.5, and let µ ≡ m denote
Lebesgue measure restricted to this interval. Then the associated distribution
functions are defined by:

Fn(x) =

0, x < 0,

bnxc/n, 0 ≤ x ≤ 1,

1, x > 1,

where bnxc denotes the greatest integer less than or equal to nx:

bnxc = max{m ∈ N|m ≤ nx}. (8.2)

Then Fn(x) → F (x) for all x, where F (x) = x is the distribution function
of m. Hence µRn ⇒ m.

However, µRn (A) 9 m(A) for every Borel set A ∈ B(R). For example if
A is the set of all rationals in [0, 1] then µRn (A) = 1 for all n but m(A) = 0.
Conversely for the irrationals, µRn (A) = 0 for all n but m(A) = 1.

This example is not inconsistent with the above noted book 6 result. Here,
the set of boundary points for A defined as the set of rationals or irrationals
is ∂A = [0, 1], which does not have m-measure zero. But if A′ is any finite
set of rationals then ∂A′ = ∅ and hence by the book 6 result it must be the
case that µn(A′) → µ(A′) = 0. But this is clear by definition here since if
A′ contains N rational numbers, then for n > N it must be the case that
µn(A′) ≤ N/n, and the result follows. For A′ defined as a finite set of
irrationals, then ∂A′ = ∅ and again µn(A′) ≡ 0 = µ(A′).

8.2 Properties of Weak Convergence

Turning next to properties of weak convergence, the first result states that
weak convergence is strong enough to preclude ambiguities about the limit.
In the current context this means that despite the fact that Fn ⇒ F is a
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"weak" form of convergence, it is strong enough to ensure that F is
unique. Of course F must be uniquely defined on each continuity point x
by definition of Fn(x)→ F (x), so the only surprise is that F is also
uniquely defined on its discontinuities.

Remark 8.11 For the following result and any result below on weak con-
vergence of distribution functions, Fn ⇒ F, the same results apply by def-
inition to weak convergence of a sequence of Borel measures, µn ⇒ µ. But
for economy we will resist the urge to restate results in both contexts.

Proposition 8.12 If {Fn(x)} is a sequence of distribution functions and
there exists distribution functions F and G for which Fn ⇒ F and Fn ⇒ G,
then F (x) = G(x) for all x.
Proof. Both F and G are continuous except on at most countably many
points, and F (x) = G(x) for each common continuity point by definition.
Since the combined exceptional set is countable, the set of common continuity
points is dense in R and for any x in this exceptional set there is a sequence
of common continuity points, {xn}∞n=1 with xn > x and xn → x. But then
F (xn) = G(xn) for all n, and the right continuity of F and G then assures
that F (x) = G(x).

The next results address questions related to a given sequence of dis-
tribution functions, {Fn}∞n=1. For example, what can be said about the
existence of a function F (x) so that Fn(x) → F (x) at all continuity points
of F? More generally, does there exists a subsequence {Fnk}∞k=1 so that
Fnk(x) → F (x) at all continuity points of F? In either case, when can
it be assured that F (x) is in fact a distribution function so that then
Fn(x)⇒ F (x) or Fnk(x)⇒ F (x), respectively?

The question concerning such F (x) being a distribution function is not
vacuous.

Example 8.13 Let Fn(x) be the distribution function associated with a con-
stant random variable Xn defined on some probability space by Xn ≡ (−1)nn,
and so its distribution function is given by Fn(x) = χ[(−1)nn,∞)(x). Thus for
every x, F2n(x) → 0, and hence F2n(x) → F (x) for all x with F (x) ≡ 0.
But obviously, F (x) is not a distribution function. Similarly, F2n+1(x) →
F (x) ≡ 1 for all x, but again this F is not a distribution function.

The first proposition is Helly’s selection theorem, named for Ed-
uard Helly (1884 — 1943). Given an arbitrary sequence of distribution
functions {Fn}∞n=1, it provides a surprisingly general existence result on a
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right continuous, increasing function F so that for a subsequence, Fnk → F
at all continuity points of F . Since F is increasing this means convergence is
everywhere except on perhaps a countable set. But importantly, note that
Helly’s result does not assure that such F is a distribution function, and
indeed given example 8.13 above, it most assuredly can not.

Helly’s theorem is stated here in terms of distribution functions, but
elsewhere the equivalent focus on probability measures is common.

Proposition 8.14 (Helly’s Selection theorem) Given a sequence of dis-
tribution functions {Fn}∞n=1, there exists a subsequence {Fnk}∞k=1, and a right
continuous, increasing function F (x), so that Fnk(x) → F (x) on all conti-
nuity points of F.
Proof. Let {rj}∞j=1 denote an enumeration of the rationals. Since {Fn(r1)}∞n=1

is a bounded sequence, in fact bounded by 1, there is an accumulation point
which we denote A(r1) and a subsequence {n1,k}∞k=1 so that Fn1,k(r1) →
A(r1). Next, since {Fn1,k(r2)}∞k=1 is a bounded sequence, there is an ac-
cumulation point A(r2) and a subsequence {n2,k}∞k=1 ⊂ {n1,k}∞k=1 so that
Fn2,k(r2) → A(r2). We continue in this way and then define nk = nk,k. By
construction, Fnk(r) → A(r) for all rationals, and 0 ≤ A(r) ≤ 1 for all r.
Also, A(r) is increasing in r because given rm, rn with rm < rn, then for
k > max(n,m), Fnk(rm) ≤ Fnk(rn) since each Fnk is increasing, and so

A(rm) = lim
k→∞

Fnk(rm) ≤ lim
k→∞

Fnk(rn) = A(rn).

Now define F (x) = inf
r>x

A(r), and note that F (x) is an increasing function,

with 0 ≤ F (x) ≤ 1 for all x.
To see that F is continuous from the right let x and ε be given. By

definition of infimum there is an r > x so that A(r) < F (x) + ε. Also, for
y with x ≤ y < r, we have F (x) ≤ F (y) ≤ A(r), and so if y → x+, then
combining results:

F (x) ≤ lim
y→x+

F (y) < F (x) + ε.

As ε > 0 is arbitrary, F is right continuous at all x. As a right continu-
ous and increasing function, F (x) is thus continuous except on at most a
countable collection of points.

If x is a continuity point of F, it is left to show that Fnk(x) → F (x).
Given ε > 0 choose rational r > x so that A(r) < F (x) + ε as above. By
continuity there is y < x so that F (x) − ε < F (y), and choosing rational s
with y < s < x obtains that F (y) ≤ A(s). Now since A is increasing:

F (x)− ε < A(s) ≤ A(r) < F (x) + ε,
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and so,
F (x)− ε < lim

k→∞
Fnk(s) ≤ lim

k→∞
Fnk(r) < F (x) + ε.

But since Fnk(s) ≤ Fnk(x) ≤ Fnk(r) for all k, this implies that

F (x)− ε < lim inf Fnk(x) ≤ lim supFnk(x) < F (x) + ε.

As ε > 0 was arbitrary, we conclude that lim
k→∞

Fnk(x) = F (x).

Exercise 8.15 Show that the functions F (x) ≡ 0 and F (x) ≡ 1 in example
8.13 are functions that would be constructed in the proof of Helly’s selec-
tion theorem applied to this example. What determines which function and
subsequence is chosen?

The obvious question is, must F (x) as constructed be a distribution
function, or is it possible that F (x) ≡ 0 or F (x) ≡ 1? Looking at the
proof of Helly’s selection theorem, the limiting function F is defined by
F (x) = infr>xA(r) where A(r) = limk Fnk(r). So this construction can
produce F (x) ≡ 0 only if for any x there is an r > x so that limk Fnk(r) = 0.
This follows because if limk Fnk(r) > 0 for all r > x since F (x) is increasing
it would follow that F (x + ε) > 0, a contradiction. Thus if F (x) ≡ 0 there
must be distribution functions Fnk in the collection with Fnk(x)→ 0 for any
x. In terms of the associated Borel probability measures, µnk , this means
that for any right semi-closed interval (a, b], µnk ((a, b])→ 0 as nk →∞.

Similarly, this construction can produce F (x) ≡ 1 only if for any x there
is r > x so that limk Fnk(r) = 1. Thus there are distribution functions Fnk
in the collection with Fnk(x)→ 1 for any x. In terms of the associated Borel
probability measures µnk , this again implies that for any right semi-closed
interval (a, b], µnk ((a, b])→ 0 as nk →∞.

The following definition identifies a property of a collection of distribu-
tion functions or measures, called tightness, which avoids these problems.
It will be apparent that the distribution functions in example 8.13 are not
tight. We will then see in the next proposition that when this property
applies to a collection, the function F (x) constructed in Helly’s selection
theorem will be a distribution function.

Definition 8.16 (Tight sequence) A sequence of probability measures {µn}
is said to be tight if for any ε > 0 there is a finite interval (a, b] so that
µn ((a, b]) > 1 − ε for all n. A sequence of distribution functions {Fn} is
said to be tight if for any ε > 0 there is a finite interval (a, b] so that
Fn(b)− Fn(a) > 1− ε for all n, or equivalently Fn(b) > 1− ε and Fn(a) < ε
for all n.
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Remark 8.17 Note that for distribution functions, the stated criteria are
equivalent because ε is arbitrary. Specifically, given (a, b] so that Fn(b) −
Fn(a) > 1−ε for all n, then Fn(b′)−Fn(a′) > 1−ε for all n for arbitrary b′ ≥
b and a′ ≤ a. Fixing n and letting b′ → ∞ obtains Fn(a) < ε, while letting
a′ → ∞ obtains Fn(b) > 1 − ε, and this is now true for all n. Conversely,
given (a, b] with Fn(b) > 1 − ε/2 and Fn(a) < ε/2 for all n assures that
Fn(b)− Fn(a) > 1− ε for all n.

One connection between weak convergence and tightness is given by the
following proposition. It states that weak convergence assures that the dis-
tribution sequence is tight.

Proposition 8.18 If {Fn}∞n=1 is a sequence of distribution functions with
Fn ⇒ F for a distribution function F, then {Fn} is tight.
Proof. Given ε > 0, let Mn be defined so that 1−Fn(Mn) +Fn(−Mn) < ε,
and similarly let M be so defined in terms of F. These values exist since
for any distribution function, 1 − F (x) + F (−x) → 0 as x → ∞. We can
assume that M and −M are continuity points of F, since such points are
dense, and hence Fn(±M) → F (±M). Thus there exists N so that for
n ≥ N, |Fn(M)− F (M)| < ε and |Fn(−M)− F (−M)| < ε. It then follows
by the triangle inequality that for n ≥ N,

1− Fn(M) + Fn(−M) < 3ε.

Letting M ′ = maxn≤N{M,Mn} obtains that 1 − Fn(M ′) + Fn(−M ′) < 3ε
for all n.

Remark 8.19 Example 8.13 demonstrates that while we could have for-
mally defined Fn ⇒ F for a sequence of distribution functions and arbitrary
F by the criterion that Fn(x)→ F (x) at all continuity points of F, the prior
proposition does not generalize. Namely, such a notion of convergence does
not assure tightness of {Fn}.

The next few results address the implications of tightness for Helly’s
selection theorem. The first is that when the sequence is tight, every Helly
construction produces a distribution function.

Proposition 8.20 If the sequence {Fn}∞n=1 is tight, every subsequential
limit function F in Helly’s selection theorem is a distribution function, and
thus Fnk ⇒ F.
Proof. Let {Fnk}∞k=1 be the subsequence constructed in the proof of Helly’s
theorem, and F (x) the function so that Fnk(x) → F (x) at every continuity
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point of F. Then since {Fnk}∞k=1 is tight, for any ε > 0 there is a finite
interval (a, b] so that Fnk(b) − Fnk(a) > 1 − ε for all k. But then for any
continuity points of F (x) with x ≤ a or y > b it follows that F (y)− F (x) >
1 − ε. As in remark 8.17 this implies that F (y) > 1 − ε for y > b and
F (x) < ε for x < a, and since ε was arbitrary this assures that F is a
distribution function, recalling that F (x) is increasing and right continuous
from Helly’s selection theorem.

Exercise 8.21 Show that the converse of the above proposition is true.
Specifically, prove that if that the sequence of distribution functions {Fn}∞n=1

is not tight, then there is a subsequence for which the limit function F (x) is
not a distribution function. Hint: Define the index sequence by nk so that
Fnk(−k) ≥ ε and Fnk(k) ≤ 1− ε.

Corollary 8.22 If the sequence {Fn}∞n=1 is tight, and any convergent sub-
sequence {Fnk}∞k=1 has the property that Fnk ⇒ F for a unique distribution
function F, then Fn ⇒ F.
Proof. Assume that for the given F that Fn ; F, and that there is a
continuity point of F, say x, so that Fn(x) 9 F (x). This implies that for
any ε > 0 there is a subsequence {nk}∞k=1 so that |Fnk(x)− F (x)| ≥ ε for
all k. Applying Helly’s selection theorem to the sequence {Fnk}∞k=1, there is
a subsequence which converges and hence must converge to F by hypothesis.
By this theorem this convergence is valid at all continuity points of F, but this
is impossible at the above continuity point x since there |Fnk(x)− F (x)| ≥ ε
for all k. This is a contradiction and thus Fn ⇒ F.

Remark 8.23 The results of Helly’s selection theorem of proposition 8.14,
proposition 8.20 and corollary 8.22 can be combined to produce a special
case of Prokhorov’s theorem, named for Yuri Vasilyevich Prokhorov
(1929 —2013).

Proposition 8.24 (Prokhorov’s theorem) Given a tight sequence of dis-
tribution functions on R, {Fn}∞n=1, there exists a subsequence {Fnk}∞k=1 and
a distribution function F so that Fnk(x) → F (x) at all continuity points
of F. In other words, Fnk ⇒ F. In addition, if any convergent subsequence
converges to the same limit F, then Fn ⇒ F.

Beyond measures on R, Prokhorov’s theorem is true for measures on Rn
and any metric space that is both separable, which means that it contains a
countable dense collection of points, and complete, which means that every
Cauchy sequence converges to a point in the space. Recall that {xn} is
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a Cauchy sequence if for any ε > 0 there is an N so that d(xn, xm) < ε for
n,m > N, with d the given distance function. Such sequences are named
for Augustin-Louis Cauchy ( 1789 — 1857). The generalization of this
result for measures on Rn will be addressed in the book 6 chapter, General
Results on Weak Convergence of Measures.

8.3 Weak Convergence and Left Continuous In-
verses

The next results on weak convergence will be useful in the coming section
9.2, Extreme Value Theory I. The first states that weak convergence of a
sequence of distribution functions implies weak convergence of the
associated sequence of left continuous inverse functions, recalling the
discussion after definition 8.2 which defined this latter notion of weak
convergence in the context of increasing functions. More generally, we
prove that weak convergence of a sequence of increasing, right continuous
functions is preserved in the associated sequence of left continuous
inverses. We also address the reverse conclusions.

Remark 8.25 Note that we do not claim in the following result that F ∗n(y)→
F ∗(y) for every y = F (x) for which x is a continuity point of F. Indeed, we
know from the earlier analysis that if x is a continuity point of F it need not
be the case that F (x) is a continuity point of F ∗. Recall example 4.7 and let
x = 1.0, a continuity point of F, but F (1.0) = 0.5 is not a continuity point
of F ∗.

Proposition 8.26 (Distribution Functions) If {Fn(x)} is a sequence of
distribution functions for which Fn ⇒ F for a distribution function F (x),
and {F ∗n(y)} and F ∗(y) are the associated left continuous inverse functions,
then F ∗n ⇒ F ∗. Specifically, F ∗n(y) → F ∗(y) for every y ∈ (0, 1) that is a
continuity point of F ∗.
Proof. Let y ∈ (0, 1) be fixed but arbitrary and let x be an arbitrary
continuity point of F with F ∗(y) > x. Then by 3.7, y > F (x) and since
Fn(x) → F (x), there is an N1 so that y > Fn(x) for n ≥ N1, and so again
by 3.7, F ∗n(y) > x for n ≥ N1. Hence lim infn F

∗
n(y) ≥ x.

Similarly, let x′ be an arbitrary continuity point of F with F ∗(y+) < x′,
where F ∗(y+) = limε→0+ F

∗(y + ε). Then by monotonicity, F [F ∗(y + ε)] ≤
F (x′) for small ε > 0, and by 3.8 we conclude y+ε ≤ F (x′). Since Fn(x′)→
F (x′), there is an N2 so that y+ ε ≤ Fn(x′) for n ≥ N2. By 3.6 this implies



8.3 WEAK CONVERGENCE AND LEFT CONTINUOUS INVERSES187

that F ∗n(y + ε) ≤ x′ for n ≥ N2 and so F ∗n(y) ≤ x′ for n ≥ N2. Hence
lim supn F

∗
n(y) ≤ x′.

Next, let {xm} and {x′m} be sequences of continuity points of F so that
xm → F ∗(y) and x′m → F ∗(y+), with xm < F ∗(y) and x′m > F ∗(y+)
for all m. This is possible since discontinuities of F are at most countable,
and hence, continuity points are dense in R. We then have from the prior
analyses that for all m,

xm ≤ lim inf F ∗n(y) ≤ lim supF ∗n(y) ≤ x′m,

and hence

F ∗(y) ≤ lim inf F ∗n(y) ≤ lim supF ∗n(y) ≤ F ∗(y+).

If y is a continuity point of F ∗, then F ∗(y) = F ∗(y+) and so lim
n
F ∗n(y) =

F ∗(y). In other words, F ∗n ⇒ F ∗.

We next generalize this result to increasing functions, which will be
needed for the important corollary that follows.

Proposition 8.27 (Increasing Functions) Let {Fn(x)} be a sequence of
increasing functions for which Fn(x) → F (x) for every x ∈ (a, b) which is
a continuity point of the increasing function F (x). If {F ∗n(y)} and F ∗(y)
are the associated left continuous inverse functions, then F ∗n(y)→ F ∗(y) for
every y ∈ (F (a), F (b)) which is a continuity point of F ∗.
Proof. Fix y ∈ (F (a), F (b)), a continuity point of F ∗. Then for any ε > 0
choose ε′ with 0 < ε′ < ε so that F ∗(y) − ε′ ∈ (a, b) is a continuity point
of F. This is possible because such points are dense in (a, b). Since y is a
continuity point of F ∗, there in an interval about F ∗(y) on which F is not
constant by the proof of part 2 of proposition 3.22 and remark 3.24. Hence
perhaps by reducing ε′ we can assume that F [F ∗(y)− ε′] < y. Now choose
δ > 0 with δ < y − F [F ∗(y)− ε′] . Since F ∗(y) − ε′ is a continuity point of
F and Fn(x)→ F (x) for all such points, we conclude that for n large,

Fn
[
F ∗(y)− ε′

]
< F

[
F ∗(y)− ε′

]
+ δ < y.

And so by definition of F ∗n(y), this inequality implies that F ∗(y)−ε′ ≤ F ∗n(y),
and hence for any such ε′ > 0 there is an N1 so that for n ≥ N1 :

F ∗(y) ≤ F ∗n(y) + ε′.

To provide the comparable lower bound, choose ε′′ with 0 < ε′′ < ε so that
F ∗(y) + ε′′ ∈ (a, b) is a continuity point of F. Again since y is a continuity
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point of F ∗, perhaps by reducing ε′′ we can assume that F [F ∗(y) + ε′′] > y.
Now choose δ′ > 0 with δ′ < F [F ∗(y)− ε′′] − y. Since F ∗(y) − ε′′ is a
continuity point of F and Fn(x) → F (x) for all such points, we conclude
that for n large,

Fn
[
F ∗(y) + ε′′

]
> F

[
F ∗(y) + ε′′

]
− δ′ > y.

And so F ∗(y) + ε′′ ≥ F ∗n(y) and hence for any such ε′′ > 0 there is an N2 so
that for n ≥ N2 :

F ∗(y) ≥ F ∗n(y)− ε′′.

Combining bounds we conclude that F ∗n(y)→ F ∗(y) for each y that is a
continuity point of F ∗.

Corollary 8.28 Let {Fn(x)} be a sequence of distribution functions, F (x) a
distribution function, and {F ∗n(y)} and F ∗(y) the associated left continuous
inverse functions. If F ∗n ⇒ F ∗ then Fn ⇒ F.
Proof. If F ∗n ⇒ F ∗ then limn F

∗
n(y) = F ∗(y) for every continuity point of

F ∗. Since left continuous inverses of distribution functions are increasing, we
have by the above proposition that limn F

∗∗
n (x) = F ∗∗(x) for every continuity

point of F ∗∗. Now by proposition 3.26, F ∗∗n (x) = Fn(x−), F ∗∗(x) = F (x−),
and the continuity points of F and F ∗∗agree. Hence Fn(x−) → F (x) at
every continuity point of F, and this would complete the proof in the special
case of continuous {Fn(x)}. As the last step in the general case it must be
proved that if x is a continuity point of F then |Fn(x)− Fn(x−)| → 0. But
this result is assured by proposition 8.7 since Fn(x) − Fn(x−) = µn ({x})
for the associated Borel measures. Thus Fn(x)→ F (x) for every continuity
point of F and so Fn ⇒ F.

Remark 8.29 The utility of this proposition is that in attempting to demon-
strate that Fn ⇒ F one can proceed directly, or if easier, attempt to demon-
strate that F ∗n ⇒ F ∗ for the left continuous inverses. In this latter case, this
proposition assures the desired result. This approach will be seen in section
9.2 below as well as the follow-up section in book 4.

8.4 Skorokhod’s Representation Theorem

For the next result on weak convergence, recall proposition 3.6 which
states that if F (x) is an increasing function which is right continuous and
satisfies F (−∞) = 0 and F (∞) = 1, then there exists a probability space
(S,E ,µ) and random variable X so that F is the distribution function of X,
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and so F (x) = µ[X−1(−∞, x]]. Thus if Fn ⇒ F this theorem implies that
there are probability spaces, (Sn,En,µn) and (S,E ,µ), and random variables
Xn and X, so that Fn(x) = µn[X−1

n (−∞, x]] and F (x) = µ[X−1(−∞, x]].
Moreover, we then have convergence in distribution by definition, that
Xn ⇒ X.

The next result is called Skorokhod’s Representation theorem,
named for A. V. (Anatoliy Volodymyrovych) Skorokhod (1930 —
2011). This theorem improves the above conclusion in two ways, and one is
significant.

• All the random variables {Xn, X} can be defined on a common prob-
ability space (S,E ,µ).

• The convergence in distribution, Xn ⇒ X, is improved to Xn(s) →
X(s) for all s ∈ S.

Of course, the first apparent generalization is superficial since the
probability space constructed for proposition 3.6 was independent of the
distribution function.

The existence of distribution functions {Fn, F} with Fn ⇒ F is equiv-
alent to the existence of probability measures {µn, µ} on (R,B(R)) with
µn ⇒ µ. This is because from either set the other can be constructed as
noted in chapter 5 of book 1, and these constructions are consistent with
the definitions of weak convergence. The following theorem is conventionally
stated in terms of a weakly convergent probability measure sequence, and
we maintain this convention.

Proposition 8.30 (Skorokhod’s Representation theorem) Let {µn, µ}
be a collection of probability measures on (R,B(R)) with µn ⇒ µ. Then there
exists random variables {Xn, X} with the given probability measures, defined
on a common probability space (S,E,υ), so that Xn(s)→ X(s) for all s ∈ S.
Proof. As in proposition 3.6, let (S,E,υ) = ((0, 1),B(0, 1),m). Define
{Fn, F} as the distribution functions associated with {µn, µ}, meaning Fn(x) =
µn[(−∞, x]], and similarly for F. We now define {Xn, X} as the left contin-
uous inverses of {Fn, F}, so for y ∈ (0, 1):

Xn(y) ≡ F ∗n(y), X(y) ≡ F ∗(y).

Then from proposition 4.8, Xn has distribution function Fn and X has dis-
tribution function F, so all that is left is to prove that Xn(s)→ X(s) for all
s ∈ (0, 1).
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By proposition 8.26 above, we have that Xn ⇒ X and hence Xn(s) →
X(s) for all s ∈ (0, 1) that are continuity points of X = F ∗. As F ∗ is left
continuous and increasing, it has at most countably many discontinuities,
and we simply redefine Xn(s) = X(s) = 0 at every such discontinuity. Now
Xn(s)→ X(s) for all s ∈ (0, 1), and since this discontinuity set has Lebesgue
measure 0, this redefinition does not change the conclusion that {Xn, X}
have probability measures {µn, µ}.

8.4.1 Mapping Theorem on R

For the next result the notion of a measure induced by a
transformation must be formally introduced, and will be investigated in
more generality and from an integration theory point of view in book 5.
Let (S, E , µ) be a measure space and h : (S, E , µ)→ (R,B(R),•) a
measurable function, recalling that measurability does not require a
measure in the range space, only a sigma algebra. However, this function
induces a Borel measure on the range space denoted µh, defined by:

µh(A) = µ
(
h−1(A)

)
, A ∈ B(R). (8.3)

Because h is measurable, h−1(A) ∈ E and so µh is well defined on the Borel
sigma algebra of the range space. Also, µh is a measure because h

−1

preserves unions:

h−1
(⋃

j Aj

)
=
⋃
j h
−1(Aj),

and {h−1(Aj)} are disjoint if {Aj} are disjoint. The goal of this section is
to investigate when weak convergence µn ⇒ µ is preserved in the
respective induced measures.

If this idea seems familiar, there is a good reason.

Example 8.31 A familiar example of a measure induced by a transforma-
tion is a probability measure induced on (R,B(R),•) by a random variable
defined on a probability space (S,E,µ). If X : S → R is such a random
variable, the measure µ induces the distribution function FX defined by
FX(x) = µ

(
X−1((−∞, x])

)
. This in turn induces the probability measure

µF on R initially defined by µF ((a, b]) = FX(b)−FX(a) on the semi-algebra
of right semi-closed intervals as developed in chapter 5 of book 1. More
generally, µF and µ are related by µF (A) = µ

(
X−1(A)

)
, A ∈ B(R).

Definition 8.32 For measurable h : (R,B(R)) → (R,B(R)), let Dh denote
the collection of discontinuities of h.
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Example 8.33 Since in general h of definition 8.32 need not be increasing,
Dh need not be a countable set. Indeed, if h(x) ≡ χQ(x), the characteristic
function of the rationals and defined as 1 on the rationals and 0 on the
irrationals, then Dh = R.

What can be said, however, is that every such Dh-set is a Borel set, and
thus can be measured.

Exercise 8.34 Show that Dh ∈ B(R). Hint: Define A(ε, δ) = {x|for some
y, z, |x− y| < δ and |x− z| < δ but |h(y)− h(z)| ≥ ε}. Show A is open for
any (ε, δ), meaning if x ∈ A(ε, δ) then (x − ε′, x + ε′) ⊂ A(ε, δ) for some
ε′. Now express Dh in terms of unions and intersections of A(ε, δ)-sets for
rational (ε, δ).

Thus Dh ∈ B(R) is measurable and we next show that if µ (Dh) = 0
then weak convergence µn ⇒ µ is preserved in the induced measures. This
is known as the mapping theorem on R and sometimes the continuous
mapping theorem on R. Because h need not be continuous, in this context
"continuity" is meant to imply "convergence preserving" as this is in fact a
property of continuous functions, that if xn → x then f(xn)→ f(x). A spe-
cial but important corollary of this mapping theorem is that for continuous
functions, weak convergence µn ⇒ µ is always preserved in the associated
induced measures.

The proof of this result is greatly simplified by Skorokhod’s Repre-
sentation theorem.

Proposition 8.35 (Mapping theorem on R) Let {µn, µ} be a collection
of probability measures on (R,B(R)) with µn ⇒ µ, and let h : (R,B(R)) →
(R,B(R)) be a measurable function such that µ (Dh) = 0. Then (µn)h ⇒ µh.

In particular, (µn)h ⇒ µh for all continuous functions h.
Proof. Let {Xn, X} be the random variables associated with {µn, µ} and de-
fined on ((0, 1),B(0, 1),m) as given in Skorokhod’s Representation theorem.
Since Xn(s) → X(s) for all s ∈ (0, 1), it follows that h (Xn(s)) → h (X(s))
for all s ∈ (0, 1) with X(s) /∈ Dh, and thus since µ (Dh) = 0 it follows that
h (Xn(s)) → h (X(s)) with probability 1. By proposition 5.21 this implies
convergence in distribution of random variables h (Xn)⇒ h (X) . By defini-
tion then, if µ′n is the probability measure of h (Xn) , and µ′ is the probability
measure of h (X) , then µ′n ⇒ µ′.
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However, for A ∈ B(R) it follows that µ′ = µh:

µ′(A) = m{h (X(s)) ∈ A}
= m{X(s) ∈ h−1(A)}
= µ

(
h−1(A)

)
,

since µ is the probability measure associated with X. Similarly, µ′n = (µn)h ,
and so µ′n ⇒ µ′ is equivalent to (µn)h ⇒ µh.

Remark 8.36 In the book 6 section, General Results on Weak Convergence
of Measures, we will be able to derive a more general mapping theorem related
to measurable transformations between Rj and Rk using a general result on
weak convergence known as the Portmanteau theorem.

8.5 Convergence of Random Variables 2

In this section we present two important results on convergence of random
variables where key parts of the proofs are greatly simplified by
Skorokhod’s Representation theorem of the previous section.

8.5.1 Mapping Theorem on R

The mapping theorem is also commonly called the continuous mapping
theorem as noted above. Part 3 of the following result is essentially a
corollary of proposition 8.35 with a little care in connecting definitions.

Proposition 8.37 (Mapping theorem on R) Let {Xn, X} be random
variables defined on (S,E,υ) and h a measurable function h : R → R with
discontinuity set Dh with υ{s|X(s) ∈ Dh} = 0. Then:

1. If Xn →a.e. X then h (Xn)→a.e. h (X) .

2. If Xn →P X then h (Xn)→P h (X) .

3. If Xn →d X then h (Xn)→d h (X) .

In particular, if h is a continuous function then Xn →• X implies that
h (Xn)→• h (X) for all three notions of convergence.
Proof. 1.If Xn →a.e. X then there is and exceptional set E ∈ E with
υ (E) = 0 and Xn(s)→ X(s) for s ∈ Ẽ. Let D = {s|X(s) ∈ Dh}, and note
that for s ∈ (D ∪ E)c that Xn(s)→ X(s) and X(s) is a continuity point of
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h. Thus h (Xn(s)) → h (X(s)) for s ∈ (D ∪ E)c and so h (Xn) →a.e. h (X)
since µ (D ∪ E) = 0.

2. Arguing by contradiction, if Xn →P X and h (Xn) 9P h (X) then
given δ > 0 and ε > 0 there is a subsequence {Xnm} so that

υ{|h (Xnm)− h (X)| > ε} > δ.

Further, since υ{s|X(s) ∈ Dh} = 0 it can be assumed that the sets υ{|h (Xnm)− h (X)| >
ε} include only continuity points of h. Since it remains the case that Xnm →P

X, apply proposition 5.25 to identify a subsequence of {Xnm}, say {Xnmk
},

so that Xnmk
→a.e. X , and thus by part 1 it follows that h

(
Xnmk

)
→a.e.

h (X) . This new subsequence retains the property that h
(
Xnmk

)
9P h (X)

and this contradicts proposition 5.21, that convergence with probability 1
assures convergence in probability.

3. By definition, Xn →d X means that µn ⇒ µ for the associated proba-
bility measures on (R,B(R)). Also, µ (Dh) = υ

(
X−1 (Dh)

)
= 0, so proposi-

tion 8.35 states that (µn)h ⇒ µh, or µn
[
h−1((−∞, x])

]
→ µ

[
h−1((−∞, x])

]
for all x with µh ({x}) ≡ µ

[
h−1({x})

]
= 0. Letting Fn and F denote

the distribution functions of h (Xn) and h(X), respectively, to prove that
h (Xn) →d h (X) is to prove that Fn(x) → F (x) for every continuity point
of F. But since (h ◦Xn)−1 = X−1

n ◦ h−1 :

Fn(x) ≡ ν
[
(h ◦Xn)−1 ((−∞, x])

]
= µn

[
h−1((−∞, x])

]
,

and similarly F (x) = µ
[
h−1((−∞, x])

]
. Thus by the previous result Fn(x)→

F (x) for every x with µ
[
h−1({x})

]
= 0.

To complete the proof is to show that if x is a continuity point of F
then µ

[
h−1({x})

]
= 0. Since F is right continuous everywhere, it is enough

to prove that left continuity at x assures that µ
[
h−1({x})

]
= 0. Given

a sequence {xj} with xj < x and xj → x, left continuity implies that
lim [F (x)− F (xj)] = 0. But:

F (x)− F (xj) = µ
[
h−1((xj , x])

]
,

and by continuity from above of measures,

limµ
[
h−1((xj , x])

]
= µ

[
h−1(

⋂
j(xj , x])

]
= µ

[
h−1({x})

]
.

Thus if x is a continuity point of F then µ
[
h−1({x})

]
= 0 and the proof is

complete.
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8.5.2 The Delta-Method

The Delta method, or ∆-method, is the name given to a result which
provides a more detailed conclusion for the limiting distribution of a
sequence of random variables transformed by a differentiable function, h.
Applications will be seen in book 4 which make the general result presented
here more transparent. But as this result is related to weak convergence
and utilizes Skorokhod’s representation theorem above, we develop it here.

Assume that {Xn, X} are random variables defined on a probability
space (S,E ,υ), that {cn}∞n=1 ⊂ R is a sequence of positive numbers with cn →
∞ as n → ∞, and that there is a constant x0 so that cn (Xn − x0) →d X.
In the more general case discussed below in section 9.2, there are sequences
{cn} and {xn} which are called normalizing sequences. Here xn = x0 for
all n. Assume also that g is a function that is differentiable at x0. The goal
of the ∆-method is to identify the limiting distribution of g(Xn).

Applying a Taylor series centered on x0, where implicitly ∆ ≡ Xn− x0 :

g(Xn) = g(x0) + g′(x0)(Xn − x0) + h(Xn)(Xn − x0).

When Xn is taken as a standard variable, in contrast to a random variable,
the error term h(Xn) is big-O of Xn − x0, denoted:

h(Xn) = O(Xn − x0),

meaning that:
h(Xn)→ 0, as Xn → x0.

This follows because g is assumed differentiable at x0 and:

h(Xn) =
g(Xn)− g(x0)

Xn − x0
− g′(x0).

To make this approximation meaningful for a random variable requires a
specification of how Xn → x0, and this will be accomplished by the con-
vergence in distribution assumption. Specifically, that cn (Xn − x0) →d

X assures that Xn →d x0. If Fn and F denote the distribution functions
of cn (Xn − x0) and X respectively, this assumption implies that for every
continuity point x of F,

Fn(x)→ F (x),

and so for every such point,

Fn(x) ≡ υ{cn (Xn(s)− x0) ≤ x}
→ υ{X(s) ≤ x} = F (x).



8.5 CONVERGENCE OF RANDOM VARIABLES 2 195

Perhaps surprisingly, the conclusion that Xn →d x0 makes no mention of
X, the limit in distribution of cn (Xn − x0) . As will be seen below, the only
role X plays is to assure that {Fn} is tight by proposition 8.18.

Exercise 8.38 Prove that the following result can also be easily derived by
Slutsky’s theorem. (Hint: Let Yn ≡ 1/cn and use part 2.)

Proposition 8.39 Let {Xn, X} be random variables defined on a probability
space (S,E,υ), {cn}∞n=1 ⊂ R a sequence of positive numbers with cn →∞ as
n→∞, and x0 a constant. If cn (Xn − x0)→d X then Xn →d x0.
Proof. If Fn denotes the distribution function of cn (Xn − x0) , then given
ε > 0 :

υ {|Xn(s)− x0| ≥ ε} = υ {Xn(s)− x0 ≥ ε}+ υ {Xn(s)− x0 ≤ −ε}
= υ{cn (Xn(s)− x0) ≥ cnε}+ υ{cn (Xn(s)− x0) ≤ −cnε}
= 1− Fn(cnε

−) + Fn(−cnε),

where Fn(cnε
−) denotes the left limit of Fn at cnε. That Fn ⇒ F assures by

proposition 8.18 that {Fn} is tight and thus for any δ > 0 there exists an
interval (a, b] so that for all n :

1− Fn(b) + Fn(a) < δ.

Since cn → ∞ as n → ∞, it follows that there exists N so that for n ≥ N
that (a, b] ⊂ (−cnε, cnε] and thus:

1− Fn(cnε
−) + Fn(−cnε) < δ.

Hence, (Xn − x0) →P 0, which is to say that Xn converges to x0 in proba-
bility, and Xn →d x0 by proposition 5.21.

Returning to the Taylor series approximation:

cn [g(Xn)− g(x0)] = g′(x0) [cn (Xn − x0)] + cnh(Xn)(Xn − x0).

If it could be proved that:

cnh(Xn)(Xn − x0)→d 0,

or equivalently by proposition 5.27:

cnh(Xn)(Xn − x0)→P 0,
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then the assumption that cn (Xn − x0)→d X plus Slutsky’s theorem would
yield:

cn [g(Xn)− g(x0)]→d g
′(x0)X.

This is the essence of the following proof, which is simplified by Skorokhod’s
representation theorem and several applications of Slutsky’s theorem.

Proposition 8.40 (The ∆-Method) Let {Xn, X} be random variables de-
fined on a probability space (S,E,υ) and assume that there exists a positive
sequence {cn} ⊂ R with cn → ∞ as n → ∞, and a constant x0 so that
cn (Xn − x0)→d X. If g is a function that is differentiable at x0 then:

cn [g(Xn)− g(x0)]→d g
′(x0)X. (8.4)

Proof. For notational simplicity define the random variable Yn ≡ cn(Xn −
x0), so now Yn →d X and this implies that µn →d µ for the associated
probability measures. Let {Ỹn} and X̃ be random variables constructed on
the probability space ((0, 1),B(0, 1),m) by Skorokhod’s representation theo-
rem with the given respective probability measures {µn} and µ and with the
property that Ỹn(s)→ X̃(s) for all s ∈ (0, 1).

Define X̃n ≡ Ỹn/cn+x0 on ((0, 1),B(0, 1),m). Then since Xn ≡ Yn/cn+
x0 and Ỹn and Yn have the same distribution functions by the Skorokhod
construction, it follows that X̃n and Xn have the same distribution functions.
Specifically, and with more detailed set notation for clarity:

m
{
s ∈ (0, 1)|X̃n(s) ≤ x

}
= m

{
s ∈ (0, 1)|Ỹn(s) ≤ cn (x− x0)

}
= υ {s ∈ S|Yn(s) ≤ cn (x− x0)}
= υ {s ∈ S|Xn(s) ≤ x} .

Consequently, because Xn →P x0 by proposition 8.39 it follows that X̃n →P

x0. Specifically, for any ε > 0,

m
{
s ∈ (0, 1)|

∣∣∣X̃n(s)− x0

∣∣∣ ≥ ε} = υ {s ∈ S| |Xn(s)− x0| ≥ ε} → 0.

Define a new random variable G̃n on (0, 1) by:

G̃n = cn

[
g(X̃n)− g(x0)

]
= cn(X̃n − x0)

[
g(X̃n)− g(x0)

X̃n − x0

]
,
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where the expression in square brackets is defined to be g′(x0) when X̃n(s) =
x0. Since g is differentiable at x0:

g(X̃n)− g(x0)

X̃n − x0

= g′(x0) + h(X̃n)(X̃n − x0),

where as noted above h(X̃n)→ 0 as X̃n → x0. Substituting Ỹn ≡ cn(X̃n−x0):

G̃n − g′(x0)X̃ =
[
Ỹn − X̃

]
g′(x0) + Ỹnh(X̃n)(X̃n − x0).

Now Ỹn(s) → X̃(s) for all s ∈ (0, 1) obtains that
[
Ỹn − X̃

]
g′(x0) →d

0 by proposition 5.21. For the second term, again Ỹn →d X̃ and X̃n−x0 →P

0 as noted above, and we claim that h(X̃n) →P 0. If not, then given δ > 0
and ε > 0 there is a subsequence {Xnm} so that

υ{
∣∣∣h(X̃nm

)∣∣∣ > ε} > δ.

As X̃n − x0 →P 0 assures that X̃nm − x0 →P 0, by proposition 5.25, choose
a subsequence {X̃nmk

} so that X̃nmk
→a.e. x0, and thus as noted above,

h
(
X̃nmk

)
→a.e. 0. By proposition 5.27 it then follows that h

(
X̃nmk

)
→d 0,

contradicting the above estimate that υ{
∣∣∣h(X̃nmk

)∣∣∣ > ε} > δ. This contra-

diction proves that h(X̃n)→P 0.

Accumulating results, it is an exercise to verify that X̃n − x0 →P 0 and
h(X̃n) →P 0 assure that h(X̃n)(X̃n − x0) →P 0, and since Ỹn →d X̃, an
application of Slutsky’s theorem obtains that Ỹnh(X̃n)(X̃n − x0) →d 0, and
thus Ỹnh(X̃n)(X̃n − x0) →P 0. A second application of Slutsky’s theorem
obtains: [

Ỹn − X̃
]
g′(x0) + Ỹnh(X̃n)(X̃n − x0)→d 0,

and thus G̃n − g′(x0)X̃ →d 0. By proposition 5.27 this is equivalent to
G̃n − g′(x0)X̃ →P 0, which is equivalent to G̃n →P g′(x0)X̃ by definition.
Proposition 5.21 now yields G̃n →d g

′(x0)X̃.

Finally, on S define Gn = cn [g(Xn)− g(x0)] . Then since X̃n and Xn

have the same distribution functions as derived above, so too does G̃n and
Gn and hence G̃n →d g

′(x0)X̃ implies that Gn →d g
′(x0)X̃. But as X̃ and X

have the same distribution function by the Skorokhod construction, it follows
that Gn →d g

′(x0)X which is 8.4.
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Example 8.41 (DeMoivre-LaPlace theorem) In book 4 we will study
various limit theorems but one result that is accessible now is theDeMoivre-
LaPlace theorem, and another result related to the binomial distribu-
tion. This theorem provides additional details on the limiting distribution
of Mn(y), defined on the infinite product probability space associated with
general coin flips, (Y N, σ(Y N), µN), where each Y = {H,T} is represented
by the numerical space Y = {1, 0}, and µN is the measure induced by the
probability measure µB on Y in 1.7:

µB(1) = p, µB(0) = 1− p.

The definition of Mn(y) is given as in 5.1:

Mn(y) ≡
∑n

j=1
yj/n.

This result is named for the work of Abraham de Moivre (1667 —
1754) in the special case of p = 1/2, and many years later generalized to
all p, 0 < p < 1, by Pierre-Simon Laplace (1749 —1827). This theorem
extends the results of Bernoulli’s weak law of large numbers, named for
Jacob Bernoulli (1654 —1705), yielding convergence in probability:

Mn(y)→P p,

and Borel’s strong law of large numbers, named for Émile Borel
(1871 —1956), yielding almost sure convergence:

Mn(y)→a.s. p.

Either of these results implies convergence in distribution:

Mn(y)→d p.

The DeMoivre-LaPlace theorem studies what is often called the normal-
ized random variable, Y B

n , defined by:

Y B
n ≡

√
n

p(1− p) (Mn − p) .

The conclusion, proved in book 4, is that:

Y B
n →d Z,
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where Z has the unit normal probability density φ(x) defined in 1.23:

φ(x) =
1√
2π

exp
(
−x2/2

)
,

and associated distribution function Φ(x) defined as in 1.17 by the Riemann
integral:

Φ(x) =

∫ x

−∞
φ(y)dy.

For fixed but large n, this implies that Mn has a distribution function that
approximates the normal distribution function as in 1.22, with parameters:

µ = p, σ = p(1− p)/
√
n.

The ∆-method can now be applied to g(Mn) for any differentiable func-
tion, and yields that:

√
n

p(1− p) (g(Mn)− g(p))→d g
′(p)Z.

For fixed but large n, this implies that g(Mn) has a distribution function that
approximates the normal distribution function as in 1.22, with parameters:

µ = g(p), σ = p(1− p)g′(p)/
√
n.





Chapter 9

Estimating Tail Events 1

In this chapter we begin the development of an investigation into the
probability of "tail" events. We assume that there is a probability space
(S, E , µ) in the background, and a random variable X or sequence {Xn}
with associated distribution functions F and {Fn}. By a tail event of a
distribution function F is meant:

1. Left Tail Event: Given x, the event is defined as {X ≤ x} with
associated probability Pr{X ≤ x} = µ

(
X−1(−∞, x]

)
:

Pr{X ≤ x} = F (x) .

2. Right Tail Event: Given x, the event is defined as {X ≥ x} with
associated probability Pr{X ≥ x} ≡ µ

(
X−1[x,∞)

)
:

Pr{X ≥ x} = 1− F
(
x−
)
.

It is the rare application indeed where it matters if one uses "<" or ">" in
the above definitions, respectively. It only really matters in the theoretical
development that a convention be established and followed in the
subsequent development. We use the above conventions here.

It is common for applications in finance to parametrize a given problem
so that the "right tail" is of interest, and thus many results are stated in
terms of properties of 1−F (x−) , or properties of F as x→∞. For example,
if FG(x) is the distribution function associated with gains and losses on
an investment portfolio over a fixed period of time, then conventionally
losses are in the left tail and gains are in the right. However, for many

201
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risk management applications it is the potential severity of losses that is
of interest, and one commonly parametrizes the distribution to be the loss
distribution, FL(x), defined as

FL(x) = 1− FG(−x−),

and the right tail of FL investigated.
Below we initiate two investigations into properties of the right tail,

where in both cases the focus is on results as n→∞ :

• Large Deviation Theory - studies tail probabilities related to the
average of n independent random variables,

• Extreme Value Theory - studies the limiting distribution of the
maximum of n independent random variables.

This investigation will be continued in book 4.

9.1 Large Deviation Theory 1

Let X1, X2, ... be a collection of independent, identically distributed
random variables on a probability space (S, E , µ), abbreviated as i.i.d..
Independence is meant in the sense of section 3.4, while identically
distributed simply means that all Xj have a common distribution function
F. Recall chapter 4 for the construction of (S, E , µ). Define Sn on (S, E , µ)
by

Sn =
∑n

j=1
Xj .

For t large we are interested in estimating Pr{Sn ≥ nt}, and in particular
the limit of this probability as n→∞. This probability is equivalent to
Pr{Sn/n ≥ t}, which is to say, the probability that the simple average of
these random variables equals or exceeds t.

Remark 9.1 The theory initiated here is known as large deviation the-
ory because given s > 0, it addresses probability estimates of the form:

Pr
{∑n

j=1
Xj ≥ n [E[X] + s]

}
,

as n → ∞. Here E[X] denotes the "mean" or the "expectation" of the
random variable X, a concept with which the reader is undoubtedly familiar.
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Expectations will be formally introduced in book 4 and formally justified in
book 6. This probability statement can be equivalently expressed by

Pr
{∑n

j=1
Xj − nE[X] ≥ ns

}
That n [E[X] + s] is considered a "large" deviation is in contrast with a
result of the central limit theorem, the first version of which appears in book
4. Again, the reader may be familiar with this result which provides estimates
of the form:

Pr
{∑n

j=1
Xj − nE[X] ≥

√
ns
}
,

again as n→∞. The DeMoivre-LaPlace theorem is an example of this type
as can be seen by rewriting:

Y B
n ≡

1√
np(1− p)

(∑n

j=1
yj − np

)
.

Thus the central limit theorem provides a theoretical basis for estimating
the probabilities of small deviations from nE[X], where by "small" is
meant that they grow like

√
n, while large deviation theory provides a basis

for estimating large deviations from nE[X] which by definition grow like
n. It will be seen that for any s the central limit theorem provides a limit
as n → ∞ for this stated probability, p(s), whereas large deviation theory
will identify the rate at which the associated probability converges to 0 as
n → ∞. For completeness, moderate deviation theory which we do not
pursue, studies questions about the limit as n→∞ of:

Pr
{∑n

j=1
Xj − nE[X] ≥ cns

}
with

√
n << cn << n and where this notation means that cn/n → 0 and√

n/cn → 0 as n→∞.
Below we initially study Pr

{∑n

j=1
Xj ≥ nt

}
where it is assumed only

that t > 0, but will come to understand in book 4 that this theory only
provides useful right tail estimates when t > E[X] and thus s > 0 with the
notation above.

In book 6 we will develop the distribution function of Sn, but this result
is not needed for this preliminary investigation. It is enough to represent
this distribution function here only notationally. For t > 0 fixed, define:

pn = Pr {Sn ≥ nt} , and, πn = ln pn,
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with the convention that πn = −∞ if pn = 0. Then by definition for all n:

0 ≤ pn ≤ 1, −∞ ≤ πn ≤ 0.

The one property of the distribution function of sums that is needed
below is that if {Xj}m+n

j=1 are independent random variables, then Sm =∑m
j=1Xj and Tm,n ≡ Sn − Sm =

∑n
j=m+1Xj are independent random vari-

ables. In other words, for any A,B ∈ B(R),

µ
(
S−1
m [A] ∩ T−1

m,n [B]
)

= µ
(
S−1
m [A]

)
µ
(
T−1
m,n [B]

)
.

This is a consequence of proposition 3.56 as noted in example 3.58. For a
statement on the associated distribution functions, let

(X1, X2, ..., Xn)→ (Y1,Y2)

be defined by Y1 =
∑m

j=1Xj , Y2 =
∑n

j=m+1Xj . Then by proposition 3.53,
independence of {Xj}m+n

j=1 obtains that F (X1, X2, ..., Xn) =
∏n
j=1 F (Xj),

while example 3.58 similarly implies that F (Y1,Y2) = F (Y1)F (Y2) once these
latter distribution functions have been identified in terms of the former.

Proposition 9.2 Let πn be defined above. Then for any n,m ∈ N :

πn+m ≥ πn + πm, (9.1)

and by iteration this is true for any finite index sum. Further, as n→∞ :

lim
n→∞

(πn/n) = supm (πm/m) . (9.2)

Proof. As measurable subsets of S, for t > 0 :{∑m

j=1
Xj(s) ≥ mt

}⋂{∑n

j=m+1
Xj(s) ≥ nt

}
⊂
{∑n+m

j=1
Xj(s) ≥ (n+m) t

}
.

By monotonicity of µ and independence as noted above:

µ
{∑n+m

j=1
Xj(s) ≥ (n+m) t

}
≥ µ

{∑m

j=1
Xj(s) ≥ mt

}
µ
{∑n

j=m+1
Xj(s) ≥ nt

}
.

This is equivalent to pm+n ≥ pm pn which is 9.1 after taking logarithms.
For 9.2, first note that it must be verified that this limit exists since all

that is certain is that −∞ ≤ πn ≤ 0. Since it is expected that πn → −∞, the
existence of this limit is a statement about the speed of this divergence. By
definition, however, if supm (πm/m) = −∞ then πm = −∞ for all m and
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hence limn→∞ (πn/n) = −∞. If −∞ < supm (πm/m) ≤ 0, it then follows
by definition that lim supn (πn/n) ≤ supm (πm/m). The result in 9.2 will
follow if it is demonstrated that lim infn (πn/n) ≥ supm (πm/m) , since this
assures that

lim supn (πn/n) = lim infn (πn/n) = supm (πm/m) .

To this end, let m be given and write n = am+ b with integer a, b where
0 ≤ b < m. By an iterative application of 9.1, πn ≥ aπm + πb, and so:

πn/n ≥
(

1− b

n

)
πm/m+ πb/n.

Letting n → ∞ and noting that b and πb are bounded, it follows that
lim infn (πn/n) ≥ πm/m. As this is true for every m, lim infn (πn/n) ≥
supm (πm/m) and the result follows.

Remark 9.3 Note that the value of π1 allows certain inferences about the
probabilities of tail events, though these are not very informative.

1. If π1 = 0, which implies p1 ≡ Pr {X ≥ t} = 1, then πn = 0 for all n
by 9.1 and so Pr{Sn ≥ nt} = 1 for all n. All of these conclusions are
obvious from the initial statement about X.

2. If π1 = −∞, which implies p1 = 0, then 9.1 provides no insight though
this can be handled by direct methods. By monotonicity of measures
and independence of Xs:

Pr{Sn < nt} ≥ Pr{Xj < t, 1 ≤ j ≤ n}} = 1,

and thus πn = −∞ for all n as expected.

3. If −∞ < π1 < 0 then 0 < p1 < 1 and again by monotonicity and
independence:

Pr{Sn < nt} ≥ Pr{Xj < t, 1 ≤ j ≤ n}} = (1− p1)n.

So for all n :

pn ≤ 1− (1− p1)n,

and thus by 9.1 and the Taylor series approximation ln(1 − x) ≤ −x
for |x| < 1 :

nπ1 ≤ πn ≤ −(1− p1)n.
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Thus:
enπ1 ≤ Pr {Sn ≥ nt} ≤ e−(1−p1)n .

As enπ1 → 0 and e−(1−p1)n → 1, this approach does not provide useful
estimates of Pr {Sn ≥ nt} as n→∞.

The following proposition is an important first result in the theory of
large deviations.

Proposition 9.4 (Large Deviation Estimates) Let πn = ln [Pr {Sn ≥ nt}]
and for any t > 0 define π(t) ≡ limn→∞ (πn/n) , which exists by proposition
9.2. Then:

π1 ≤ π(t) ≤ 0

where equivalently, π1 = ln [Pr{X ≥ t}] , and for all n :

Pr {Sn ≥ nt} ≤ enπ(t). (9.3)

Proof. Note that by the estimate in part 3 of remark 9.3:

π1 ≤ πn/n ≤ −(1− p1)n/n,

which proves the bounds for π(t). By 9.2, limn→∞ (πn/n) = supm (πm/m)
and so by definition πn/n ≤ π(t) for all n, which is 9.3.

Remark 9.5 From the formula in 9.3 and the observation that π1 ≤ π(t) ≤
0 we can draw several conclusions:

1. If π(t) = 0 then 9.3 provides the uninformative conclusion that Pr {Sn ≥ nt} ≤
1. If π(t) = 0 because π1 = 0 then the discussion in case 1 in remark
9.3 above provides more, that Pr{Sn ≥ nt} = 1 for all n.

2. If π(t) = −∞ then 9.3 formally implies the result that Pr {Sn ≥ nt} =
0 for all n. This is the same conclusion as case 2 in remark 9.3 since
then π1 = −∞.

3. If −∞ < π(t) < 0 then 9.3 provides the important estimate that the
tail probability decreases exponentially with n, and π(t) identifies the
speed of convergence. This is far better than the result in case 3 of
remark 9.3.

The following result translates the above to the context of a weak law of
large numbers, and states that convergence could be quite fast.
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Proposition 9.6 (A General Weak Law of Large Numbers) Let X1,
X2, ... be a collection of independent, identically distributed random
variables, and define Sn by

Sn =
∑n

j=1
Xj .

If t > 0 and π(t) 6= 0, then Pr{Sn/n ≥ t} → 0 exponentially fast as n→∞
or Pr{Sn/n ≥ t} ≡ 0 for all n.
Proof. This follows directly from the above result.

Essential to the usefulness of this kind of result is an estimate of π(t) given
{Xj}, which is to say given F (x). We return to large deviation theory in
book 4 where with an additional assumption on the distribution function of
X, it will be possible to evaluate π(t) explicitly. For now, we return to the
discussion of Bernoulli’s theorem.

Remark 9.7 (Bernoulli’s Theorem) Recall that by 5.3 of Bernoulli’s the-
orem that if ε > 0 :

µN [{|Sn(y)/n− p| ≥ ε}]→ 0, as n→∞.

Here Sn(y) ≡
∑n

j=1 yj and is defined on (Y N, σ(Y N), µN), the infinite prod-
uct probability space associated with general coin flips, where Y = {H,T} is
represented by the numerical space, Y = {1, 0}, and µN is the measure in-
duced by the probability measure µB on Y in 1.7.

The above Weak Law result improves the statement of Bernoulli’s theo-
rem in terms of generality, in that it is applicable to any sum of independent,
identically distributed random variables with π(t) 6= 0, while Bernoulli’s the-
orem applies only to sums of i.i.d. binomial random variables. In addition,
this general weak law provides information on the rate of convergence.

On the other hand, with the aid of Bernstein’s inequalities an explicit
upper bound was developed for the right tail, where for t > p :

µN [{Sn(y)/n ≥ t}] ≤ e−n(t−p)2/4,

and analogously for the left tail, where for t < p :

µN [{Sn(y)/n ≤ t}] ≤ e−n(p−t)2/4.
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9.2 Extreme Value Theory 1

In this section we begin an investigation into what is known as extreme
value theory, which is a branch of probability theory which studies
properties of distribution functions F (x) as x→∞, or as x→ −∞. As
noted above, the theory is often parametrized in terms of the right tail,
and we follow this convention here. In that context, EVT studies the
limiting distribution of the maximum of n independent random variables.

9.2.1 Introduction and Examples

If {Xm}∞m=1 is a collection of independent, identically distributed random
variables with common distribution function F (x), define a "maximum"
random variable, Mn, by:

Mn = max
m≤n
{Xm}. (9.4)

Note that if {Xm}∞m=1 is defined on a probability space (S, E , µ), then Mn

is measurable for all n by proposition 3.47 of book 1, and hence a random
variable on this space. If Fn(x) denotes the distribution function of Mn,
then since Mn ≤ x if and only if Xm ≤ x for all m ≤ n, it follows by the
assumed independence and 3.26 that:

Fn(x) = Fn(x). (9.5)

It is natural to wonder if there is some distribution function G(x) so that
Fn ⇒ G as n→∞. But this question does not yet make sense. If
0 ≤ F (x) < 1 then Fn(x)→ 0 as n→∞ whereas if X is bounded and
maxX ≤ x then Fn(x) ≡ 1.

More formally, define:

x∗ = inf{x|F (x) = 1}, x∗ ≡ ∞ if F (x) < 1 for all x. (9.6)

Then for all x < x∗, Fn(x)→ 0 as n→∞. Hence if x∗ <∞ then Fn(x)→ 0
for x < x∗ and Fn(x) → 1 otherwise. In this case {Fn(x)} is tight and
converges to a distribution function Fn ⇒ χ[x∗,∞). However, if x

∗ =∞ then
Fn(x)→ 0 as n→∞ for all x. In this case, {Fn(x)} is not tight and there
can be no distribution function for which Fn ⇒ F. Indeed, in this latter
case, Fn ⇒ 0.

Remark 9.8 In a result of book 4, it will be seen that when F (x) is contin-
uous that Mn → x∗ with probability 1.
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To ensure a tight sequence of distribution functions it is common to
"normalize" the sequence of maximum random variables by defining:

MN
n =

Mn − bn
an

,

for some sequences of real numbers {an}∞n=1 and {bn}∞n=1 where an > 0 for all
n. The role of these sequences is to provide tightness and hence ensure that
Fn(x) converges to a proper distribution function. But because MN

n ≤ x if
and only if Mn ≤ anx+ bn, it follows that the distribution function of MN

n

is given:
FNn (x) = Fn(anx+ bn).

Definition 9.9 If there exists sequences {an}∞n=1 and {bn}∞n=1where an > 0
for all n and a distribution function G(x) so that Fn(anx + bn) ⇒ G(x) ,
which to say, Fn(anx + bn) → G(x) for every continuity point x of G(x),
then G(x) is called an extreme value distribution, abbreviated an EV
distribution.

The following questions come to mind:

1. What can be said about the possible distribution functions G(x) that
may arise from a given F (x) given appropriate sequences {an}∞n=1 and
{bn}∞n=1?

2. How does G depend on the sequences {an}∞n=1 and {bn}∞n=1 used?

3. Given such a distribution function G(x), how can we determine which
distribution functions F (x) will converge to G(x) with appropriately
chosen normalizing sequences, and how can these sequences be deter-
mined?

We begin with an analysis of 3 examples where we state results then
prove the claims below.

Example 9.10 1. Let FE(x) be the exponential distribution func-
tion given in 1.21, but with parameter here denoted α > 0 for consis-
tency below:

FE(x) =

 0, x ≤ 0,

1− exp (−αx) , x ≥ 0.
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Then with an ≡ 1 and bn = α−1 lnn :

FEn (x+ α−1 lnn)⇒ GE(x) ≡ exp
[
−e−αx

]
, x ∈ R. (9.7)

The distribution function GE(x) is in the double-exponential or
Gumbel class of distributions, named for Emil Julius Gumbel (1891
—1966).

2. Let FP (x) be the Pareto distribution function, named for Vilfredo
Pareto (1848 —1923), with parameter α > 0:

FP (x) =

 0, x ≤ 1,

1− x−α, x ≥ 1.
(9.8)

Then with an ≡ n1/α and bn = 0 :

FPn (n1/αx)⇒ GP (x) ≡

 0, x ≤ 0,

exp (−x−α) , x > 0.
. (9.9)

The distribution function GP (x) is in the Fréchet class of distribu-
tions, named for Maurice Fréchet (1878 —1973).

3. Let Fβ(x) be a simple version of the Beta distribution function,
which usually has two parameters, here with a single parameter α > 0:

Fβ(x) =


0, x ≤ 0,

1− (1− x)α , 0 ≤ x ≤ 1.

1, x ≥ 1.

(9.10)

Then with an ≡ n−1/α and bn = 1 :

F βn (n−1/αx+ 1)⇒ Gβ(x) ≡

 exp [− (−x)α] , x < 0,

1, x ≥ 0.
. (9.11)

The distribution function Gβ(x) is in the reversed-Weibull (or reverse-
Weibull) class of distributions, named for Waloddi Weibull (1887
—1979). This distribution is "reversed" in the sense that the standard
Weibull distribution is parametrized to have all its probability mass on
{x > 0}.
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Proof. Recall that for any real number a :

lim
n→∞

(1 + a/n)n = ea. (9.12)

This is proved by taking logarithms and noting that n ln(1 + a/n) = a +
O(1/n) by a Taylor series expansion in 1.15.

To prove that Fn ⇒ G, we show that Fn(x) → G(x) for all continuity
points of G, which in the above examples means for all x.

1. For x ≥ −α−1 lnn,

FEn (x+ α−1 lnn) =
[
1− e−αx/n

]n
,

and hence with a = −e−αx, 9.7 is proved for x ∈ R.

2. For x ≥ n−1/α,

FPn (n1/αx) =
[
1− x−α/n

]n
and hence with a = −x−α, 9.9 is proved for x ≥ 0.

3. For −n1/α ≤ x ≤ 0,

F βn (n−1/αx+ 1) = [1− (−x)α /n]n

and hence with a = − (−x)α , 9.11 is proved for x ≤ 0.

It turns out that each of the three limiting distributions above can be
obtained by a transformation of a single family of distributions.

Definition 9.11 For γ ∈ R, the distribution function Gγ(x) is said to be a
member of the extreme value class of distributions, where:

Gγ(x) =

 exp
(
− (1 + γx)−1/γ

)
, 1 + γx ≥ 0,

0 1 + γx < 0.
(9.13)

The distribution function Gγ(ax+b) is called a generalized extreme value
distribution, abbreviated GEV distribution.
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Remark 9.12 The parameter γ ∈ R is called the extreme value index,
and when γ = 0 this distribution is interpreted consistently with the limit in
9.12 as γ → 0:

G0(x) = exp
(
−e−x

)
, x ∈ R. (9.14)

When γ > 0, Gγ(x) is defined for x ≥ −1/γ, and hence has a short left tail,
while for γ < 0, Gγ(x) is defined for x ≤ −1/γ, and hence has a short right
tail.

Example 9.13 Relating Gγ(x) to the three distributions above:

Remark 9.14 1. Gumbel class (γ = 0) :

G0(αx) = GE(x), x ∈ R. (9.15)

This is also called a Type I extreme value distribution.

2. Fréchet class (γ > 0) :

Gγ ((x− 1)/γ) = GP (x), with γ = 1/α, x ≥ 0. (9.16)

This is also called a Type II extreme value distribution.

3. Reversed-Weibull class (γ < 0) :

Gγ (−(1 + x)/γ) = Gβ(x), with γ = −1/α x ≤ 0. (9.17)

This is also called a Type III extreme value distribution.

9.2.2 Extreme Value Distributions

We now return to the following question. Given F (x), if there exist
normalizing sequences {an}∞n=1 and {bn}∞n=1 and a distribution function
G(x) so that Fn(anx+ bn)⇒ G(x) , which to say, Fn(anx+ bn)→ G(x)
for every continuity point x of G(x), what if anything can be said about
the distribution functions G(x) that can arise? Such distribution functions
are called extreme value distributions, abbreviated EV distributions
as noted above. That the term "extreme value distribution" has now been
used in two contexts, in definition 9.11 as a specific collection of
distributions, and also in the general context of being the weak limit of a
specified distribution sequence, perhaps gives the punchline of this section
away, so we now proceed toward this anticipated goal. In book 4 we will
return to another important question, and that is, given such a G how can
we determine which if any distribution functions F have the property that
Fn(anx+ bn)⇒ G(x) for some {an}∞n=1 and {bn}∞n=1?
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Recall the discussion above. If Fn(x) denotes the distribution function
of Mn = maxm≤n{Xm}, define x∗ as in 9.6:

x∗ = inf{x|F (x) = 1}, x∗ ≡ ∞ if F (x) < 1 for all x.

Then if x∗ < ∞, {Fn(x)} was seen to be tight, whereas if x∗ = ∞, a
common result in finance applications, then {Fn(x)} is not tight. But by
proposition 8.18 if Fn ⇒ F, with F a distribution function by definition, then
{Fn}, is tight. Thus to pursue the current investigation into Fn ⇒ G it is
necessary to modify the sequence {Fn(x)} to assure tightness. To this end
we "normalized" the sequence of maximum random variables by defining:

MN
n =

Mn − bn
an

for some sequences of real numbers {an}∞n=1 and {bn}∞n=1, where an > 0 for
all n. The goal of these sequences is to provide tightness and hence ensure
that F (N)

n (x), the distribution function of MN
n , has a chance of converging

to a proper distribution function. Because MN
n ≤ x if and only if Mn ≤

anx+ bn, it follows that

F (N)
n (x) = Fn(anx+ bn),

where Fn is the distribution function of Mn. Hence, the statement that
Fn(anx+ bn)⇒ G(x) is equivalent to the statement that F (N)

n (x)⇒ G(x),
and so G is the limit of the normalized sequence of distribution functions.

Notation 9.15 Note that there seems to be no elegant way to avoid the no-
tational confusion between the name of the distribution function, say F, and
the value of this distribution function at x, which is F (x). In mathematics it
is almost universally accepted that F (x) can notationally stand in for either
the function or the function’s value at x. In the case of the translated distrib-
ution function F (N)

n which can be defined in terms of Fn, one can define this
relationship in terms of the respective values at x, or to avoid the valuation
notation introduce a transformation, T say. Here Tn(x) = anx + bn, and
then define the translated distribution function as a composition of functions
by:

F (N)
n = Fn ◦ Tn.

Rather than complicate our work with this unnecessarily general transforma-
tion notation, we resort to the well-worn approach of denoting the function
F

(N)
n in terms of its values at x, for which F (N)

n (x) ≡ Fn(anx+ bn).
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It is important to recognize at the start that if normalizing sequences
{an}∞n=1 and {bn}∞n=1 exist, they cannot be unique. The following proposi-
tion provides the necessary technical result.

Proposition 9.16 If Fn(x) ⇒ G(x) and {cn}∞n=1 and {dn}∞n=1 are se-
quences with cn → c and dn → d, then:

Fn(cnx+ dn)⇒ G(cx+ d). (9.18)

Proof. If cx + d is a continuity point of G, then because G has at most
countably many discontinuities there are continuity points with y < cx+d <
z and G(z) − G(y) < ε. Since cnx + dn → cx + d, and Fn(u) → G(u) for
u = y, z, it follows that for any ε > 0 there is an N so that for n ≥ N :

y < cnx+ dn < z, |Fn(y)−G(y)| < ε, |Fn(z)−G(z)| < ε.

These inequalities and monotonicity of distribution functions provide three
sets of inequalities:

G(cx+ d)− 2ε < G(y)− ε < Fn(y),

Fn(y) ≤ Fn(cnx+ dn) ≤ Fn(z),

Fn(z) < G(z) + ε < G(cx+ d) + 2ε.

Hence
G(cx+ d)− 2ε ≤ Fn(cnx+ dn) ≤ G(cx+ d) + 2ε,

and the result follows.

Corollary 9.17 Assume that Fn(anx + bn) ⇒ G(x), where an > 0 for all
n. If {a′n}∞n=1 and {b′n}∞n=1 are sequences, a

′
n > 0 for all n, so that:

a′n
an
→ a > 0,

b′n − bn
an

→ b, (9.19)

then:
Fn(a′nx+ b′n)⇒ G(ax+ b). (9.20)

Proof. Define cn = a′n/an and dn = (b′n − bn) /an, then cn → a, dn → b
and so by proposition 9.16 applied to Fn(x) ≡ Fn(anx+ bn):

Fn(a′nx+ b′n) ≡ Fn(an (cnx+ dn) + bn)

⇒ G(ax+ b),

which is 9.20.
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Thus, normalizing sequences can always be altered when desired or con-
venient from {an}∞n=1 and {bn}∞n=1 to {a′n}∞n=1 and {b′n}∞n=1 where the latter
sequences satisfy 9.19. Such a substitution does not change the limiting dis-
tribution other than by a rescaling and recentering, unless of course a = 1
and b = 0 in which case the new normalizing sequences produce the same
limiting distribution.

Remark 9.18 The converse of the above corollary is also true. If Fn(anx+
bn) ⇒ G1(x) and Fn(a′nx + b′n) ⇒ G2(x) with an > 0 and an > 0 for all
n, and for Gj non-degenerate distribution functions, then there exists a, b
satisfying 9.19 and G2(x) = G1(ax + b). In the special case of Fn(anx +
bn) = Fn(anx + bn), which is the case of the extreme value distributions of
this section, we prove this result in corollary 9.33. See Billingsley in the
references for details of the general result.

9.2.3 The Fisher-Tippett-Gnedenko Theorem

Remarkably, though already revealed at the beginning of the prior section,
the only distribution functions G that can arise from the limiting process
noted above are members of the class of extreme value distributions Gγ(x)
defined in 9.13, appropriately scaled and centered. Specifically, we will
show that if Fn(anx+ bn)⇒ G(x) for some sequences {an}∞n=1 and
{bn}∞n=1 with an > 0 for all n, then G(x) = Gγ(ax+ b) for some real
parameters a > 0, b, and γ. This result is called the Fisher-Tippett
theorem, named for the earliest developers of this theory, Ronald
Fisher (1890 —1962) and Leonard (L. H. C.) Tippett (1902 —1985).
This result is also called the Fisher-Tippett-Gnedenko theorem,
recognizing the later contributions of Boris Gnedenko (1912 —1995).

Remark 9.19 The Fisher-Tippett-Gnedenko theorem is one of the two
centerpiece results of extreme value theory, the other being the Pickands—
Balkema—de Haan theorem, named for 1974-5 papers ofA. A. Balkema
and Laurens de Haan, and, James Pickands III. It is also called the
Gnedenko-Pickands—Balkema—de Haan theorem, and even the Gne-
denko theorem in recognition of the earlier 1943 work of Boris Gne-
denko. This latter result will be introduced in the section below, Finance
Applications, and then studied again in book 4.

In order to prove the Fisher-Tippett-Gnedenko theorem we will first
transform the assumption that Fn(anx + bn) ⇒ G(x) for all continuity
points of G to a more accessible functional formulation using the results of
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left continuous inverses developed in the above sections 3.2 and 8.3. This
transformation will be initiated with three claims.

Notation 9.20 We use "⇐⇒" below to denote "if and only if," and the
notation "for all x ∈ CP (G)” to denote that the statement is true "for all
continuity points of G.”

Claim 9.21 (1.) The definition of weak convergence can be modified to
omit a convergence requirement on x with G(x) = 0, 1. Specifically:

Fn(anx+ bn)→ G(x) for all x ∈ CP (G)

⇐⇒ Fn(anx+ bn)→ G(x) for all x ∈ CP (G) with 0 < G(x) < 1

⇐⇒ n lnF (anx+ bn)→ lnG(x) for all x ∈ CP (G) with 0 < G(x) < 1.

Proof. The second statement appears more restrictive than the first due to
0 < G(x) < 1, but then the third follows from the second by definition.

So assume x0 ∈ CP (G) with G(x0) = 1 and that G(x) < 1 for x < x0.
Then with Fn(x) ≡ Fn(anx + bn), we must show that if Fn(x) → G(x) for
all x ∈ CP (G) with x < x0, then Fn(x0) → G(x0). Let {xm} ⊂ CP (G)
and xm < x0 be a sequence of such points with xm → x0. Since each Fn is
increasing, Fn(x0) ≥ Fn(xm) for all m,and hence

lim infn Fn(x0) ≥ lim infn Fn(xm) = G(xm).

But as x0 ∈ CP (G), G(xm) → G(x0) = 1 and so lim infn Fn(x0) ≥ 1. Now
Fn(x0) ≤ 1 for all n, so lim supn Fn(x0) ≤ 1 and it follows that Fn(x0) →
1 = G(x0). If x′ > x0, then Fn(x0) ≤ Fn(x′) ≤ 1 and the prior result assures
that Fn(x′)→ 1 = G(x′).

That the same conclusion holds for all x with G(x) = 0 is left as an
exercise.

Claim 9.22 (2.) An equivalent result without ln :

Fn(anx+ bn)→ G(x) for all x ∈ CP (G)

⇐⇒ n (1− F (anx+ bn))→ − lnG(x) for all x ∈ CP (G) with 0 < G(x) < 1.

Proof. This follows from a Taylor series expansion of ln y about y = 1 :

ln y = y − 1 +O
[
(y − 1)2

]
.
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As n lnF (anx+bn) can converge to lnG(x) if and only if lnF (anx+bn)→ 0,
it follows that F (anx+ bn)→ 1 for all such x, and

− lnF (anx+ bn)

1− F (anx+ bn)
→ 1.

Claim 9.23 (3.) Finally, since lnG(x) 6= 0 for continuity points of G with
0 < G(x) < 1 :

Fn(anx+ bn)→ G(x) for all x ∈ CP (G)

⇐⇒ 1

n (1− F (anx+ bn))
→ 1

− lnG(x)
for all x ∈ CP (G) with 0 < G(x) < 1.

(9.21)

The next step of the transformation process is to evaluate the left con-
tinuous inverses of the two functions in 9.21, each of which is an increasing
functions of x, and which also must converge weakly by proposition 8.26.
The major result of this section then proceeds by analyzing the implication
of the convergence of these left continuous inverses for the parametric form
of G. Once that analysis is complete we can then conclude from corollary
8.28 that if these inverses converge weakly then so too do their left contin-
uous inverses, which brings us back to the statement in 9.21 with a derived
G term. From there we can reverse the steps in the above claims to return
to the implication for G.

The first result is to simplify the form of these left continuous inverses.

Proposition 9.24 With the definitions above and H∗(y) denoting the left
continuous inverse of the given function H(x) :(

1

n (1− F (anx+ bn))

)∗
(y) =

U(ny)− bn
an

,

and (
1

− lnG

)∗
(y) = D(y),

where

U(y) ≡
(

1

1− F

)∗
(y), D(y) ≡ G∗(e−1/y). (9.22)



218 CHAPTER 9 ESTIMATING TAIL EVENTS 1

Proof. As noted above, both left continuous inverses are well defined because
the respective functions are increasing in x. By definition,(

1

n (1− F (anx+ bn))

)∗
(y) ≡ inf

{
x| 1

n (1− F (anx+ bn))
≥ y
}
.

If z = anx+ bn then x = (z − bn) /an and so

inf

{
x| 1

n (1− F (anx+ bn))
≥ y
}

=
inf {z|1/ (1− F (z)) ≥ ny} − bn

an

=
U(ny)− bn

an
.

Similarly, since − lnG(x) > 0,(
1

− lnG

)∗
(y) ≡ inf {x| − 1/ lnG(x) ≥ y}

= inf
{
x|G(x) ≥ e−1/y

}
= G∗(e−1/y).

Remark 9.25 Note that U(y) is defined for y > 1 and D(y) is defined for
y > 0.

Exercise 9.26 An alternative expression for U(y) can be derived as an ex-
ercise which provides greater intuitive insight, and that is:

U(y) = F ∗(1− 1/y). (9.23)

Corollary 9.27 With U and D defined 9.22:

Fn(anx+ bn)→ G(x) as n→∞ for all x ∈ CP (G)

⇐⇒ U(ty)− b(t)
a(t)

→ D(y) as t→∞ for all y ∈ CP (D) with y > 0.

(9.24)

Here a(t) ≡ abtc, and b(t) ≡ bbtc where btc is the greatest integer function
defined by btc = max{n|n ≤ t}.
Proof. With n in place of t, the statement in 9.24 follows from proposition
8.28, that weak convergence of increasing functions implies weak convergence
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of left continuous inverses. To express this latter convergence as an assump-
tion in real t we need to check that U(ty), which is well defined for real t,
does not vary much from U(btcy) as t → ∞. If y is a continuity point of
D(y), then since U is increasing, for any t ≥ 1 with btc = n :

U(ny) ≤ U(ty) ≤ U(ny (1 + 1/n)) ≤ U(nyN ),

where yN is a continuity point of D with y (1 + 1/n) ≤ yN . So since a(t) =
an and b(t) = bn by definition,

U(ny)− bn
an

≤ U(ty)− b(t)
a(t)

≤ U(nyN )− bn
an

,

and as t, n→∞ it follows that for any fixed yN , that

D(y) ≤ lim
t→∞

U(ty)− b(t)
a(t)

≤ D(yN ).

However, since we can choose yN → y by construction and D is continuous
at y, the result follows.

We are now ready for the statement and proof of the Fisher-Tippett-
Gnedenko theorem. Its statement makes the assumption that G is not
a degenerate distribution function. Recall that degenerate means that
G = χ[a,∞) for some a. The proof is made relatively easy because all the
hard work needed for the key technical result is deferred to proposition 9.34
below.

Remark 9.28 As noted above the single family of distributions identified
in this theorem and parametrized by γ is called the extreme value class
of distributions and the distribution function Gγ(ax+ b) is called a gen-
eralized extreme value distribution, abbreviated GEV distribution.
The parameter γ ∈ R is called the extreme value index and for every x,
G0(x) equals the limit of Gγ(x) as γ → 0.

Notation 9.29 When Fn(anx + bn) ⇒ Gγ (Ax+B) , we say that the dis-
tribution function F is in the domain of attraction of Gγ , denoted
F ∈ D(Gγ).

Proposition 9.30 (Fisher-Tippett-Gnedenko theorem) Let F be the
distribution function of a random variable X and Fn the distribution func-
tion of Mn = maxm≤n{Xm} for independent {Xm}nm=1. Assume that there
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exists sequences {an}∞n=1 and {bn}∞n=1 with an > 0 for all n so that Fn(anx+
bn)⇒ G(x) for a nondegenerate distribution function G. Then there are real
constants A > 0, B, and γ so that G(x) = Gγ (Ax+B) with

Gγ(x) = exp
(
− (1 + γx)−1/γ

)
, 1 + γx > 0. (9.25)

When γ = 0, G0(x) is defined on R by:

G0(x) ≡ exp
(
−e−x

)
. (9.26)

Proof. Proved in proposition 9.34 below is that with U and D given in 9.22,
if for every continuity point y > 0 of D :

U(ty)− b(t)
a(t)

→ D(y), ((*))

then there are real constants d, c > 0, and γ so that as in 9.28:

D(y) =

 d+ c (yγ − 1) /γ, γ 6= 0,

d+ c ln y, γ = 0.

Note that proposition 9.34 applies because if D(y) defined in 9.22 is constant,
then

inf{x|G(x) ≥ e−1/y} = x0,

and this implies that G ≡ χ[x0,∞) is nondegenerate, a contradiction.
Given this, D is monotonic and continuous and so D∗ = D−1. If γ 6= 0

then

D∗(x) = D−1(x)

=

(
1 + γ

x− d
c

)1/γ

,

while if γ = 0 then

D∗(x) = exp

(
x− d
c

)
,

which equals the previous formula as γ → 0. Since D(y) ≡ G∗(e−1/y) we
calculate directly that D∗(x) = −1/ lnG(x), and equating the two expressions
for D∗ obtains:

G(x) = exp

[
−
(

1 + γ
x− d
c

)−1/γ
]

= Gγ

(
x− d
c

)
.
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Hence A = 1/c and B = −d/c.

Remark 9.31 Below proposition 9.34 is corollary 9.35 which states that if
such a(t) and b(t) exists to produce (∗), then in fact one can choose these
functions so that the expression above for D(y) has c = 1 and d = 0. Thus
by the last line of the above proof for the Fisher-Tippett-Gnedenko theorem,
it will follow that G(x) = Gγ (x) , or in other words, G(x) is defined in terms
of Gγ (x) with A = 1 and B = 0.

Example 9.32 With an = nγ and bn = (nγ − 1) /γ, and so an = 1 and
bn = lnn if γ = 0, then Gnγ (anx+ bn) = Gγ(x). Thus for all γ :

Gγ ∈ D(Gγ), (9.27)

so every generalized extreme value distribution is in its own domain
of attraction.

The next result proves that the limiting distribution in the Fisher-
Tippett-Gnedenko theorem under different pairs of normalizing sequences
is effectively unique, meaning γ is uniquely defined. Note that this result
does not assume that the pairs of normalizing sequences in the statement
satisfy 9.19, since in this case the conclusion is immediate. Specifically, in
this case proposition 9.16 obtains thatGγ′ (A′x+B′) = Gγ (A (ax+ b) +B)
and so it follows that γ = γ′. However, as was noted in remark 9.18, if Fn

converges with two different normalizing sequences then these sequences
must in fact satisfy 9.19 and so this then assures that γ = γ′. But as we
have not proved this latter result, we proceed directly.

Corollary 9.33 (Fisher-Tippett-Gnedenko theorem) Let F be the dis-
tribution function of a random variable X and Fn the distribution func-
tion of Mn = maxm≤n{Xm} for independent {Xm}nm=1. If F

n(anx+ bn)⇒
Gγ (Ax+B) and Fn(a′nx+ b′n)⇒ Gγ′ (A

′x+B′) , where an > 0 and a′n > 0
for all n, then γ = γ′. In other words, when it exists, the extreme value index
associated with F is unique.
Proof. Assume that normalizing sequences exists so that Fn converges un-
der both as stated. Using the transformations in proposition 9.30 above and
subscripting D for clarity, this implies that as t→∞ :

U(ty)− b(t)
a(t)

→ Dγ(y),
U(ty)− b′(t)

a′(t)
→ D′γ′(y), y > 0,
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with D(y) and D′(y) given in 9.28. Addition obtains:

U(ty)− b′′(t)
a′′(t)

→ Dγ(y) +D′γ′(y),

where

a′′(t) =
a(t)a′(t)

a′(t) + a(t)
, b′′(t) =

a(t)b′(t) + a′(t)b(t)

a′(t) + a(t)
.

Since a′′(t) > 0 and Dγ(y) +D′γ′(y) is increasing and nonconstant, proposi-
tion 9.34 applies to obtain that Dγ(y) + D′γ′(y) = D′′γ′′(y), and this is only
possible given 9.28 if γ = γ′. And note that Dγ(y) + D′γ′(y) can not be
constant since c > 0 and c′ > 0.

We now turn to the critical technical detail needed in the Fisher-Tippett-
Gnedenko theorem, related to the necessary functional form of D(y). The
proof is somewhat long, so is divided into several steps.

Proposition 9.34 Let U(y) be an increasing function on y > 1, and assume
there are functions, a(t) > 0 and b(t) so that

U(ty)− b(t)
a(t)

→ D(y)

for every continuity point y > 0 of an increasing, non-constant function D.
Then there exists real constants d, c > 0, and γ, so that:

D(y) =

 d+ cy
γ−1
γ , γ 6= 0,

d+ c ln y, γ = 0.
(9.28)

Proof. Since D is increasing it is differentiable and thus continuous almost
everywhere (book 3, chapter 3), so let x0 > 0 be such a continuity point. Let
D0(x) be defined on x > 0 by D0(x) ≡ D(x0x), and so x = 1 is a continuity
point of D0(x). Defining E(x) ≡ D0(x) − D0(1), then for any continuity
point x > 0 of D0 :

E(x) = lim
t→∞

U0(tx)− U0(t)

a(t)
,

where U0(x) ≡ U(x0x) for x > 0. We now work with E(x), which is simpli-
fied relative to D(y) due to the absence of b(t).
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1. There is a function, A(y) on y > 0 so that for x, y > 0:

E(xy) = E(x)A(y) + E(y).

To see this fix y > 0, then:

U0(txy)− U0(t)

a(t)
=
U0(txy)− U0(ty)

a(ty)

a(ty)

a(t)
+
U0(ty)− U0(t)

a(t)
.

If x > 0 is a continuity point of D0 then as noted above, (U0(txy)− U0(ty)) /a(ty)→
E(x) as ty → ∞, and we now show that (U0(txy)− U0(t)) /a(t) also
converges as t→∞ by showing that:

a(ty)/a(t)→ A, and , (U0(ty)− U0(t)) /a(t)→ B.

If not convergent let A1 6= A2 be two accumulation points of a(ty)/a(t)
as t→∞, and B1 6= B2 be two accumulation points of (U0(ty)− U0(t)) /a(t)
as t→∞. Then for any x for which both x and xy are continuity points
of D0, it follows that

E(yx) = E(x)A1 +B1 = E(x)A2 +B2.

For any other x, we can find continuity points xn → x and xny → xy,
both as left limits, so that this identity holds with xn and xny, and by
the left continuity of E it follows that E(x)(A1 − A2) = B2 − B1, for
all x. But E(x) cannot be a constant function since this would imply
that D is constant. Hence this identity implies that A1 = A2 = A and
B2 = B1 = B. Since y > 0 was arbitrary, it follows that B = E(y),
and defining

A(y) = lim
t→∞

a(ty)/a(t),

we conclude that E(xy) = E(x)A(y) + E(y) for all x > 0 and y > 0.

2. Define H(x) ≡ E(ex), then H is differentiable everywhere with H ′(t) =
H ′(0)A(et).

For this, let s ≡ lnx and t ≡ ln y, then with H(x) ≡ E(ex) the above
functional equation for E implies that

H(s+ t) = H(s)A(et) +H(t).

Since H(0) = E(1) = 0, for s 6= 0 this equation can be expressed as:

H(s+ t)−H(t)

s
=
H(s)−H(0)

s
A(et).
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This implies that if H is differentiable at any t, then is is differen-
tiable at t = 0 and this then implies it is differentiable everywhere. As
an increasing function, we will assume that H has at least one such
differentiable point, but as noted above in book 3 it will be shown that
monotonic functions are in fact differentiable almost everywhere. So
the existence of one differentiable point implies that H is differentiable
everywhere, with

H ′(t) = H ′(0)A(et).

Finally, H ′(0) 6= 0 because H ′(0) = 0 implies H ′(t) = 0 for all t, and
constant H implies E and hence D are constant.

3. Define Q(t) ≡ H(t)/H ′(0), then there is a γ ∈ R so that Q(t) =(
eγt − 1

)
/γ if γ 6= 0, and Q(t) = t if γ = 0.

That this is true, first note that Q(0) = E(1)/H ′(0) = 0, Q′(0) = 1,
and Q′(t) = A(et). Then from the functional equation for H above:

Q(s+ t)−Q(t) = Q(s)Q′(t),

and by interchanging s and t :

Q(s+ t)−Q(s) = Q(t)Q′(s).

Subtracting expressions obtains:

Q(t)
Q′(s)−Q′(0)

s
=
Q(s)−Q(0)

s

(
Q′(t)− 1

)
,

and letting s→ 0 proves that Q′′(0) exists and Q(t)Q′′(0) = Q′(t)− 1.
This now implies Q′′(t) exists for all t, and

Q′′(t) = Q′(t)Q′′(0).

Define γ ≡ Q′′(0), then from this differential equation, (lnQ′)′ (t) ≡ γ.
Integrating from 0 to s obtains lnQ′(s) = γs since Q′(0) = 1, and this
can be exponentiated and integrated from 0 to t, and since Q(0) = 0
obtains Q(t) as specified above in the cases γ 6= 0 and γ = 0.

4. The final steps are to reverse these transformations to obtain D(y).

From the Q formula for γ 6= 0:

H(t) = H ′(0)
eγt − 1

γ
,



9.2 EXTREME VALUE THEORY 1 225

which with H(t) ≡ E(et) produces for x > 0 :

D0(x) = D0(1) +H ′(0)
xγ − 1

γ
,

or with y = xx0,

D(y) = D(x0) +H ′(0)

(
y
x0

)γ
− 1

γ
.

A little algebra obtains:

D(y) = d+ c
yγ − 1

γ
,

with

d = D(x0) +
(1− xγ0)H ′(0)

γxγ0
, c =

H ′(0)

xγ0
.

The case γ = 0 is similar.

5. Finally, note that c > 0 since H ′(0) 6= 0 from 2, while H ′(0) < 0
implies that H ′(t) < 0 for all t since H ′(t) = H ′(0)A(et) and A(et) >
0. But then with H(0) = 0 this implies that H(t) < 0 for t > 0 which
contradicts that H(t) ≡ E(et) > 0 since E(et) = D(x0e

t)−D(x0) and
D is increasing.

Corollary 9.35 With the notation above, let U(y) be an increasing function
on y > 0 and assume there are functions a(t) > 0 and b(t) so that as t→∞,

U(ty)− b(t)
a(t)

→ D(y),

for every continuity point of D with D(y) given in 9.28. Then b(t) can be
defined to equal U(t), and with ac(t) ≡ ca(t),

U(ty)− U(t)

ac(t)
→ yγ − 1

γ
, (9.29)

as t → ∞. As above, the right hand expression is defined to be ln y when
γ = 0.
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Proof. From proposition 9.34 it follows that:

U(ty)− U(t)

ca(t)
=

U(ty)− b(t)
ca(t)

− U(t)− b(t)
ca(t)

→ D(y)−D(1)

c
.

So for y > 0, 9.29 follows.

Remark 9.36 In the case of γ > 0, which is of critical important in fi-
nance, a result in book 4 provides an even simpler parameterization of the
normalizing functions a(t) and b(t), as well as the normalizing sequences an
and bn.

9.2.4 Finance Applications - The Pickands—Balkema—de Haan
theorem

In this section we investigate two applications of the above theory to a
typical finance question in which we are given a sample of data points
parametrized in increasing order, {xi}Ni=1, and our goal is to study
properties of the right tail of the unknown underlying distribution function
F. In the most typical situation the data are sparse in the far right tail,
and one is often interested in one of the following related questions:

1. Percentile Estimation: Given α, with 0 < α < 1 but usually α ≈ 1,
estimate xα defined so that F (xα) = α.

2. Tail Probability Estimation: Given x large, estimate 1− F (x).

In the development of the second question we will derive insights into the
Pickands—Balkema—de Haan theorem which is studied in book 4.

Percentile Estimation

Recall that U(y) ≡
(

1
1−F

)∗
(y) but as is derived in exercise 9.26 and noted

in 9.23, an alternative representation is U(y) = F ∗(1− 1/y). For notational
convenience, let xα ≡ F ∗(α), then from 9.29 it follows that for fixed y > 0 :

x1−1/ty − x1−1/t

a(t)
→ yγ − 1

γ
, as t→∞,

relabelling ac(t) as simply a(t). Given α′ > α it follows that xα′ > xα since
F ∗ is increasing, so transforming α→ 1− 1/t and α′ → 1− 1/ty produces:

t = 1/ (1− α) , y = (1− α) /
(
1− α′

)
,
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and hence U(t) = xα and U(ty) = xα′ .

Under the assumption that t is large enough for the above limit to be
used as an approximation, meaning α is close enough to 1, obtains:

xα′ ≈ xα + k

[(
1− α
1− α′

)γ
− 1

]
, k = a(1/ (1− α))/γ. (9.30)

Example 9.37 We will investigate a methodology for estimating γ in book
4. Given such an estimate denoted γ̂, an example of an application of 9.30
is to choose α ≈ 0.90, say, and define x0.90 = x̂0.90 based on the data set
{xi}Ni=1, and then:

xα′ ≈ x̂0.90 + k
[
(0.1)γ̂

(
1− α′

)−γ̂ − 1
]
,

where the constant k can be estimated by a regression on the remaining 10%
of the data, xi > x̂0.90, perhaps imposing weights on the data points.

Specifically, if {xi}Ni=0.9N+1 represents the subsample of the original data
for which xi > x̂0.90, then the regression identifies

xα′ = xi, for α′ = 0.9 + 0.1(i/N).

The objective of using weights in the regression, for example defined to di-
minish as a function of α′, is to acknowledge that as α′ increases the relia-
bility of the above α′ assignments diminishes.

Once k is estimated, the resulting formula can then be used to estimate
xα′ for α′ large.

Tail Probability Estimation

Under the assumption of continuity in the tail of F (x), xα ≡ F ∗(α) obtains
that α = F (xα) by proposition 3.22, while in the general case proposition
3.19 provides:

F (x−α ) ≤ α ≤ F (xα).

Assuming continuity for simplicity, 1− F (xα) ≡ 1− α and similarly
1− F (xα′) ≡ 1− α′ and the above formula in 9.30 produces for
x ≡ xα′ > xα:

1− F (x) ≈ (1− F (xα))

(
1 +

1

k
(x− xα)

)−1/γ

, (9.31)
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where k = a(1/ (1− α))/γ as in 9.30. Of course, it can be dangerous to
invert an approximation formula since the error in an approximation for
y ≈ f(x) can be quite different from the error in the approximation for
x ≈ f−1(y).

However, we now derive this formula within the theoretical framework of
the limit theorem above. This result is related to the Pickands—Balkema—
de Haan theorem, named for 1974-5 papers of A. A. Balkema and
Laurens de Haan, and, James Pickands III, and sometimes called the
Gnedenko-Pickands—Balkema—de Haan theorem, and even the Gne-
denko theorem in recognition of the earlier 1943 work of Boris Gne-
denko (1912 —1995). We will return to this result in book 4 in the case
where γ > 0.

For the statement of this result, recall that as defined in 9.6, x∗ ≡
inf{x|F (x) = 1} with x∗ ≡ ∞ if F (x) < 1 for all x.

Proposition 9.38 (Pickands—Balkema—de Haan theorem I) Assume that
F is in the domain of attraction of Gγ , F ∈ D(Gγ). Then:

• for all x with x > −1/γ when γ ≥ 0, where −1/0 ≡ −∞, or,

• for 0 ≤ x < −1/γ when γ < 0 :

lim
t→x∗

1− F (t+ xha(t))

1− F (t)
= (1 + γx)−1/γ , (9.32)

where

ha(t) ≡ a
(

1

1− F (t)

)
.

with a(t) defined in terms of the normalizing function in 9.29.

When γ = 0 the limit function in 9.32 is defined for all x as exp (−x) .

Proof. Consider U
(

1
1−F (t)

)
. As derived in exercise 9.26, U(y) = F ∗(1 −

1/y) and so U
(

1
1−F (t)

)
= F ∗ (F (t)) . As F is a distribution function it

follows from 3.9 that F ∗ (F (t)) ≤ t ≤ F ∗ (F (t)+) . Hence for any ε > 0,

U

(
1

1− F (t)

)
≤ t ≤ U

(
1 + ε

1− F (t)

)
,

and so

0 ≤
t− U

(
1

1−F (t)

)
a
(

1
1−F (t)

) ≤
U
(

1+ε
1−F (t)

)
− U

(
1

1−F (t)

)
a
(

1
1−F (t)

) .
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By 9.29, as 1/ (1− F (t))→∞, which is to say as t→ x∗, the upper bounding
expression has limit:

U
(

1+ε
1−F (t)

)
− U

(
1

1−F (t)

)
a
(

1
1−F (t)

) → (1 + ε)γ − 1

γ
.

As this bounding expression converges to 0 as ε → 0, it follows that as
t→ x∗,

t− U
(

1
1−F (t)

)
a
(

1
1−F (t)

) → 0.

This now implies with 9.29 that for all x > 0,

U
(

x
1−F (t)

)
− t

a
(

1
1−F (t)

) → xγ − 1

γ
as t→ x∗.

Finally, the convergence of this sequence of increasing functions in x
implies the convergence of the left continuous inverse sequence to the left
continuous inverse of x

γ−1
γ by proposition 8.27. We now calculate, remem-

bering that for this purpose, 1
1−F (t) = k is a constant.(

U (kx)− t
a (k)

)∗
(y) = inf

{
x|U (kx)− t

a (k)
≥ y
}

= inf {x|U (kx) ≥ t+ a (k) y}
= inf {x|U (x) ≥ t+ a (k) y} /k
= inf {x|F ∗(1− 1/x) ≥ t+ a (k) y} /k

=
k

1− inf {x|F ∗(x) ≥ t+ a (k) y}

=
k

1− F (t+ a (k) y)
.

Similarly, (
xγ − 1

γ

)∗
(y) = inf

{
x|x

γ − 1

γ
≥ y
}

= inf
{
x|x ≥ (1 + γy)1/γ

}
= (1 + γy)1/γ .

The result now follows by taking reciprocals.
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Note that the limit in 9.32 reflects the conditional probability dis-
tribution of exceedances over the threshold t, and can be expressed
as in 3.17:

lim
t→x∗

Pr [X ≤ t+ xha(t)|X > t] = 1− (1 + γx)−1/γ .

Alternatively, for u = t "large" relative to x∗:

Pr [X ≤ u+ y|X > u] ≈ 1−
(

1 +
γ

ha(u)
y

)−1/γ

. (9.33)

The analysis underlying this result is often referred to as the peaks over
threshold method, and an additional result will be derived in book 4 as
noted above.

Definition 9.39 The distribution function

Hγ,u,β(x) ≡ 1−
(

1 +
γ

β
(x− u)

)−1/γ

, (9.34)

is called a generalized Pareto distribution, abbreviated GPD. The para-
meter γ ∈ R is called the "shape" parameter, u ∈ R the "location" parameter,
and β ∈ (0,∞) the "scale" parameter.

When γ = 0, this distribution is defined as the limit in 9.34:

H0,u,β(x) ≡ 1− exp (− (x− u) /β) . (9.35)

The function Hγ,u,β(x) is defined for x ≥ u when γ ≥ 0, and for u ≤ x ≤
u− β/γ when γ < 0.

Remark 9.40 The generalized Pareto distribution function is often denoted
Gγ,µ,σ(x) but we use Hγ,u,β(x) to avoid notational confusion with the closely
related extreme value distribution Gγ(x) defined in 9.25 and 9.26, and also
to avoid confusion that the parameters µ, σ, or in 9.34 u, β, are not the mean
and standard deviation of this distribution.

This distribution generalizes the Pareto distribution parameterized by
α > 0, c > 0 and defined for x ≥ c by:

Pα,c(x) = 1−
(x
c

)−α
. (9.36)

This distribution is named for Vilfredo Pareto (1848 —1923), an econo-
mist who discovered that income was approximately distributed according to
this law.
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Thus, 9.32 can be restated:

lim
t→x∗

Pr [X ≤ t+ xha(t)|X > t] = Hγ,0,1(x),

and the approximation in 9.33 can be restated with β(u) ≡ ha(u) :

Pr [X ≤ u+ y|X > u] ≈ Hγ,0,β(u)(y).

Proposition 9.44 below will address the quality of this approximation.
That the shape parameter of the generalized Pareto distribution, β,

ought to be a function of the threshold u is easily appreciated with an
example.

Example 9.41 Let F (x) = Hγ,0,β(x) be defined as in 9.34. Then denoting

Fu(y) ≡ Pr [X ≤ u+ y|X > u] , (9.37)

then for y and u+ y in the domain of F (x) :

Fu(y) =
F (u+ y)− F (u)

1− F (u)

= 1−
(

1 +
γ

β + γu
y

)−1/γ

.

Thus if F (x) = Hγ,0,β(x), then Fu(x) = Hγ,0,β+γu(x). In other words, the
conditional distribution function is again generalized Pareto, but with shape
parameter β(u) = β + γu.

Exercise 9.42 Show that the same result applies with F (x) = H0,0,β(x)
defined as in 9.35.

Example 9.43 Recall the finance application above for which we are given a
sample of data points parametrized in increasing order, {xi}Ni=1, and our goal
is to study properties of the right tail of the unknown underlying distribution
function F. From proposition 9.38, if t is large enough for the above limit in
9.32 to be approximated, meaning α is large enough, we conclude that with
x > xα:

1− F (x) ≈ (1− F (xα))
(
1 + (x− xα) /k′

)−1/γ
, (9.38)

where k′ = ha(xα)
γ .
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This formula is functionally identical to the approximation in 9.31 de-
rived by inverting the percentile approximation formula in 9.30, since

k′ =
ha(xα)

γ
=
a(1/ (1− α))

γ
= k.

Any application requires the selection of α and hence xα as well as γ and k′.
As estimation of γ is addressed in book 4, so again assume that the estimate
γ̂ is given and that as above we choose α = 0.9 and x0.90 = x̂0.90 from the
data set {xi}Ni=1. Then for x > x̂0.90:

1− F (x) ≈ 0.10

(
1 +

1

k′
(x− x̂0.90)

)−1/γ̂

,

and k′ can be estimated from the remaining 10% of the data, xi > x̂0.90,
perhaps weighting observations as before.

We next address next another, more powerful representation of thePickands—
Balkema—de Haan theorem which is often used as the statement of this
named result. It addresses the quality of the approximation in 9.33, restated
below remark 9.40. We do not prove this result here, but only discuss the
subtleties involved in a formal demonstration. In book 4 we return to this
result and provide a proof in the case γ > 0 using estimates based on Kara-
mata’s Representation theorem, named for Jovan Karamata (1902 —
1967).

Proposition 9.44 (Pickands—Balkema—de Haan theorem II) Assume
that F is in the domain of attraction of Gγ , F ∈ D(Gγ), and denote
Fu(y) as in 9.37. Then the approximation in 9.33 is uniform in y in the
sense that with β(u) ≡ ha(u) :

limu→x∗ sup0≤y<x∗−u
∣∣Fu(y)−Hγ,0,β(u)(y)

∣∣ = 0. (9.39)

In fact 9.39 is true with β(u) ≡ γu.
Discussion. As noted below remark 9.40, 9.32 of proposition 9.38 can be
restated to say that for each x for which the limit function is defined:

lim
t→x∗

Pr [X ≤ t+ xha(t)|X > t] = Hγ,0,1(x).

The approximation in 9.33 can be restated that for u ≡ t large and β(u) ≡
ha(u) :

Pr [X ≤ u+ y|X > u] ≈ Hγ,0,β(u)(y).
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In this latter statement, y ≡ xha(u) and for fixed u this variable trans-
formation is one-to-one. But note that the limit in the first statement is
pointwise for each x, and without better estimates on the rate of conver-
gence than provided in the above proof, we cannot estimate the quality of
this approximation.

For example, if the convergence in t in 9.32 is uniform in x, this would
imply that given ε > 0 there is a u so that for t ≥ u and for all x :

|Pr [X ≤ t+ xha(t)|X > t]−Hγ,0,1(x)| < ε.

Then with y ≡ xha(u), this implies that for all y :∣∣Fu(y)−Hγ,0,β(u)(y)
∣∣ < ε,

and thus
sup0≤y<x∗−u

∣∣Fu(y)−Hγ,0,β(u)(y)
∣∣ < ε.

Hence the proof of this result would follow from an estimate that assures that
the limit in proposition 9.38 is uniform in x.

This will be proved in book 4 under the assumption that γ > 0 by proving
that β(u) ≡ γu provides the result in 9.39, and in fact any other such β(u)
satisfies β(u)/γu→ 1 as u→ x∗.

9.2.5 γ in Theory - von Mises’Condition

As noted above, the question of estimating γ based on sample data for a
presumably unknown distribution function F will be addressed in book 4.
Here we address the question: If F is given, what can be said about the
value of γ for which F is in the domain of attraction of Gγ , so
F ∈ D(Gγ)? This question was addressed in 1936 by Richard von Mises
(1883 —1953) who is also credited with the parametrization of the
extreme value class of distributions in 9.13 and 9.25 underlying the
Fisher-Tippett-Gnedenko theorem. The resulting suffi cient condition on F
to ensure that F ∈ D(Gγ) has come to be known as von Mises’
condition.

We state this result under the assumption that F is twice continuously
differentiable, which is stronger than the needed assumption of twice differ-
entiable. But the continuity assumption assures the existence of the Rie-
mann integral of various second derivatives below, whereas the more general
assumption requires Lebesgue integration theory which will be developed in
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book 3. However, for many applications the added assumption of continuity
is true in any case.

That said, the reader is encouraged to reproduce this proof in the general
case with the tools of book 3.

Proposition 9.45 (von Mises’Condition) Let F be a twice continuously
differentiable distribution function with F ′(x) > 0 for some interval (x0, x

∗),
where x∗ is defined in 9.6. If

lim
x→x∗

(
1− F
F ′

)′
(x) = γ, (9.40)

then F is in the domain of attraction of Gγ , so F ∈ D(Gγ).
Proof. Because F is by assumption continuous everywhere, then with U(t)
defined in 9.23, F (U(t)) = F (F ∗(1− 1/t)) = 1 − 1/t by 3.8, and so for
t > 0 :

t =
1

1− F (U(t))
.

The assumption that F is twice differentiable and F ′(x) > 0 for some inter-
val (x0, x

∗) ensures that F is strictly increasing for x > x0 and thus U(t) is
also twice differentiable for t > 1/(1− F (x0)). Taking derivatives:

U ′(t) =
(1− F (U(t)))2

F ′(U(t))
,

and so

t
U ′′(t)

U ′(t)
= −2− F ′′(U(t)) [1− F (U(t))]

[F ′(U(t))]2

= −1 +

(
1− F
F ′

)′
(U(t)) .

It will now be shown that if:

lim
t→∞

t
U ′′(t)

U ′(t)
= γ − 1,

then F ∈ D(Gγ). This limit is equivalent to that in 9.40 since t → ∞ is
equivalent to U(t) ≡ x→ x∗.

To this end, by continuity of derivatives and the assumption that F ′(x) >
0 for (x0, x

∗) it follows that U ′′(t)/U ′(t) is continuous and hence Riemann
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integrable on bounded intervals. Letting 1 < t < r = tx for x > 0:

ln

[
U ′(tx)

U ′(t)

]
=

∫ tx

t

U ′′(s)

U ′(s)
ds

=

∫ x

1
(st)

U ′′(st)

U ′(st)

ds

s
.

So ∣∣∣∣ln [U ′(tx)

U ′(t)

]
− lnxγ−1

∣∣∣∣ ≤ ∫ x

1

∣∣∣∣(st) U ′′(st)U ′(st)
− (γ − 1)

∣∣∣∣ dss .
Now if limt→∞ tU ′′(t)/U ′(t) = γ − 1, then for any ε > 0 there is a T so

that |tU ′′(t)/U ′(t)− (γ − 1)| < ε for t ≥ T. This implies that for t ≥ T/s :∣∣(st)U ′′(st)/U ′(st)− (γ − 1)
∣∣ < ε,

and hence since s ≥ 1 it follows that for t ≥ T,∣∣∣∣ln [U ′(tx)

U ′(t)

]
− lnxγ−1

∣∣∣∣ ≤ ε lnx.

Thus for any closed interval [a, b],

sup
x∈[a,b]

∣∣∣∣ln [U ′(tx)

U ′(t)

]
− lnxγ−1

∣∣∣∣ ≤ ε ln b,

and this supremum converges to 0 as t→∞.
Finally, |eu − ew| ≤ c |u− w| for u,w in a compact interval, equivalently

|u− w| ≤ c |lnu− lnw| , so it follows that for any compact interval [a, b],

lim
t→∞

sup
x∈[a,b]

∣∣∣∣U ′(tx)

U ′(t)
− xγ−1

∣∣∣∣→ 0.

That the limit of the supremum over compact interval converges to zero
assures that the limit of the integral over such intervals also converges to
zero. Now: ∫ x

1

(
U ′(ts)

U ′(t)
− sγ−1

)
ds =

U(tx)− U(t)

tU ′(t)
− xγ − 1

γ
,

and hence for any compact interval, [1, x] this integral also converges to 0
as t→∞, and this implies

U(tx)− U(t)

tU ′(t)
→ xγ − 1

γ
.

So as in the proof of the Fisher-Tippett-Gnedenko theorem, with a(t) ≡
tU ′(t) > 0 and b(t) ≡ U(t), this implies that F ∈ D(Gγ).
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Corollary 9.46 Under the assumptions of the above proposition, Fn(anx+
bn)⇒ Gγ (Ax+B) with

bn ≡ U(n) ≡ F−1(1− 1/n), (9.41)

and
an ≡ nU ′(n) = 1/(nF ′(bn)). (9.42)

Proof. The last equation of this proof showed that for all x > 0 :

U(nx)− U(n)

nU ′(n)
→ D(x) =

xγ − 1

γ
,

and so bn = U(n) and an = nU ′(n) follow by definition. Now for continuous
distribution functions with F ′(x) > 0 for the interval (x0, x

∗), it follows
that F ∗(y) = F−1(y) for y > F (x0). Hence we can conclude that U(y) ≡
F ∗(1 − 1/y) = F−1(1 − 1/y), and so U ′(y) = 1/

[
y2F (U(y))

]
. So an =

nU ′(n) = 1/(nF ′(bn)).

Remark 9.47 It should be noted that the above corollary provides one pair
of normalizing sequences, (an, bn), and that in general there are infinitely
many such pairs, (a′n, b

′
n), as given by 9.19 of corollary 9.17. All that is

required is that:
a′n
an
→ a > 0,

b′n − bn
an

→ b.

Example 9.48 Let the random variable X have the standard normal dis-
tribution function defined in 1.23:

Φ(x) =

∫ x

−∞
φ(y)dy =

1√
2π

∫ x

−∞
exp

(
−y2/2

)
dy.

In this example we derive that for this distribution, γ = 0 and thus Φ ∈
D(G0), and also derive normalizing sequences.

First, Φ(x) is certainly twice continuously differentiable with

1− Φ

Φ′
=

∫∞
x φ(y)dy

φ(x)
,

and hence (
1− Φ

Φ′

)′
(x) =

−φ2(x)− φ′(x)
∫∞
x φ(y)dy

φ2(x)

=
−φ2(x) + xφ(x)

∫∞
x φ(y)dy

φ2(x)

=
x
∫∞
x φ(y)dy

φ(x)
− 1.
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Using integration by parts,

x

∫ ∞
x

φ(y)dy ≤
∫ ∞
x

yφ(y)dy = φ(x).

Also, let

e(x) =

∫ ∞
x

φ(y)dy − x

x2 + 1
φ(x),

then e(0) = 0.5, limx→∞e(x)=0, and :

e′(x) = −φ(x) + x2

x2+1
φ(x) + x2−1

(x2+1)2
φ(x)

=
[
−2

(x2+1)2

]
φ(x) < 0. Thus e(x) is a strictly decreasing positive function

with minimum value of 0 at infinity.
Combining with the above inequality:

x

x2 + 1
φ(x) ≤

∫ ∞
x

φ(y)dy ≤ 1

x
φ(x), (9.43)

which obtains from the above estimate:

x2

x2 + 1
− 1 ≤

(
1− Φ

Φ′

)′
(x) ≤ 0.

So as x→∞ it follows that
(

1−Φ
Φ′
)′

(x)→ 0. In other words, for the normal
distribution the von Mises’condition yields γ = 0 and Φ ∈ D(G0).

One set of normalizing sequences for the standard normal distribution is
given in 9.41 and 9.42:

bn = U(n)

= Φ−1(1− 1/n),

an = nU ′(n)

= 1/(nΦ′(bn))

= 1/ (nφ(bn)) .

Note that Φ−1(1 − 1/n) ≡ z1−1/n and so bn equals the percentile value zα
at α = 1− 1/n :

bn = z1−1/n.

From the above inequalities in 9.43, if Φ−1(1− 1/n) = bn then
∫∞
bn
φ(y)dy =

1/n and so it must be the case that

φ(bn)

bn + 1/bn
≤ 1

n
≤ φ(bn)

bn
.
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These inequalities can also be used to numerically estimate bn, and because
the ratio of the upper and lower bounds converges quickly to 1 as bn →∞,
any sequence of bn values that satisfy these inequalities work equally well as
the values above.

These inequalities also imply that

1

bn + 1/bn
≤ an ≤

1

bn
,

and again, because the ratio of the bounds converges quickly to 1 as bn →∞,
any an values that satisfy these inequalities work equally well as the values
above.

As a numerical example, define bn by 1
n = φ(bn)

bn
, and define an = 1/bn.

For bn, this equation is equivalent to yey = n2/2π with bn =
√
y. The

solution y satisfies y < ln
(
n2/2π

)
, since the upper bound equals y + ln y.

It thus seems logical to set y = ln
(
n2/cn

)
and determine a sequence {cn}

which works well as n→∞. Substitution leads to:(
n2/cn

)
ln
(
n2/cn

)
= n2/2π,

and thus the goal is to have

2 lnn− ln cn
cn/2π

≈ 1.

Since for any sequence with cn → ∞ it is assured that ln cn/cn → 0, this
goal can be achieved if 2 lnn/ [cn/2π] ≈ 1. Choosing cn = 4π lnn produces
this result with bn =

√
y =

√
ln (n2/cn) and an = 1/bn :

bn = (2 lnn− ln lnn− ln 4π)0.5 , an = (2 lnn− ln lnn− ln 4π)−0.5 .

By corollary 9.17 these sequences can be simplified to:

b′n = (2 lnn)0.5 , a′n = (2 lnn)−0.5 ,

if a
′
n
an
→ 1 and b′n−bn

an
→ 0.

Exercise 9.49 Prove that a
′
n
an
→ 1 and b′n−bn

an
→ 0.
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9.3 Multivariate Extreme Value Theory

The notion of extreme value joint distribution functions was introduced in
chapter 7 in the discussion on extreme value copulas, and with the aid of
the Fisher-Tippett-Gnedenko theorem we can now provide additional
details. Recall the set-up there, that F (x1, x2, ..., xn) is a joint distribution
function with marginal distributions {Fj(xj)}nj=1, and
{(X1k, X2k, ..., Xnk)}mk=1 a random sample from this joint distribution
function. The random vector of component-wise maximum variates is
defined consistent with 9.4 by:(

X
(m)
1 , X

(m)
2 , ..., X(m)

n

)
≡ (maxk≤mX1k,maxk≤mX2k, ...,maxk≤mXnk).

(9.44)
If F (m)(x1, x2, ..., xn) denotes the joint distribution function of these
maximal random vectors, then since maxk≤mXik ≤ xi if and only if
Xik ≤ xi for all k, it follows that

Fm(x1, x2, ..., xn) = Fm(x1, x2, ..., xn).

By the same logic, if F (m)
j (xj) is the distribution function of maxk≤mXjk,

then
F

(m)
j (xj) = Fmj (xj).

9.3.1 Multivariate Fisher-Tippett-Gnedenko Theorem

As in the one variable case we "normalize" these maximal variates with
vector sequences

(
a

(m)
1 , a

(m)
2 , ..., a

(m)
n

)
with a(m)

j > 0 for all j and(
b
(m)
1 , b

(m)
2 , ..., b

(m)
n

)
, and investigate the normalized joint distribution

function:

F
(m)
N (x1, x2, ..., xn) ≡ Pr

[(
X

(m)
j − b(m)

j

)
/a

(m)
j ≤ xj , all j

]
.

Since
(
X

(m)
j − b(m)

j

)
/a

(m)
j ≤ xj if and only if X(m)

j ≤ a(m)
j xj + b

(m)
j , it

follows from the above discussion that:

F
(m)
N (x1, x2, ..., xn) = Fm

(
a

(m)
1 x1 + b

(m)
1 , a

(m)
2 x2 + b

(m)
2 , ..., a(m)

n xn + b(m)
n

)
.

Definition 9.50 If for some vector sequences
{(
a

(m)
1 , a

(m)
2 , ..., a

(m)
n

)}∞
m=1

with a(m)
j > 0 for all j and

{(
b
(m)
1 , b

(m)
2 , ..., b

(m)
n

)}∞
m=1

, there exists a distrib-

ution function G(x1, x2, ..., xn) with nondegenerate marginal distributions so
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that F (m)
N ⇒ G, which is to say that F (m)

N (x1, x2, ..., xn)→ G(x1, x2, ..., xn),
or:

Fm
(
a

(m)
1 x1 + b

(m)
1 , a

(m)
2 x2 + b

(m)
2 , ..., a(m)

n xn + b(m)
n

)
→ G(x1, x2, ..., xn)

(9.45)
for every continuity point of G, then G is called a multivariate extreme
value distribution, often abbreviated, MEV distribution. In this case,
the distribution function F is said to be in the domain of attraction of
the distribution function G, and denoted F ∈ D(G).

Remark 9.51 To prove the following result we need the Cramér-Wold theorem-
Part 1, which cannot be proved until chapter 2 of book 6, entitled General
Results on Weak Convergence of Measures. Its proof requires the Mapping
theorem on Rk/ Rj which substantially generalizes the Mapping theorem on
R of proposition 8.35. Fortunately, the needed result is quite plausible in-
tuitively, and thus should provide no obstacle to the comprehension of the
following proof.

Proposition 9.52 (Multivariate Fisher-Tippett-Gnedenko theorem )
With the above notation, if the multivariate extreme value distribution G(x1, x2, ..., xn)

exists so that F (m)
N ⇒ G, then:

1. There exist real constants, {(Aj , Bj , γj)}nj=1 with Aj > 0 for all j so
that the marginal distribution functions, {Gj (xj)}nj=1, are given by

Gj (xj) = Gγj (Ajxj +Bj) , (9.46)

with Gγj (xj) defined in 9.25 for γj 6= 0 or 9.26 for γj = 0.

2. G is continuous.

3. There exists an extreme value copula CG(u1, u2, ..., un) that is a copula
for G, and so:

G(x1, x2, ..., xn) = CG (G1 (x1) , G2 (x2) , ..., Gn (xn)) . (9.47)

In addition, CF , the copula associated with F, is in the domain of
attraction of CG as in definition 7.28.

Proof. By the corollary to the Cramér-Wold theorem - Part 1 in book 6, if
F

(m)
N ⇒ G, then for any j the jth marginal distribution of F (m)

N converges
weakly to the jth marginal distribution of G. By the discussion in section
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7.4.2 on Extreme Value Copulas, the marginals of F (m)
N are

{
Fmj

(
a

(m)
j xj + b

(m)
j

)}n
j=1

where

{Fj (xj)}nj=1 are the marginals of F, and thus the Cramér-Wold corollary
implies that for all j :

Fmj

(
a

(m)
j xj + b

(m)
j

)
⇒ Gj (xj) .

By definition 9.50 above each Gj (xj) is nondegenerate, and so the Fisher-
Tippett-Gnedenko theorem is applicable and assures the existence of
{(Aj , Bj , γj)}nj=1 with Aj > 0 so that 9.46 is satisfied with Gγj (xj) defined
in 9.25 for γj 6= 0 or 9.26 for γj = 0.

Since G has continuous marginal distributions, and a copula CG for G
exists and satisfies 9.47 by Sklar’s theorem, the continuity of G follows from
corollary 7.4.

To prove that CG is an extreme value copula using 7.15 of definition
7.28, let CF (u1, u2, ..., un) be a copula associated with F, so that

F (x1, x2, ..., xn) = CF (F1 (x1) , F2 (x2) , ..., Fn (xn)) .

As noted above,

F
(m)
N (x1, x2, ..., xn) = Fm

(
a

(m)
1 x1 + b

(m)
1 , a

(m)
2 x2 + b

(m)
2 , ..., a(m)

n xn + b(m)
n

)
,

and it follows that

F
(m)
N (x1, x2, ..., xn)

= CmF

(
F1

(
a

(m)
1 x1 + b

(m)
1

)
, F2

(
a

(m)
2 x2 + b

(m)
2

)
, ..., Fn

(
a(m)
n xn + b(m)

n

))
.

Since
{
Fmj

(
a

(m)
j xj + b

(m)
j

)}n
j=1

are the marginals for F (m)
N as noted above

it follows from this last identity that a copula associated with F (m)
N is given

by:

C(m)(u1, u2, ..., un) = CmF (u
1/m
1 , u

1/m
2 , ..., u1/m

n ).

Since G is continuous, weak converge F (m)
N ⇒ G obtains that F (m)

N (x1, x2, ..., xn)→
G(x1, x2, ..., xn) as m→∞ for all (x1, x2, ..., xn), and thus by 9.47:

CG (G1 (x1) , G2 (x2) , ..., Gn (xn))

= limm→∞C
m
F

(
F1

(
a

(m)
1 x1 + b

(m)
1

)
, F2

(
a

(m)
2 x2 + b

(m)
2

)
, ..., Fn

(
a(m)
n xn + b(m)

n

))
.
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Let (G1 (x1) , G2 (x2) , ..., Gn (xn)) ∈
∏n
j=1Rng (Gj) , the range of this vector

transformation on Rn, and note for completeness that depending on the γj-
parameters, that

(0, 1)n ⊂
∏n

j=1
Rng (Gj) ⊂ [0, 1]n.

If it can be demonstrated that for all such points:

CG (G1 (x1) , G2 (x2) , ..., Gn (xn))

= limm→∞C
m
F

(
G

1/m
1 (x1) , G

1/m
2 (x2) , ..., G1/m

n (xn)
)
, ((*))

then CG is an extreme value copula and CF is in the domain of attraction
of CG by definition 7.28.

To this end, note that CmF (u
1/m
1 , u

1/m
2 , ..., u

1/m
n ) = C(m)(u1, u2, ..., un)

is a copula as noted above, and to prove (∗) it is enough to show that as
m→∞,∣∣∣C(m) (G1 (x1) , .., Gn (xn))− C(m)

(
Fm1

(
a

(m)
1 x1 + b

(m)
1

)
, .., Fmn

(
a(m)
n xn + b(m)

n

))∣∣∣→ 0.

But from the Lipschitz continuity of copulas and 7.6:∣∣∣C(m) (G1 (x1) , ..., Gn (xn))− C(m)
(
Fm1

(
a

(m)
1 x1 + b

(m)
1

)
, ..., Fmn

(
a(m)
n xn + b(m)

n

))∣∣∣
≤
∑n

j=1

∣∣∣Gj (xj)− Fmj
(
a

(m)
j xj + b

(m)
j

)∣∣∣ ,
and this final summation converges to 0 for all such (x1, x2, ..., xn) by the
Fisher-Tippett-Gnedenko theorem.

Remark 9.53 As summarized in remark 9.31 following the proof of the
Fisher-Tippett-Gnedenko theorem, if such sequences

{(
a

(m)
1 , a

(m)
2 , ..., a

(m)
n

)}∞
m=1

with a(m)
j > 0 for all j and

{(
b
(m)
1 , b

(m)
2 , ..., b

(m)
n

)}∞
m=1

exist to produce 9.46,

then in fact one can replace these sequences with other sequences so that
Gj (xj) = Gγj (x) , or in other words, Gj (xj) is defined in terms of Gγj (x)
with Aj = 1 and Bj = 0.

9.3.2 Characterizations of G and CG

With the aid of the multivariate Fisher-Tippett-Gnedenko theorem, it is
possible to derive additional details on the form of multivariate extreme
value distributions and the associated extreme value copulas.
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The Extreme Value Distribution G

We begin by reformulating the weak convergence result in a way that more
directly defines G in terms of F. Recall that given a joint distribution
function F (x1, x2, ..., xn) with marginal distributions {Fj(xj)}nj=1, that
F ∈ D(G) denotes that F is in the domain of attraction of G. By definition
this implies that G is a distribution function with nondegenerate marginal
distributions {Gj(xj)}nj=1, and that there exist vector sequences{(
a

(m)
1 , a

(m)
2 , ..., a

(m)
n

)}∞
m=1

with a(m)
j > 0 for all j and{(

b
(m)
1 , b

(m)
2 , ..., b

(m)
n

)}∞
m=1

so that 9.45 is satisfied for all continuity points

of G(x1, x2, ..., xn).

Proposition 9.54 Given a joint distribution function F (x1, x2, ..., xn) with
marginal distributions {Fj(xj)}nj=1, assume that F ∈ D(G). Then there
exists real constants, {γj}nj=1, so that for all x1, x2, ..., xn > 0 :

G(h1 (x1) , h2 (x2) , ..., hn (xn)) = limm→∞ F
m (U1(mx1), U2(mx2), ..., Un(mxn)) .

(9.48)
Here:

Uj(x) ≡ F ∗j (1− 1/x),

hj (xj) =


(
x
γj
j − 1

)
/γj , γj 6= 0,

lnxj , γj = 0.

Proof. As in the proof of proposition 9.52 above, by the corollary to the
Cramér-Wold theorem F

(m)
N ⇒ G implies that for all j :

Fmj

(
a

(m)
j xj + b

(m)
j

)
⇒ Gj (xj) .

By remark 9.53 above and 9.29 of corollary 9.35, for each j the sequence{(
a

(m)
j , b

(m)
j

)}∞
m=1

can be replaced by functions {(aj(t), bj(t))} where bj(t) =

Uj(t). Then as in 9.29, for all xj > 0 :

Uj(txj)− Uj(t)
aj(t)

→ hj (xj) ,

as t → ∞ and with hj (xj) defined above. Thus for each j these functions
of t can be replaced by integer sequences to yield that as integer m→∞ :

Uj(mxj)− b(m)
j

a
(m)
j

→ hj (xj) ,



244 CHAPTER 9 ESTIMATING TAIL EVENTS 1

where a(m)
j ≡ aj(m) and b(m)

j ≡ Uj(m) = F ∗j (1 − 1/m). We now need a

technical result which follows from weak convergence of F (m)
N ⇒ G, and

generalizes 9.45.

Claim: If
(
y

(m)
1 , y

(m)
2 , ..., y

(m)
n

)
→ (x1, x2, ..., xn) as m→∞, then

G(x1, x2, ..., xn) = limm→∞ F
m
(
a

(m)
1 y

(m)
1 + b

(m)
1 , a

(m)
2 y

(m)
2 + b

(m)
2 , ..., a(m)

n y(m)
n + b(m)

n

)
.

By definition, given ε > 0 there is an M so that
∣∣∣y(m)
j − xj

∣∣∣ < ε for all j and

all m ≥M. Since a(m)
j > 0 and F is monotonic, it follows that for m ≥M :

Fm
(
a

(m)
1 x

(m)
1 +

[
b
(m)
1 − a(m)

1 ε
]
, ..., a(m)

n x(m)
n +

[
b(m)
n − a(m)

n ε
])

≤ Fm
(
a

(m)
1 y

(m)
1 + b

(m)
1 , ..., a(m)

n y(m)
n + b(m)

n

)
≤ Fm

(
a

(m)
1 x

(m)
1 +

[
b
(m)
1 + a

(m)
1 ε

]
, ..., a(m)

n x(m)
n +

[
b(m)
n + a(m)

n ε
])
.

Applying 9.20 with a(m)′
j = a

(m)
j and b(m)′

j = b
(m)
j ± a(m)

j ε, it follows that:

G(x1 − ε, x2 − ε, ..., xn − ε) ≤ limm→∞ F
m
(
a

(m)
1 y

(m)
1 + b

(m)
1 , ..., a(m)

n y(m)
n + b(m)

n

)
≤ G(x1 + ε, x2 + ε, ..., xn + ε).

The result now follows from the continuity of G.

Applying this result to y(m)
j ≡

(
Uj(mxj)− b(m)

j

)
/a

(m)
j , then since y(m)

j →
hj (xj) for xj > 0 as noted above, 9.48 follows.

Remark 9.55 Note that from 9.44 that(
X

(m)
1 , X

(m)
2 , ..., X(m)

n

)
≡ (maxk≤mX1k,maxk≤mX2k, ...,maxk≤mXnk),

and so 9.48 can be restated using:

Fm (U1(mx1), U2(mx2), ..., Un(mxn))

= Pr [maxk≤mX1k ≤ F ∗1 (1− 1/mx1), ...,maxk≤mXnk ≤ F ∗n(1− 1/mxn)] .

If the marginal distributions of F are continuous so Fj

(
F ∗j (y)

)
= y by

proposition 3.22, it then follows that:

Fm (U1(mx1), U2(mx2), ..., Un(mxn))

= Pr [maxk≤m F1 (X1k) ≤ 1− 1/mx1, ...,maxk≤m Fn (Xnk) ≤ 1− 1/mxn]

= Pr

[
maxk≤m

(
1

1− F1 (X1k)

)
≤ mx1, ...,maxk≤m

(
1

1− Fn (Xnk)

)
≤ mxn

]
.
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In this case of continuous marginals, the result in 9.48 can be transformed
to reveal a simpler connection betweenG and the initial distribution function
F using much the same approach as that seen in the analysis preceding the
proof of the Fisher-Tippett-Gnedenko theorem in proposition 9.30.

Corollary 9.56 For any x1, x2, ..., xn > 0 so that

0 < G(h1 (x1) , h2 (x2) , ..., hn (xn)) < 1 :

we have:

− lnG(h1 (x1) , h2 (x2) , ..., hn (xn)) (9.49)

= limm→∞m [1− F (U1(mx1), U2(mx2), ..., Un(mxn))] ,

and this limit can be expressed as t→∞ for real t.
When the marginals {Fj(xj)}nj=1 are continuous, the limit in 9.49 can

be expressed:

− lnG(h1 (x1) , h2 (x2) , ..., hn (xn)) (9.50)

= limm→∞mPr [Fj (Xj) > 1− 1/mxj for at least one j] .

Proof. Given the restriction on G(h1 (x1) , h2 (x2) , ..., hn (xn)), take loga-
rithms in 9.48 to produce:

lnG(h1 (x1) , h2 (x2) , ..., hn (xn)) = limm→∞m lnF (U1(mx1), U2(mx2), ..., Un(mxn)) .

This then implies that lnF (U1(mx1), U2(mx2), ..., Un(mxn)) → 0 and thus
F (U1(mx1), U2(mx2), ..., Un(mxn))→ 1. Since lnx = x− 1− O(x− 1)2, it
follows that − lnx/(1− x)→ 1 as x→ 1 and 9.49 follows.

That the limit with integers m→∞ in 9.49 can be expressed as a limit
of real t→∞ follows since Uj(txj) is monotonically increasing in t, and if
x′j ≥ xj all j, then F (x′1, x

′
2, ..., x

′
n) ≥ F (x1, x2, ..., xn) . Thus if m ≤ t ≤

m+ 1, then

m [1− F (U1((m+ 1)x1), U2((m+ 1)x2), ..., Un((m+ 1)xn))]

≤ t [1− F (U1(tx1), U2(tx2), ..., Un(txn))]

≤ (m+ 1) [1− F (U1(mx1), U2(mx2), ..., Un(mxn))] ,

and the outer expressions have the same limits.
When the marginals are continuous:

1− F (U1(mx1), U2(mx2), ..., Un(mxn)) = Pr
[
Xj > F ∗j (1− 1/mxj) for at least one j

]
= Pr [Fj (Xj) > 1− 1/mxj for at least one j] ,

since continuity of Fj assures that Fj
(
F ∗j (y)

)
= y by proposition 3.22.
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Remark 9.57 In the general case of marginals, meaning not necessarily
continuous, the probability statement for Fj (Xj) in 9.50 provides an upper
bound for − lnG(h1 (x1) , h2 (x2) , ..., hn (xn)) since equality is satisfied for
the condition Fj (Xj) > FjF

∗
j (1− 1/mxj), and by 3.8, FjF ∗j (1− 1/mxj) ≥

1− 1/mxj.

The Extreme Value Copula CG

We now turn to an investigation into the form of the extreme value copula
CG associated with G. The starting point for this investigation is (∗) in the
proof of the multivariate Fisher-Tippett-Gnedenko theorem. There it was
proved that if the distribution function F is in the domain of attraction
of the distribution function G, denoted F ∈ D(G), then for all
(u1, u2, ..., un) ∈

∏n
j=1Rng (Gj) ,

CG(u1, u2, ..., un) = limm→∞C
m
F

(
u

1/m
1 , u

1/m
2 , ..., u1/m

n

)
.

where CF and CG are copulas associated with F and G, respectively. So
CG is an extreme value copula by 7.15 of definition 7.28. Also, recall that
the marginal distribution functions of G, {Gj (xj)}nj=1, are are
nondegenerate by definition 9.50.

Proposition 9.58 If F ∈ D(G), then for y1, y2, ..., yn ≥ 0 :

− lnCG(e−y1 , e−y2 , ..., e−yn) (9.51)

= limm→∞m [1− CF (1− y1/m, 1− y2/m, ..., 1− yn/m)] .

Further, this limit can be expressed as t→∞ for real t.
Proof. Repeating the analysis of corollary 9.56, if 0 < CG(u1, u2, ..., un) ≤ 1
then taking logarithms of the above expression for CG(u1, u2, ..., un) obtains:

lnCG(u1, u2, ..., un) = limm→∞m lnCF

(
u

1/m
1 , u

1/m
2 , ..., u1/m

n

)
,

and so it is the case that CF
(
u

1/m
1 , u

1/m
2 , ..., u

1/m
n

)
→ 1 as m → ∞. Thus

lnCF can be replaced by CF −1, and for uj ∈ (0, 1] let uj = e−yj with yj ≥ 0
yielding:

− lnCG(e−y1 , ..., e−yn) = limm→∞m
[
1− CF (e−y1/m, ..., e−yn/m)

]
.

For the last step for 9.51 it must be proved that as m→∞ :

m
∣∣∣CF (e−y1/m, ..., e−yn/m)− CF (1− y1/m, ..., 1− yn/m)

∣∣∣→ 0. ((*))
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To this end, recall 7.6:∣∣∣CF (e−y1/m, ..., e−yn/m)− CF (1− y1/m, ..., 1− yn/m)
∣∣∣

≤
∑n

j=1

∣∣∣(e−yj/m − (1− yj/m)
∣∣∣ .

Using a Taylor series approximation the summation in (∗) is seen to be
O(m−2), and hence 9.51 follows.

That the limit with integers m→∞ in 9.51 can be expressed as a limit
of real t→∞ follows as in the proof of corollary 9.56.

Remark 9.59 The copula limit statement in 9.51 can be expressed more
directly in terms of "tail" probabilities of F , and yields an alternative version
of 9.50. First:

1−CF (1−y1/m, 1−y2/m, ..., 1−yn/m) = Pr [Fj (Xj) > 1− yj/m for at least one j] .

By the representation in Sklar’s theorem in 7.4:

− lnCG(e−y1 , e−y2 , ..., e−yn) = − lnG
(
G−1

1

(
e−y1

)
, G−1

2

(
e−y2

)
, ..., G−1

n

(
e−yn

))
,

noting that G−1
j is well defined since Gj is continuous and strictly monotonic

for uj ∈ (0, 1). Thus 9.51 can be restated:

− lnG
(
G−1

1

(
e−y1

)
, G−1

2

(
e−y2

)
, ..., G−1

n

(
e−yn

))
(9.52)

= limm→∞mPr [Fj (Xj) > 1− yj/m for at least one j] .

When the marginals {Fj(xj)}nj=1 are continuous, this result in 9.52 and
that above in 9.50 are equivalent formulations. Comparing the limits on the
right, these expressions are equivalent if xj = 1/yj with yj 6= 0, and thus it
must be the case that

hj (1/yj) = G−1
j

(
e−yj

)
.

This is verified by substitution, checking the cases γj 6= 0 and γj = 0,
respectively.

The tail probability statement implied by proposition 9.58 gives rise to
the following definition. This notion was introduced in a 1992 thesis of Xin
Huang and further developed in a 1998 joint paper with Holger Drees.

Definition 9.60 A joint distribution function F (x1, x2, ..., xn) is said to
have a stable tail dependence function lF (y1, y2, ..., yn) , if the following
limit exists for all y1, y2, ..., yn ≥ 0 :

lF (y1, y2, ..., yn) ≡ limt→∞ t [1− CF (1− y1/t, ..., 1− yn/t)] (9.53)

= limt→∞ tPr [Fj (Xj) > 1− yj/t, for at least one j] .
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Proposition 9.61 If a distribution function F (x1, x2, ..., xn) is in the do-
main of attraction of an extreme value distribution function G(x1, x2, ..., xn),
that is F ∈ D(G), then F has a stable tail dependence function:

lF (y1, y2, ..., yn) ≡ − lnCG(e−y1 , e−y2 , ..., e−yn). (9.54)

Equivalently, for (u1, u2, ..., un) ∈ (0, 1]n :

CG(u1, u2, ..., un) = exp [−lF (− lnu1,− lnu2, ...,− lnun)] . (9.55)

Proof. If F ∈ D(G) then the limit in 9.53 exists by proposition 9.58, and
the equivalent formulas follow from 9.51.

Remark 9.62 1. If F (x1, x2, ..., xn) has a stable tail dependence func-
tion, then as in the proof of proposition 9.58 the first limit in 9.53 can
be restated using by 7.6:

limm→∞m [1− CF (1− y1/m, 1− y2/m, ..., 1− yn/m)]

= limm→∞m
[
1− CF (e−y1/m, e−y2/m, ..., e−yn/m)

]
.

This implies that 1−CF (e−y1/m, e−y2/m, ..., e−yn/m)→ 0 and (1− CF ) / lnCF →
−1, and so:

−lF (y1, y2, ..., yn) = limm→∞ lnCmF (e−y1/m, e−y2/m, ..., e−yn/m),

and equivalently:

exp [−lF (y1, y2, ..., yn)] = limm→∞C
m
F (e−y1/m, e−y2/m, ..., e−yn/m).

Substituting uj = e−yj , this proves that for (u1, u2, ..., un) ∈ (0, 1]n that
the following limit exists:

limm→∞C
m
F

(
u

1/m
1 , u

1/m
2 , ..., u1/m

n

)
≡ L(u1, u2, ..., un). ((*))

By 7.14,

Cm(u
1/m
1 , u

1/m
2 , ..., u1/m

n ) = C(m)(u1, u2, ..., un),

where C(m)(u1, u2, ..., un) denotes a copula associated with F (m)(x1, x2, ..., xn),
the distribution function of maximal random vectors.

Thus, if F (x1, x2, ..., xn) has a stable tail dependence function lF (y1, y2, ..., yn) ,
then (∗) holds for all (u1, u2, ..., un) ∈ (0, 1]n. Since lF (y′1, y

′
2, ..., y

′
n) ≤
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lF (y1, y2, ..., yn) when (y1, y2, ..., yn) ≤ (y′1, y
′
2, ..., y

′
n) componentwise,

this limit can be extended to [0, 1]n. The Function L can now be seen to
be a copula, and in fact an extreme value copula since it is max-stable:

Lr
(
u

1/r
1 , u

1/r
2 , ..., u1/r

n

)
= limm→∞C

mr
F

(
u

1/mr
1 , u

1/mr
2 , ..., u1/mr

n

)
= L(u1, u2, ..., un).

However, it is not possible to assert that F ∈ D(G) for some G without
an assumption on the marginals of F , {Fj(xj)}nj=1, and in particular,
that these marginals are in the domains of attraction of extreme value
distributions, {Gj(xj)}nj=1.

2. Note that the representation of CG in 9.55 with uniform marginals,
locates the right tail events in the upper corner of the compact "hy-
percube" [0, 1]n. It is often convenient in applications to express this
copula in terms of other marginal distributions. For example:

(a) Fréchet Marginals: For (x1, x2, ..., xn) ∈ (0,∞)n :

CG(e−1/x1 , e−1/x2 , ..., e−1/xn) = exp [−lF (1/x1, 1/x2, ..., 1/xn)] .

(b) Gumbel Marginals: For (x1, x2, ..., xn) ∈ Rn :

CG
(
exp

(
−e−x1

)
, ..., exp

(
−e−xn

))
= exp

[
−lF

(
e−x1 , ..., e−xn

)]
.

(c) Reverse-Weibull Marginals: For (x1, x2, ..., xn) ∈ (−∞, 0)n

CG(ex1 , ex2 , ..., exn) = exp [−lF (−x1,−x2, ...,−xn)] .

Example 9.63 Recalling the examples of extreme value copulas from sec-
tion 7.4.2:

1. Independence Copula: If CG = CI where CI(u1, u2, ..., un) = u1u2...un
and F ∈ D(I), then lF (y1, y2, ..., yn) =

∑n
j=1 yj .

2. Comonotonicity Copula: If CG = CCo where CCo(u1, u2, ..., un) =
minj uj and F ∈ D(Co), then lF (y1, y2, ..., yn) = max yj .

3. Gumbel-Hougaard Copula: If CG = CG where CG(u1, u2, ..., un) =

exp

[
−
(∑n

j=1 (− lnuj)
θ
)1/θ

]
for θ ≥ 1 and F ∈ D(G), then lF (y1, y2, ..., yn) =(∑n

j=1 y
θ
j

)1/θ
.
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We next investigate a result that motivates the Pickands characterization
introduced in 7.17 in section 7.4.2.

Proposition 9.64 If a joint distribution function F (x1, x2, ..., xn) has a
stable tail dependence function, lF (y1, y2, ..., yn), then:

1. Value on Basis Vectors of Rn : For any k, define ek = (y1, y2, ..., yn)
with yk = 1, yj = 0 for j 6= k, then:

lF (ek) = 1.

2. Bounds:
maxj yj ≤ lF (y1, y2, ..., yn) ≤

∑n

j=1
yj .

3. Homogeneous of degree 1: For real λ > 0 :

lF (λy1, λy2, ..., λyn) = λlF (y1, y2, ..., yn) .

Further, if F ∈ D(G) then:

4. Convex: For 0 ≤ t ≤ 1, y = (y1, y2, ..., yn) , x = (x1, x2, ..., xn) :

lF ((1− t)x+ ty) ≤ (1− t)lF (x) + tlF (y).

5. Continuous: lF (y1, y2, ..., yn) is continuous.

Proof. The values of l on the basis vectors in Rn follows immediately from
the fact that copulas have uniform marginals. For example:

lF (e1) ≡ limt→∞ t [1− CF (1− 1/t, 1, ..., 1)] = 1

since CF (1 − 1/t, 1, ..., 1) = 1 − 1/t. The above bounds are proved from an
estimate of the tail probability statement:

max{yj/t} ≤ Pr [Fj (Xj) > 1− yj/t, for at least one j] ≤
∑n

j=1
yj/t,

which can then be multiplied by t, and a limit taken. For homogeneity, the
substitution, s = t/λ, produces:

limt→∞ t [1− CF (1− λy1/t, 1− λy2/t, ..., 1− λyn/t)]
= limt→∞ λs [1− CF (1− y1/s, 1− y2/s, ..., 1− yn/s)] .
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For convexity assume 0 < t < 1, since the result for the endpoints needs
no comment. Continuing with the above simplified notation, it follows from
9.54 that the convexity inequality is equivalent to:

C1−t
G (e−x)CtG(e−y) ≤ CG

(
e−[(1−t)x+ty]

)
,

where for example e−y ≡ (e−y1 , e−y2 , ..., e−yn), and so forth. Substituting
u = e−x, v = e−y, again as a componentwise definition so u, v ∈ (0, 1]n,
convexity is equivalent to:

C1−t
G (u)CtG(v) ≤ CG

(
u1−tvt

)
.

Now substitute a = u1−t, b = vt, again componentwise so a, b ∈ (0, 1]n, and
this is equivalent to:

C1−t
G (a1/(1−t))CtG(b1/t) ≤ CG (ab) .

Since extreme value copulas are max-stable, it follows from 7.16 that this is
equivalent to

CG(a)CG(b) ≤ CG (ab) . ((*))

We now prove this inequality for a, b ∈ (0, 1)n by contradiction, assuming
that for some such a, b that CG(a)CG(b) > CG (ab) . Another application of

7.16 then yields CrG(a1/r)CrG(b1/r) > CrG

(
[ab]1/r

)
, and taking rth roots it

follows that for all r > 0 :

CG(a1/r)CG(b1/r) > CG

(
[ab]1/r

)
.

Letting r → ∞ this produces the contradiction 1 > 1 and thus (∗) is valid
for all a, b ∈ (0, 1)n. This inequality is then proved for all a, b ∈ [0, 1]n since
CG is continuous.

The continuity of lF (y1, y2, ..., yn) follows from 9.54 since CG is contin-
uous.

Remark 9.65 If l (y1, y2, ..., yn) is a function that satisfies properties 1-5
of proposition 9.64, and one defines a function C as in 9.55,

C(u1, u2, ..., un) = exp [−l (− lnu1,− lnu2, ...,− lnun)] ,

it is natural to wonder if C will always be an extreme value copula. Cer-
tainly C ≥ 0, and the marginal distributions of C are uniform. Also, by
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homogeneity, this function will always satisfy the criterion in 7.16 to be
max-stable:

Cr
(
u

1/r
1 , u

1/r
2 , ..., u1/r

n

)
= C(u1, u2, ..., un).

But there is one outstanding question. Is C so defined a copula?
Since continuity from above is assured by the continuity of l (y1, y2, ..., yn) ,

the question of C being a copula is really a question about the n-increasing
condition (see propositions 8.10-8.11 of book 1).

It is known that for n > 2 that C need not be a copula. See for example
Beirlant, J., Goegebeur, Y., Segers, J., and Teugels, J. (2004).

The following corollary provides bounds for extreme value copulas which
refine the Fréchet-Hoeffding bounds in 7.5, at least in terms of the lower
bound, and also derives the Pickands Characterization noted in 7.17.

Corollary 9.66 Let CEV be an extreme value copula. Then:

1. Bounds: For all (u1, u2, ..., un) ∈ [0, 1]n :∏n

j=1
uj ≤ CEV (u1, u2, ..., un) ≤ minj uj . (9.56)

Thus, extreme value copulas are bounded by the independence copula
and comonotonicity copula, both of which are extreme value copulas by
example 7.34.

2. Pickands Characterization: As in 7.17, for (u1, u2, ..., un) ∈ [0, 1]n

and (u1, u2, ..., un) 6= (1, 1, ..., 1) :

CEV (u1, u2, ..., un)

= exp

[(∑n

j=1
lnuj

)
A

(
lnu1∑n
j=1 lnuj

,
lnu2∑n
j=1 lnuj

, · · · , lnun∑n
j=1 lnuj

)]
,

where A (x1, x2, ..., xn) is the Pickands dependence function which
is defined on

{∑n
j=1 xj = 1

}
⊂ [0, 1]n, is convex, satisfies A (x1, x2, ..., xn) =

1 on the n basis vectors, and

1/n ≤ maxj xj ≤ A (x1, x2, ..., xn) ≤ 1.

Proof. If CEV is an extreme value copula then it is max-stable and hence
in its own domain of attraction, so by 9.51:

− lnCEV (e−y1 , ..., e−yn) = limm→∞m
[
1− CEV (1− y1/m, ..., 1− yn/m)

]
.
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Thus l (y1, y2, ..., yn) exists as defined as the limit on the right, and 9.54 is
satisfied.

The bounds for CEV are now a direct consequence of the bounds for
l (y1, y2, ..., yn) and 9.54, so

maxj (− ln yj) ≤ − lnCEV (u1, u2, ..., un) ≤ −
∑n

j=1
ln yj .

Noting that maxj (− ln yj) = − ln [minj yj ] , the result follows.
Similarly, 7.17 is a restatement of 9.55, using the homogeneity of l (y1, y2, ..., yn) and

factoring out −
∑n

j=1 lnuj . The properties of A (x1, x2, ..., xn) follow from
the properties of l (y1, y2, ..., yn) , other than the lower bound of 1/n, which
follows from the definition of the domain of A.

Remark 9.67 Based on an earlier 1977 characterization of Laurens de
Haan and Sidney Resnick, James Pickands derived the above result
in 1981 and also derived the following characterization of l (y1, y2, ..., yn) for
(y1, y2, ..., yn) ∈ [0,∞)n :

l (y1, y2, ..., yn) =

∫
∆n−1

maxj(yjwj)dH (w1, w2, ..., wn) , (9.57)

where the simplex ∆n−1 ≡
{∑n

j=1wj = 1
}
⊂ [0, 1]n, and H is a Borel

measure on ∆n−1 called the spectral measure, with the constraints that
for all j : ∫

∆n−1

wjdH (w1, w2, ..., wn) = 1.

From this characterization, the homogeneity and convexity of l are readily
confirmed, though the definition of this Lebesgue-Stieltjes integral re-
quires the more advanced tools of book 5. It then follows that the Pickands
dependence function A(u1, u2, ..., un) can be defined as l (y1, y2, ..., yn) re-
stricted to ∆n−1.

When n = 2 this representation of A characterizes all extreme value
copulas. As noted in section 7.4.2, with A0(t) ≡ A(1− t, t) it is an exercise
to show that the properties on A(s, t) assure that A0(t) is convex on [0, 1]
and satisfies the bounds, max(t, 1 − t) ≤ A0(t) ≤ 1. In addition, CEV (u, v)
can then be equivalently expressed for (u, v) ∈ (0, 1]2 − {(1, 1)} by:

CEV (u, v) = exp

[
(lnuv)A0

(
ln v

ln(uv)

)]
= (uv)A0[ln v/ ln(uv)] .
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9.3.3 Upper Tail Dependence and Extreme Value Copulas

Recall the upper tail dependence measure introduced in section 7.6, as
generalized in definition 7.47. Given random variables {Xj}nj=1 defined on
a probability space (S,E ,µ) with joint distribution function
F (x1, x2, ..., xn) and marginal distributions {Fj(x)}nj=1 , the i, j-upper
tail dependence measure or coeffi cient or index, λUi,j , is defined
when the limit exists by:

λUi,j = limt→1− Pr
[
Xi > F ∗i (t) |Xj > F ∗j (t)

]
,

where F ∗ denotes the left continuous inverse. If CF (u1, u2, ..., un) is a
copula for F (x1, x2, ..., xn) and the marginal distributions are continuous,
this index can be expressed as in 7.21 and remark 7.48:

λUi,j=2− limt→1−
lnCi,j(t, t)

ln t
,

where Ci,j(t, t) is defined as C(t1, t2, ..., tn) with ti = tj = t, and tk = 1 for
k 6= i, j. Analogously, the i, j-lower tail dependence measure or
coeffi cient or index, λLi,j , is defined when the limit exists by:

λLi,j = limt→0+ Pr
[
Xi ≤ F ∗i (t) |Xj ≤ F ∗j (t)

]
,

and when marginals are continuous can be equivalently defined as in 7.21
and remark 7.48:

λLi,j = limt→0+
Ci,j(t, t)

t
.

The variates Xi and Xj are said to be i, j-upper tail dependent if
λUi,j ∈ (0, 1] and i, j-upper tail independent if λUi,j = 0, with analogous
terminology for λLi,j .

It is natural to wonder to what extent tail independence is related to true
independence of the associated variates, Xi and Xj , as defined in section 3.4.
What is easy to check and of no surprise is that if Xi and Xj are independent
then they are both i, j-upper and i, j-lower tail independent. This is easiest
to see when marginals are continuous since then Ci,j(t, t) = t2, which is the
independence copula, and the above limits are apparently equal to 0. In the

general case, assuming that Pr
[
Xj > F ∗j (t)

]
> 0 and Pr

[
Xj ≤ F ∗j (t)

]
> 0,

conditional probabilities can be expressed in terms of 1.27, then simplified
using 1.25 since Xi and Xj are independent.

Surprisingly, the converse is not in general true: tail independence does
not imply independence. The earliest result on this is due to Masaaki
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Sibuya in a 1960 paper. The derivation of this result requires some tools
from later books to formalize, but the reader will likely follow the intuition
of it based on prior knowledge, the work above from example 9.48, and
references to later materials.

Example 9.68 (M. Sibuya ) Let X and Y have standard normal distri-
bution functions as defined in 1.23:

Φ(x) =

∫ x

−∞
φ(z)dz =

1√
2π

∫ x

−∞
exp

(
−z2/2

)
dz,

so each has mean 0 and variance 1. Assume that (X,Y ) has a joint normal
distribution function as developed in book 6 and defined in 7.10:

Φ(x, y) =
1

2π (1− ρ2)1/2

∫ x

−∞

∫ y

−∞
exp

[
− 1

2 (1− ρ2)

(
z2

1 − 2ρz1z2 + z2
2

)]
dz1dz2.

For the reference to 7.10, here the matrix R of correlation coeffi cients is
given:

R =

 1 ρ

ρ 1

 , R−1 =

 1/
(
1− ρ2

)
−ρ/

(
1− ρ2

)
−ρ/

(
1− ρ2

)
1/
(
1− ρ2

)
 ,

and so detR = 1−ρ2. Here ρ is the correlation between X and Y, defined in
book 4, and it is there shown that |ρ| ≤ 1. Also, X and Y are independent
if and only if ρ = 0.

We now show that if |ρ| < 1, then X and Y are upper tail independent.
To this end, since the denominator is never 0 we have by 1.27 :

Pr
[
X > Φ−1 (t) |Y > Φ−1 (t)

]
=

Pr
[
X > Φ−1 (t) , Y > Φ−1 (t)

]
Pr [Y > Φ−1 (t)]

,

since Φ∗ = Φ−1. Now by consideration of the defining events:

Pr
[
X > Φ−1 (t) , Y > Φ−1 (t)

]
≤ Pr

[
X + Y > 2Φ−1 (t)

]
.

It will be seen in the book 6 section, General Multivariate Normal Distrib-
ution, that W ≡ X + Y is normally distributed with mean 0 and variance
2 (1 + ρ) . Thus:

Pr
[
X > Φ−1 (t) |Y > Φ−1 (t)

]
≤

Pr
[
W > 2Φ−1

W (t)
]

Pr [Y > Φ−1 (t)]
,
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where the subscript on Φ−1
W (t) is to denote that unlike Y, the variance of W

is not equal to 1. Now since Z ≡W/
√

2 (1 + ρ) is standard normal,

Pr
[
W > 2Φ−1

W (t)
]

= Pr
[
Z > αΦ−1 (t)

]
,

where α =
√

2
1+ρ > 1. Hence with T ≡ Φ−1 (t) ,

Pr
[
X > Φ−1 (t) |Y > Φ−1 (t)

]
≤

Pr
[
Z > αΦ−1 (t)

]
Pr [Y > Φ−1 (t)]

=
1− Φ [αT ]

1− Φ [T ]
,

and the upper tail index is the limit of this expression as T →∞.
Now apply the estimates in 9.43 of example 9.48 above:

Pr
[
X > Φ−1 (t) |Y > Φ−1 (t)

]
≤ T 2 + 1

αT 2

φ(αT )

φ(T )
.

Because α > 1 it follows by the definition of φ that the limit is 0 as T →∞,
and thus λU = 0. That λL = 0 is left as an exercise in symmetry.

Perhaps equally surprisingly, while λU = 0 does not in general assure in-
dependence ofX and Y, this conclusion changes somewhat if the distribution
function F of (X,Y ) satisfies F ∈ D(G). In this case λU = 0 assures that
G has independent components, and so if CG is a copula for G, CG = CI

the independence copula. In this case, the random vector (X,Y ), or more
generally (X1, X2, ..., Xn) , is said to be asymptotically independent.

To set the stage for this result, note that by the Multivariate Fisher-
Tippett-Gnedenko theorem, if F ∈ D(G) then by 9.47:

G(x1, x2, ..., xn) = CG (G1 (x1) , G2 (x2) , ..., Gn (xn)) ,

where Gj (xj) = Gγj (Ajxj +Bj) with Gγj (xj) defined in 9.25 for γj 6= 0
or 9.26 for γj = 0. Also, CG can be expressed in terms of the stable tail
dependence of F as in 9.55:

CG(u1, u2, ..., un) = exp [−lF (− lnu1,− lnu2, ...,− lnun)] ,

where the properties of lF (y1, y2, ..., yn) are listed in proposition 9.64.
Now assume that for all i, j that Xi and Xj are upper tail indepen-

dent, so λUi,j = 0. Then if F has continuous marginals, this implies using
the above notation that for all i, j :

limt→1−
lnCi,j(t, t)

ln t
= 2.
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But homogeneity of lF (y1, y2, ..., yn) assures that with the basis vectors
{ek}nk=1 defined in Proposition 9.64:

Ci,j(t, t) = exp [(ln t) lF (ei + ej)] ,

and thus λUi,j = 0 implies that for all i, j :

lF (ei + ej) = 2.

This proposition also assures that for all i :

lF (ei) = 1,

as well as that l is continuous, convex and homogeneous of degree 1.
To prove that CG = CI the independence copula, we must prove that

lF (y1, y2, ..., yn) =
∑n

j=1 yj . The observations above do not provide enough
information on lF to accomplish this, and to prove this result requires the
Pickands characterization in 9.57. The following result does not require
continuity of the marginals of F which we assume. This assumption is
needed for the copula representation of λUi,j , and to eliminate it would
require a more general investigation into representations related to 9.57.
See the book by de Haan and Ferreira (2006) for details. The results needed
for the integrals below will not be formalized until book 5, but they are
accessible intuitively and so it makes sense to complete this result here rather
than defer.

Proposition 9.69 Let F ∈ D(G) and assume that the marginal distrib-
utions of F, {Fj (xj)}nj=1, are continuous. If λUi,j = 0 for all i, j, then
CG(u1, u2, ..., un) = u1u2...un, the independence copula. In other words, the
random vector (X1, X2, ..., Xn) is asymptotically independent.
Proof. As note above, i, j-upper tail independence implies that for all i, j,
lF (ei + ej) = 2. From 9.57, this implies that:

2 =

∫
∆n−1

max(wi, wj)dH (w1, w2, ..., wn) .

But also, lF (ei) = lF (ej) = 1 implies that:

2 =

∫
∆n−1

(wi + wj)dH (w1, w2, ..., wn) .

Hence for all i, j :∫
∆n−1

(wi + wj −max(wi, wj))dH (w1, w2, ..., wn) = 0.
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Since wi +wj ≥ max(wi, wj), this implies that wi +wj = max(wi, wj) at all

points of ∆n−1 ≡
{∑n

j=1wj = 1
}
⊂ [0, 1]n on which the Borel measure H

assigns positive measure. Thus, on any such point of positive measure, either
wi = 0, or wj = 0, or both. By induction this proves that if (w1, w2, ..., wn) ∈
∆n−1 is a point of positive H-measure, then at most one coordinate is non-
zero and thus:

maxj(wj) =
∑n

k=1
wk.

Hence, for (y1, y2, ..., yn) ∈ [0,∞)n :

l (y1, y2, ..., yn) =

∫
∆n−1

maxj(yjwj)dH (w1, w2, ..., wn)

=
∑n

k=1
yk

∫
∆n−1

wkdH (w1, w2, ..., wn)

=
∑n

k=1
yk,

since lF (ej) = 1 assures that:∫
∆n−1

wjdH (w1, w2, ..., wn) = 1.

This representation for l (y1, y2, ..., yn) obtains that CG(u1, u2, ..., un) = u1u2...un
by 9.55.
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normalizing sequences

extreme value theory, 212

Pareto distribution, 230
Pareto, Vilfredo

Pareto distribution, 210
Poisson, Siméon-Denis

Poisson Limit theorem, 18
Poisson probability measure, 17

probability function
probability density function, 13,

19
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probability measure
conditional, 32
on a general sample space, 3

probability space
complete, 4
general model, 3

product space
infinite dimensional, 89

Prokhorov, Yuri Vasilyevich
Prokhorov’s theorem, 185

quantile
lower α-quantile, 166

random variable (r.v.), 55
independent, 80, 81

random variable sequence
convergence in distribution, 110,

177
convergence in probability, 108
convergence with probability 1,

109
random vector, 70, 83, 131
random vectors

independent, 81
recovery rate, 11, 60
rectangular distribution

discrete , 20
rectangular probability measure

discrete , 15
Riemann, Bernhard, 2

sample
of random variables, 87

sample space, 3
n-trial sample space, 7

sigma algebra
finer; coarser, 5
generated by a random variable,

79
in a sample space, 3

Sklar, Abe
Sklar’s theorem, 140

Skorokhod, A. V. (Anatoliy Volodymy-
rovych)

Skorokhod’s representation the-
orem, 189

Slutsky , Evgeny "Eugen"
Slutsky’s theorem, 115

Student’s T distribution, 150

tail event
tail sigma algebra, 50, 118, 119

tight
sequence of distribution functions,

183
sequence of probability measures,

183
Tippett, L. H. C.

Fisher-Tippett-Gnedenko theorem,
215

Tonelli, Leonida
Tonelli’s theorem, 21

uniform distribution
discrete , 15

uniform probability measure
continuous, 20

Von Mises, Richard
von Mises’condition, 233

weak convergence
of distribution functions, 176, 177
of probability measures, 177, 178

Weibull, Waloddi
reverse-Weibull distribution, 210
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